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Abstract. Many recent results have been. This inequality has many applications in the
area of pure and applied mathematics. In this paper, our main aim is to give results for
conformable integral version of Hermite-Hadamard inequality for n-convex functions.
First, we prove an identity associated with the Hermite-Hadamard inequality for con-
formable integrals using n-convex functions. By using this identity and n-convexity of
function and some well-known inequalities, we obtain several results for the inequality.
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1. Introduction

Let I € R be an interval and h : I — R be a convex function defined on I such
that kq,ko € I with k1 < ko. Then the well known Hermite-Hadamard inequality
[15] states that

(11) h<m;m2>§ : /mh(m)dxgw

Ko — K1 2

K1
holds. If the function h is concave on I, then both the inequalities in (1.1) hold in
the reverse direction.

In the last few years, many researchers have shown their extensive attention
on the generalizations, extensions, variations, refinements and applications of the
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Herimte-Hadamard inequality (see [25, 24, 26, 19, 28, 23, 8, 9, 10, 11, 27, 44, 29,
30, 31, 45, 46, 47, 48, 49, 39]).

The idea of n-convex functions was presented by Gordji et al. in [13, 14].

Definition 1.1. A function h : [k1, k2] — R is said to be 7-convex ( or convex with
respect to n ) if the inequality

(1.2) h(spr + (1= s)p2) < h(pz) + sn(h(pr), h(pz2)),

holds for all py,pe € [k1,k2], s € [0,1] and 7 is defined by n : h([k1,k2]) X
h([lil, KJQ]) — R.

The definition of convex function is obtain by putting (1, o) = p1 — g2 in the
inequality (1.2). From [13, 14], the common 7-convex version of HH inequality is:

Theorem 1.1. Suppose n-convex function h : [k1, k2] — R, where n is bounded on
h([k1, k2]) X h([k1, ka]). Then the inequality

K1+ K2 M, 1 7
—_ ] - — <
h ( 5 ) 5 P h(z)dx

hisa) + hkz) | n(h(r1), h(k2)) + n(f(k2), h(r1))

<

2 4
h(ml) +h(f</2) Mn

holds for M,,, where M, is the upper bound for n.

Let 0 < $<1,r>0and g:[0,00) = R be a real-valued function. Then the
conformable derivative Dg(g)(r) of g at r [20] is defined by

(14) Ds(g)(r) = dfig(r) iy Y0 et ™) —g(r)
BT e—0 c

g is said to be conformable differentiable if the limit of (1.4) exists. The conformal
derivative at 0 is defined by Dg(g)(0) = liI(I)l+ Dgs(g)(r).
r—

Let k1, k2, A, ¢ € R be the constants, and h; and hy be differentiable at » > 0.
Then the following formulas can be found in the literature [20]:

(1.5) c;l;r (7")‘) =\, j;ﬁ(c) =0,
10 G () + raha(r)) = R () + mog ()
A1) Onhalr) = ko) (o) + () 70 ),
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ds (ha()\ )i () = ()7 (ha(r))
49 dpr (h2< >> B (ha(r)? ’
(1.9) ds dg

—— (ha(ha(r))) =h'1(h2(7‘))dﬁ (ha(r))

dﬁ?’
if hy differentiable at ho(r). In addition,

S (hy () = 0 L (i (1)

1.10
( ) dﬁT‘
if hy is differentiable.

Let 8 € (0,1] and 0 < k1 < Kg. Then the function g : [k1, k2] — R is said to be
conformable integrable if

(1.11) /’:2 g(x)dgzx = /:2 g(x)x’da

exists and finite. All conformable integrable functions on [k1, ko] is denoted by
Ls([k1, k2]). Note that

(1.12) 15 (h)(r) = 17" (777 ) = / T Zi(_xﬁ) d

for all 8 € (0, 1], where the integral is the usual Riemann improper integral.

The theory and applications for the conformable integrals and derivatives we
recommend the readers to refer the article[1, 2, 3, 21, 18, 22, 40, 6, 41, 32, 33, 37, 38].

Anderson [4] established the conformable integral version of the Hermite-Hadamard
inequality

3
1432—/431 K1 2

for the conformable differentiable function h : [k1, k2] — R with 8 € (0,1] and
Dg(h) is increasing. Moreover, if h is decreasing on [k1, k2], then

K1 + Ko 15} /K2
1.14 h < h(x)dgz.
( ) < 2 )_fﬂ?g—:‘ﬁﬁ o ()B

Theorem 1.2. [36] Let k1,k2 > 0 and h : [k1, k2] — (0,00) is a n-convex func-
tion and symmetric with respect to %, then the following conformable fractional
integrals inequality

M, 7
(1.15) h (””;’”) - b . /h(:c)dgx
K1

(1.16)

(1.17)
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holds for any B € (0,1].

In recent years, many results are devoted to the well-known Hermite-Hadamard
inequality. This inequality has many applications in the area of pure and applied
mathematics. In this paper, our main aim is to give results for conformable integral
version of Hermite-Hadamard inequality for n-convex functions. First, we prove an
identity associated with the Hermite-Hadamard inequality for conformable integrals
using n-convex functions. By using this identity and n-convexity of function and
some well-known inequalities, we obtain several results for the inequality.

2. Results Connected With Left Part of Hadamard’s Type Inequality

In this section, first we prove the following lemma associated with the inequality
(1.15), which will be used in the derivation of our main results.

Lemma 2.1. Let k1,652 € RY with k1 < ka, 8 € (0,1] and h : [k1, k2] — R be a
differentiable function on (k1,k2). Then the identity

K1+ K2 B /H2
h — h(z)dgx
< 2 ) Hg—lﬁf K1 (),8

R2 — KR %
= fﬁ K; [/0 (((1 = )r1 + sk2)P 71 — 67 (1 = s)r1 + sw2)7 )
2 M

<Da(W)((1 = 9y + swa)sPdgs+ [ (1 shwa + 30?1 = ]

1
2

(2.1) X ((1— 8)k1 + sK2)° 1) Da(h)((1 — s)k1 + SIig)sl_Bdgs] .

holds if Dg(h) € Lj([k1, ka])-

Proof. Integrating by parts, we have
I = / ((((1 = 8)k1 + 5K2)27 71 — KT (1 = 8)k1 + 562)° 1) Dg(R)((1 — 8)k1 + skiz)ds
0

1
+A (((1 —s)k1 + 5/‘?2)2[371 — Hg((l —S)k1 + sng)ﬁfl)DB(h)((l — 8)Kk1 + Ska)ds

N

= /o ((1 = 8)k1 + sk2)? — H?)h'((l — 8)Kk1 + sk2)ds

+/; (1 = s)r1 + ska2)? — lig)h/((l — 8)Kk1 + Sk2)ds

2

)h((l — $)K1 + Sk2) z

= 1— 8)ky + ske)? — &
(1 = s ) = ) T EE R
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R2 — K1

- /5 B((1 —s)k1 + Sﬂg)ﬁ71(52 _ ,ﬁ)h((l — 5)k1 + sng)ds
0 R2 — R1
"’(((1 — 8)K1 + sm)ﬁ - Hg) M = s)r1 + ska) !
R2 — K1 1
- /11 B((L — )iy + s82)P L (ka — K1) h((1 = s)1 + sha)

_ 1 K1+ Ko o 8 K1+ Ko e
a nz—fﬂ[(( 2 ) _Iﬁ)h( 2 >_5/m h(x)dﬁxl
1 B K1+ Ko A K1+ Ko w2
erg o l((nz — < 5 ) )h( 5 ) ﬁ/ﬂl;w h(m)dﬁx]

n’g—n’@ (/»4;1—&—52)_ B 2

1
= h
2

R2 — R1

h(z)dgz,

R2 = K1 Jg,

where, we have used the change of variable z = (1 — s)k; + sk2 and then multiplying
both sides by “2="4 to get the desired result in (2.1). [
27 M

Theorem 2.1. Let k1, k2 € RT with k1 < k2, 8 € (0,1] and h : [k1,62] = R be a
differentiable function on (k1,k2). Then the inequality

Ko
2 Ro — Ry JrK1

(k2 — K1) (7/<;f + 260 g + 265 YRy + KD — 1267
)

2(5’5 - m’f 24

IS

115’8—1—5&'[3_15 +5/€’B_1/<; —&—3/4;6—24,%5
e 1)) (PR e = 2

B

(22) memcggﬁ)+mwwwummm(£Q“)m

holds if Dg(h) € L([r1,k2]) and [h'| is n-convex on [k1, Ka).

Proof. Let ¢1(y) = y°~ 1 and pa(y) = —y%,y > 0,5 € (0,1] clearly the functions
1 and o are convex. Now using Lemma 2.1 and the convexity of (1, 2 and
n-convexity of |h'|, we have

K1+ K2 B .
‘h( : >_n§,<f /K h(x)dgx’

< H; — H; [/2 (((1—s)r1 + skg)P — Hf)|h’((1 — S)K1 + sk2)|ds
Ky — k) | Jo
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+[ (/{5 —((1—s)k1 + snz)ﬁ)\h’((l —S)Kk1 + SHQ)dS]

Ko — K 2
N ﬁ [/0 (((1 L) "ff)W((l — S)k1 + Sk2)|ds
2 — kK

+/l (Iig — (1= s)k1 + SHQ)B)\h/((l —S)Kk1 + sng)ds]

< H; = Hia [/2 (((1 — 8)k1 + 8k2) (1 — 8)k1 + sK2) — Ii?)|h/(((1 — S)Kk1 + sk2))|ds
Ky — k1 | Jo
—&-A (ng —((1- S)Hf + sng))|h’((1 —8)k1 + sn2)|ds‘|
< S [ / (= R RSN~ s) 4 sm2)) — 5)
1
x|P' (1 — 8)ky + sko))|ds +A (mg - (1= s)ﬁf + sng)))
x|h' ((1 — s)ky + sn2)|ds]
< 2= [ / (= )R s = s+ sw)) — D)

x [0 (1) + sn(IR (k2)] [F (k1)])] ds +/ (15 = (((1 = $)r + s57)))

1

|

x [ (1) + sn(IR (k)] [F (k1)])] ds

Evaluating all the above integrals, we have the following

K2
2 Ro — Ry JrK1

< Ko — K1 (7%?4—2/{16152+2/{§1/§1+I€g—12}€?)|h/(ﬁ )|
T k=K 24 '
11x7 —|—5n'8_1/<;2 + 5&5_1/»4;1 + 365 — 247
(B ) ) (2 2 2= 20
192
B B B B
Ry — K Ry — KR
o) (S ) el ) (P25 )]
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Corollary 2.1. If we replace n(ka, k1) = ko2 — K1, we get

K1+ Ko B /N2
h . hmdﬂ
’( 5 ) ng—mfm()ﬂ
K2 — K1 [(27"@? +11k] Ry + 1165 ey + 5H§> 4G
1

<
™ 192

/ 11/{? + 55?71/{2 + 5/1571#;1 + 3&5 - 24/{?
+Ih (k2)] 192

+|h’<m>|(“§2jff) - |h’(m2>|(“§1‘2“f>]_

Theorem 2.2. Let 3 € (0,1], p,q > 1 with p~' + ¢! = 1, K1,k > 0 with
ke > k1 and h : [(k1,k2)] — R be a differentiable function on (k1,k2) such that

Dg(h) € Lg([k1,k2]). Then

’h(ﬂngHz) /36 B/mh(x)dﬁI‘

Rog — Ry Jr1

o [(Alm,p)); (A e ) )
(2.3) n (jzwm))% <4|h/(/‘€1)|q + 377(|];'(f62)|q, |h’(l€1)|q)>“ ] 7

if |[W'|9 is n-convex, where

Ai(B,p) = /05 (1= s)my ™"+ w5~ D(((L = s)r1 + sw2)) — &))" ds

A6 = [ = (= 9 568 s

Proof. We clearly see that

K1 + Ko I} 2
M( : >_£—ﬁZ;M@%4

*”“1L42«u_sml+ymw%@_sm1+$wy_ﬂﬂwqu_sml+%@n@

IN

P

—&-A (ng —((1—s)K? + smg))|h’((1 —8)k1 + sn2)|ds‘| .
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Now by the Holder’s inequality

/: ((((1 = )R ™"+ sm5 DL = )m1+ sr2)) = KT )B(((L = s)r1 + ska))|ds

< (/02 (1= 9)ry "+ sm5 (1= s)r1 + sk2)) — f‘v‘f)pd8> p
X (/02 [P (1 — 8)k1 + 5/@2))qu> !
< (/02 (1= s)ry "+ sm5 (1= s)r1 + sk2)) — fff)pdé’>

1

<[ W)+ (R ()], )1 )

= (AB.p)? (4|h'(ff1)|q +n(\hé(f€2)\qa |h'(f~€1)|q)>"

and similarly, we have

[1 (;@5 —((1—s)k? + SKQB)) | (1= s)k1 + ska)|ds

1

<|h’((1 — 8)i1 + st2)|” ds) ’

1
P

/ (Hg —((1—s)s? + smg))pds>

IN IN
/N -~/
mﬁ [N

—

=N

[She

— (RGp) (4Ih’(m)l" + 3?7(|f;’(f<cz)lq, h/(f’vl)q)) .

O

Corollary 2.2. If we replace n(ka, k1) = ke — K1, we get

K1+ K2 B /52 ‘
h — h(x)dgz
‘ ( 2 ) K;g—lif K1 ()B

< 2-n [(Alw,p)); (3Ih’<m>lq+ |h/<m2)|q>q

Ky = k1 8

+ (Zg(ﬁ,p))% (|h/(n1)|q 4;3|h,(,€2)|q> 1 ] |

—((1—s)ry + mé’))”ds) ( / W (k)| + sn(|h (k2)]9, Ih'(m)l")d8> '

1
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where

A(Bp) = / (1= )R8+ shETY) (1 = s)mn + s2)) — K2)"ds

-

o 1
Aa(8,p) / (KE — (1 — )k + sn2))ds.

Theorem 2.3. Let 8 € (0,1], ¢ > 1, k1,k2 > 0 with ke > K1 and h : [(k1, k2)] —
R be a differentiable function on (k1,k2) such that Dg(h) € Lg([k1,k2]). Then

K1+ K2 B /Hz ’
h — h(xz)dgx
‘ ( 2 > Iig—li? o (z)ds

< R2 — R1 (Zl(/@))l—é |h/(lil)|q 7%?‘%2%?71%24’2%571%1+/€§712I€f
o Hg—ﬁ’f 24
115ﬁ+55571/£2+5nﬁ71m +3/{’[j — 24P
/ q / q 1 1 2 2 1
(A (s2)|, W (1) >< s
B B B B
— 1-1 Ky — K Ky — K
+(Bi(8) “(Ih’(m)lq< 5 ) +77(|h’(f<«'2)|",|h’(m)lq)< BE ))]
(2.4)
if |h'|? is n-convex, where
— 7/{B+2/{ﬁ71/§ +2I€B711€ +/€ﬂ—12n’8 — KB — kP
4B = S Bi(f) =

Proof. We clearly see that

Ko
2 Rog — Ry Jr1

< S l/2 (1 = s)k1 + sm2)" (1 — 8)ky + sw2) — k1) W (1 = 8)w1 + sk2))|ds
0

+/l (/{5 —((1—s)K? + Slig))|h’((l —s)Kk1 + 552)|ds‘| .

Now by the power-mean inequality

1

/05 (1= 5)my ™" 4 w5 DL = s)r1 + sw2)) = KA (1 = 5)m1 + sr2))|ds
< (/ ((((1 = )R ™"+ sr5 DL = )m1 + sr2)) - f‘vf)d8>
0

) </ (1= 8)Ry "+ sk5 (1 = s)r1 + skia)) — 67) B/ (1 = s)m1 + sm>>lqd8>

1
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and similarly, we have

[1 (/@'g —((1=s)s? + s&?)) [P/ (1= s)k1 + ska)|ds

< ( / <n§—<<1—s>nf+m§>>d8>

([ (s o) (0 = s b s )

Now by the n-convexity of |h/|? from above, we have

-

/05 (1= s)my ™" 4 w5 DL = s)m1 + sw2)) — KT )A (1 = 5)ma + sr2))|ds

</ (A= T s (1= s+ 5m2)) = o)

<)+ s () 1)) s
= I [T (= (1 = 9+ 5m)) - ) s

(I (o)1 () ) | (= o+ o) — )+ ) — )
= Wl (7“[5 £ T 2 T - 12’””f> (I ()], W (s2)])

y (11/@? 4560y + 5S4+ 3K5 — 24/#13)

192
and

L ("i’g —((1- S)H? + Smg)) |/ ((1 — 8)ky + ska)|? ds
1
<[5 = (@ ) (o) s ), 1 ) ) ds

/ q’ig_’if / q |1/ q ”g_"if
= Wl (S ) s o) el | 2.

Where, we have also used the facts that

N|=

/0 (1- s)nffl + s ((1 = 8)ky + ska) — /-@[f)dt

_ 7&’? + 2,%?_1/4;2 + 2/4;5_1!11 + Kjg - 125?

= W) o
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1 KJB _KB
/1 (K5 —((1—s8)K5 +sK7))ds = B1(8) = 22—+

1 8
2

(2.5)

Hence, we have the result in (2.6). O

Corollary 2.3. If we replace n(ke, k1) = ko — K1, we get

K1+ K2 B "
‘h( 5 >_ﬁ§—/€f /ﬁ1 h(ﬁﬂ)dﬂx‘

Ky — Ky | — 1-1 —97k? 11k ey + 1165 Yy + 5K
< S ) T (el ( SR R O
Ko — Kj 192

, 11/{? + 5%?_152 + 5,%?_1/-@1 + 3/-@5 — 24/1?
R () o

— 1-1 /1[3—/@5 liﬂ—liﬂ
+(BuB) <|h'(m)|"<2241> + |h’<m2>q<2’121>>],

where
— 7> + 2/@571/-@2 + 25{371/&1 + K — 1267 — K kP
(2.6) Ai(B) = — ! 2 2 L B(B) = 22—
24 8
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