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Abstract. Maximal and minimal ranks of the two submatrices X; and Xs in the
X 0
0 X5
AXA* = C, in the reflexive solution of the matrix equation AXB = C are derived.
Therefore, necessary and sufficient conditions for these reflexive solutions to have special
forms, and the general expressions of these reflexive solutions are achieved.
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(skew-) Hermitian reflexive solution X = U U™ of the matrix equation

1. Introduction

Throughout this paper, we denote the set of all m X n complex matrices over
C by C™*™, the set of all n x n Hermitian matrices by C}*", the symbols A* and
r (A) stand for the conjugate transpose and the rank of a given matrix A € C**™
respectively, I,, denotes the identity matrix of order n. The Moore-Penrose inverse
of a matrix A, is defined to be the unique matrix AT satisfying:

AATA = A, ATAAT = AT (AAT)" = AAT, (ATA) = ATA.
Further, the symbols R4 and L4 stand for the two orthogonal projectors L4 =

I, —ATAand Ry = I,, — AAT induced by A € C™*", For more informations and
basic concepts about the Moore-Penrose generalized inverse see [1], [15].
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A matrix P € C™ "™ is called a generalized reflection matrix if P* = P and
P2 =1. Chen in [2] defined the following subspace of matrices:

" (P) = {A e C"" A= PAP)}

where P is a generalized reflection matrix.

The matrix A € C"*™ (P) is said to be a generalized reflexive with respect to the
generalized reflection matrix P. The generalized reflexive matrices have applications
in system and control theory, in engineering, in scientific computations and various
other fields (see [2], [3], [7]). In particular the reflexive solutions of the linear matrix
equations

AXA* =C
AXB =C

where A, B, C are given matrices, and X is a variable matrix was widely studied by
many authors (see [12], [13], [14]), also in [5] Deghan and Hajarian established new
necessary and sufficient conditions for the existence of the reflexive (anti-reflexive)
solutions to the linear matrix equation AX B+CY D = FE and derived representation
of the general reflexive (anti-reflexive) solutions to this matrix equation, then in [6]
they investigated the solvability of these matrix equations

A XB, =D,
AlX :Cl,XBQ :Cg,a’lld
AlX :Cl,XBQ:OQ’A3X:C37XB4:C4.

over reflexive and anti reflexive matrices, in [4] Cvetkovié-Ilié¢ studied the existence of
a reflexive solution of the matrix equation AX B = C, with respect to the generalized
reflection matrix P, Liu and Yuan [9] gave some conditions for the existence and the
representations for the generalized reflexive and anti-reflexive solutions to matrix
equation AX = B, In [10], Liu established some conditions for the existence and
representations for the common generalized reflexive and anti-reflexive solutions of
matrix equations AX = B and XC = D, also Liu in [11] discussed the extremal
ranks of the matrix expression A — BXC where X is (anti-) reflexive matrix, and in
[8] he established some conditions for the existence and the representations for the
Hermitian reflexive and Hermitian anti-reflexive, and nonnegative definite reflexive
solutions to the matrix equation AX = B with respect to a generalized reflection
matrix P by using the Moore-Penrose inverse.

This paper is organized as follows: In Section 2 we derive the extremal ranks of
the (skew-) Hermitian reflexive solution of the matrix equation AXA* = C, from
these rank formulas we show some forms of the reflexive solution of AXA* = C,
also the general expressions of the solution is given. In Section 3, we consider the
matrix equation AX B = C over the general reflexive solution and give some forms
for this solution.

First we begin by these lemmas to review some representations of the generalized
reflection matrix P and the subspace CI'*™ (P) matrices.
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Lemma 1.1. Let P € C™"*" be a generalized reflection matriz, so P can be ex-

pressed as
P=U [ L 0 } U
0 “dn—k

where U is an unitary matrix.

Lemma 1.2. The matriz A € C?*™ (P) if and only if A can be expressed as

_ Al 0 *
amu[ 2]

where Ay € CF*F Ay € C=F)*x(n=k) "1 is an unitary matriz.

Definition 1.1. Given a generalized reflection matrix P € C™*".

1. A matrix A € C"*" is said to be a Hermitian reflexive matrix if A = A* and
A e Crm(P).

2. A matrix A € C™*™ is said to be a skew-Hermitian reflexive matrix if A = —A*
and A € C*"(P).

The Lemmas 1.3, 1.4 and 1.5 are found in [19] as [Theorem 2.5, Theorem 2.6
and Lemma 2.2] respectively.

Lemma 1.3. [19] Let H™*™ be the set of all m x n matrices over the quaternion
algebra. Suppose that the matriz equation

(1.1) AXA* 4+ BYB* =C

where A € H™ " B e H™P Ce H™™, C=C* X € H"", andY € HP*P,
G = [ A B ] has a Hermitian solution. Then,

The mazimal and minimal ranks of the general Hermitian solution to (1.1) are given
by

max r(X)=min{n,r[ B C |+2n—1r(4) —r(G)}
AXA*+BYB*=C
X=X
min r(X):Qr[B,C]—T[g; g}
AXA*+BYB*=C
X=X
max r(Y):min{p,T[A C]JFQP*T(B)*T(G)}
AXA*+BYB*=C
Y=Y"
min r(Yy=2r[ A C’]—r[g; 3]
AXA*+BYB*=C

Y=Y"
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Lemma 1.4. [19] Let H™*™ be the set of all m X n matrices over the quaternion
algebra. Suppose that the matriz equation (1.1), where A € H™*" B € H™*P,
Ce HY ™ C=-C* X € H"™", andY € HP*?P, G = [ A B ] has a skew
Hermitian solution. Then,

The mazimal and minimal ranks of the general skew-Hermitian solution to (1.1)
are given by

max r(X):min{n,r[B C’]+2n—T(A)—T(G)}
AXA*+ BYB*=C
X =-X*
min r(X):ZT[B,C]—r{ %* g}
AXA*+ BYB*=C B
X=-X*
max r(Y):min{p,T[A C]+2p—T(B)—7“<G)}
AXA*+ BYB*=C
Y=Yy
min r(Yy=2r[ A C]—T{ ?4* gl]
AXA*+ BYB*=C B
Y=-v*

Lemma 1.5. [19] Consider the linear matriz equation (1.1), where A € H™*™,
Be H™P C e H™™ are given, and X € H" "™, Y € HP*P ynknown.

1) If C = C*, and (1.1) has a Hermitian solution, then the general Hermitian
solution to (1.1) can be expressed as

(1.2) X =Xo+S1LZLeS] + LAV +V*Ly

(1.3) Y =Yy —SLgZLgS5+ LgW + W*Lp
where Xo and Yy are a special pair Hermitian solution of (1.1),
(1.4) Sy = (1,,0),5,=(0,1,),G=[ A B ]

Z is an arbitrary Hermitian quaternion matrix with consistent size, and V and W
are arbitrary quaternion matrices with suitable sizes.

2) If C = —C*, and (1.1) has a skew-Hermitian solution, then the general skew-
Hermitian solution can be expressed as

(1.5) X =Xo+ S1LcZLgST + LAV —V*La.

(1.6) Y =Yy — SLaZLeSs + LW — W*Lg.

where Xo and Yy are a special pair skew-Hermitian solution of (1.1), and S1, Sa,
and G are the same as (1.4); Z is an arbitrary skew-Hermitian quaternion matriz
with consistent size, and V' and W are arbitrary quaternion matrices with suitable
Sizes.
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2. Extremal ranks of submatrices in (skew-)Hermitian reflexive
solution of AXA* =C

In this section we will derive the extremal ranks of the (skew-) Hermitian reflex-
ive solution of the matrix equation AX A* = C, as consequences we will show some
forms of the reflexive solution of AX A* = (', and some applications on generelized
inverses.

Consider the linear matrix equation
(2.1) AXA*=C
where A, C' are given and X is unknown.

Theorem 2.1. Let P € C"*™ be a generalized reflection matriz and let A € C™*"™,

C € C*™ be given, suppose that the matriz equation (2.1) has a Hermitian reflex-
we solution.X = X* € CI'*™ (P) Then,
a) The mazimal and minimal ranks of the two submatrices X1 and Xy in Hermitian

reflexive solution X = U [ X1 0

0 X } U* to the matriz equation (2.1) are given by
2

(2.2) ma§*r(X1) =min{k,r[ A(In—P) C |+2k—r(A(I.+P))—71(A)}.

1=Aq

(23)  min r(X)=2r[ A, =P) C] _T[ " _CP)A* A(IHO—P) }

1=A

(2.4)
max*r(Xg):min{n—kJ[ A(l,+P) C ]+2(n—k)—r(A(In—P))—r(A)}.

Xp=X;

(25)  min r(Xy)=2r[ A(I,+P) C|—r

2=X3

[ (I, —i—CP) g D } :

b) The general Hermitian reflexive solution to (2.1) can be expressed as

_ Xl 0 *
AT

where
(2.6) X1 =Xo1+S1LavZLayST + L(%A(In-s-P)U)V + V*L(%A(ln-s-P)U)
(2.7) Xo = Xoz2 — S2LavZLavS5 + L(%A(In—P)U)W + W*L(%A(In—P)U)
X()l 0 . . . , .
where [ 0 X ] is a special Hermitian reflexive solution of (2.1), and
02
Sl = (Ik,O),SQ = (07In—k)

V., W and Z are arbitrary matrices with suitable sizes.
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Proof. a) From lemma 1.2 the Hermitian reflexive solution to AXA* = C can be
written as
_ Xl 0 *
AL
where X; = X7 € CF**| Xy = X5 € C=R)*(n=k) " and arbitrary unitary matrix
U= [ U, Us },With U, ECnXk,UQE(CnX(n_k).
We denote AU = [ A As }, where 4; € C™*k A, € C™*("=k) e have

AXA =C = av| 0 D lpear=c
0 X,
X, 0 ([Ar]
Then, the two equations (2.1) and (2.8) are equivalent, so from Lemma 1.3 we have
max r(X7)
AleA?[ + AQXQA; =C
(2.9) X1 = X7
=min{k, r[Ay Cl+2k—r(A)—r[ A1 Az |}
) C A ]
min r(Xy)=2r| Ay C |—1r N .
(210)  A1x,47 + Ay Xp45 = C (%) [ 42 €] { A3 0
X) = X}
max r(Xa)
A1X1AT + AQXQA; =C
(2.11) X2 = X3
=min{n—k, r[ A C|+2(n—k)—r(Ay)—r[ A4 A ]}
: C A ]
min r(Xe)=2r| 44 C |—r . .
(212) A X147 + AyXoA3 = C (X2) [ A } { AT 0
Xy = X3

From Lemmas 1.1 and 1.2 we can simplify:

’I"[Al C} :T[A10C]
= r[ AL +P)U C |
(2.13) = r[ A(l,+P) C],
T[AQ C} = 7”[0 A2 C]
= r[ 3A(I,—-P)U C ]
(2.14) = r[ AI,-P) C],
C A 0
C Al - r *
Liw =y
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_ ., C $A(I,+P)U
- | v, +P) A 0
| C A(I,+ P)
c oA C 0 A
L IR = r 0o 0 O
2 | A3 0 0
_ C $A(I, — P)U ]
iU, - P) A 0
B C A(I, — P)
(2.16) = | (1, P)a* 0 }

Substituting (2.13)-(2.16) into (2.9)-(2.12) yields (2.2)-(2.5).
b) Necessary substitutions from (2.13)-(2.16) into (1.2)-(1.3) yields (2.6) and (2.7). O

Corollary 2.1. Let P € C"*™ be a generalized reflection matriz and A € C™*"™,
C € CJ*™ be given, suppose that the matriz equation (2.1) has a Hermitian reflez-
ive solution.X = X* € C*" (P) Then.

a) Equation (2.1) has a Hermitian reflexive solution of the form X = U [ )gl 8 } U*
if and only if

c A, + P)

(I, + P) A* 0 =2r[ A(I, +P) C ].

T
iy , . , X1 0

b) All Hermitian reflezive solutions of equation (2.1) have the form X = U 0 0 U

if and only if

r[ A+ P) Cl=r(A(I, = P)+r(A) —2(n—k).

¢) Equation (2.1) has a Hermitian reflezive solution of the form X = U [ 8 )? } U
2

if and only if

c A, — P)
(I, — P) A* 0

r

=2r| A(I,-P) C].

d) All Hermitian reflexive solutions of equation (2.1) have the form X = U [ 8 )? } U
2

if and only if

r[ AL, —P) C ] =r(A(I, + P))+r(A) - 2.
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e) Equation (2.1) has a null solution if and only if

r[ (Infp)A* A(I"O+P) ] —o [ A(I,+P) C],
r[ (In—CP)A* A(I”O_P) ] =2r[ A(I,-P) C].

f) All Hermitian reflexive solutions of equation (2.1) are nulls if and only if

r| AI,+P) C| =r(AI,—P)+r(4)—2(n—k),
r[ A(I,-P) C | =r(A(I, + P)) +r(A) — 2k.
It is well known that, the generalized inverse A~ for a given matrix A is a

solution of the matrix equation AX A = A, so we apply Corollary 2.1 to the equation
AX A = A we obtain this result.

Corollary 2.2. Let A € C"*™, for some unitary matriz U. Then,

a) A has a generalized inverse A~ of the form A~ =U [ ]\61 8 ] U™ if and only if

A AI,+P) |
r{(ln—&—P)A 0 ]27"[A(In+P) Al.
o _ _ 0 0 . .
b) A has a generalized inverse A~ of the form A :U[ 0 N }U* if and only if
2
A A(l, — P)
r{(ln—P)A 0 ]2T[A(In—P) Al.

A square complex matrix A is defined as EP (Equal-Range Projection) or (range-
Hermitian) when both the matrix A and its conjugate transpose A* have identical
ranges. Tian in [18] compiled established characterizations for EP matrices and
provided additional new characterizations for this class of matrices, hence if the
two matrices Ny and Ny in Corollary (2.2) satisfy some conditions we have the
result

Corollary 2.3. Let A € C**", If Ny and Ny in Corollary (2.2) are nonsingular,
for some unitary matriz U, we have:
A is an EP matriz if and only if

T{(In:lP)A A(In0+P)]:2T[A(In+P) Al.
[(IH_AP)A AU"O_P)}:%[A(I”—P) Al
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Proof. From ([18] Theorem 2.1) for a given matrix A € C"**™, the following state-
ments are equivalent

i) Ais EP
ii) A” is EP
iii) There exists an unitary matrix U such that UAU* = { f(l)l 8 }, where A; is

nonsingular.
By applying i), ii) and iii) to a) and b) of Corollary (2.2) leads to result in Corollary
(2.3). O

Theorem 2.2. Let P € C" "™ be a generalized reflection matriz and let A € C™*"™,
C e Cmm C = —C*, and assume that the matriz equation (2.1) has a skew-
Hermitian reflexive solution X = —X* € C*" (P) Then,

(a) The mazimal and minimal ranks of the two submatrices X; and Xo in skew-
X: 0

0 X ] U* to the matriz equation (2.1)

Hermitian reflezive solution X = U [

are given by

Xrgajg(*r(Xl):min{k,r[A(In—P) Cl+2k—r(A,+P))—r(A)}.
[ C A(I, — P) ]
| — (I, - P)A* 0o |
Irlel)gfgr(Xg):min{n—k,r[A(In+P) Cl+2(n—k)—r(A(I,—P)—r(A)}.

o=

minX*r(Xl):2r[ A(I,-P) C|-r

1=—A

. B C A(l,+ P)
XQIBI,HX;T(X2)72T[A(LL+P) C]ir_—(fn-FP)A* 0

b) The general skew- Hermitian reflexive solution of (2.1) can be expressed as

X 07,
x=u[ % 8 ]v

where
X1 =Xo1+S1LavZLayST + L(%A(I’”JrP)U)V — V*L( A(I+P)U)

%
Xo = X2 — SaLavZLaySs + L(%A(I,,sP)U)W — W*L(

Xo1

where { 0 XO ] is a special skew-Hermitian reflexive solution of (2.1), and
02

Sl - (Ik,O),SQ - (Ovl’n—k)
Z,V and W are arbitrary matrices with suitable sizes.

Proof. The poof is similar to that of Theorem 2.1. [



42 S. Guerarra and R. Belkhiri

Corollary 2.4. Let A € C™*", C € Cp*™ be given and assume that the matriz
equation (2.1) has a skew-Hermitian reflexive solution X = —X* € CI'*™ (P) Then.
a) Equation (2.1) has a skew-Hermitian reflexive solution of the form

X:U{)gl S}U* if and only if
C A, +P) |
r{—(In—FP)A* 0 =2r[ A(I,+P) C].

b) All skew-Hermitian reflexive solutions of equation (2.1) have the form X =

U{ )31 S}U* if and only if
r[ AI,+P) C|l=r(A(I,—P)+r(A)—-2(n—k).

¢) Equation (2.1) has a skew-Hermitian reflexive solution of the form

X:U{g Qz}U*ifandonlyif
r[(InOP)A* AT s aw-p) ).

d) All skew-Hermitian reflexive solutions of equation (2.1) have the form X =
0 0 . .
U{ 0 X, }U if and only if
r| A(I,—P) C |=r(A(I,+P))+r(A) -2k

e) Equation (2.1) has a null solution if and only if

r[_(Ian)A* A(I”OJFP)}:%[A(LLJFP) cl,
T[—(IREYP)A* A(InO_P)}%[A(In—P) C].

f) All skew-Hermitian reflexive solutions of equation (2.1) are null solutions if and
only if

ﬂ
h
3
_|_
3
Q
I

r(A(I, — P))+7(A) —2(n—k),
r(A(I, + P)) + 7 (A) — 2k.

ﬁ
<
S
3
Q
T

3. Extremal ranks of submatrices in generalized reflexive solution of
AXB=C

In this section we will review special forms of the reflexive solution of the equa-
tion AX B = C with respect to the generalized reflexion matrix P.
Consider the linear matrix equation

(3.1) AXB=C
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where A, B and C are given, and X is unknown.

The following Lemma is the same that corollary 3.5 in [20], (also it is the same
that Theorem 2.2 in [17]).

Lemma 3.1. [20/We adopt the following notations:

J3 = {Xl € HriXa | A3X1B1 + A4XQBQ = 03}
Jy = {X2 S HP2><Q2|7A3XlBl + A4X2B2 = Cg}

Assume that A3 € HS*P1 Ay € HSXP2 By € H'"Xt By € H22Xt C3 € H**t, and
the matriz equation

(32) A3 X 1B + Ay XoBy = Cs.
is consistent. Then the extremal ranks of the solution to (3.2) are given by

pLaupi+q+r][ Cs Ayl —r[ Az Ay | —r(B),

)?112?](37“()(1) - p1+aq+r By - By —r(As).
Cs By
. B By Cs Ay
XI{lé{l]gT(Xl) —’/‘[Cg A4}—|—T[CS}—T[BQ 0 ]
p27Q2»p2+qQ+7"[03 A3]—T[A3 A4}—7”(B2)a
ax r(Xs) = min prtrartr| BVl B Zr (A,
Cs B>

. _ By | Cs Az
XI?éI}4T(X2) —T[Cg Ag}—i—r[cg} T[Bl 0 ]

Lemma 3.2. [16] Let Ay € F™XP, By € FI*", Ay € F™*5 By, € FX" and
C € F™*™ be given over an arbitrary field F, and suppose that the matrixz equation

(3.3) A1 XB;+ AYBy, =C
is solvable. Then its general solutions for X and Y can be expressed as:

(34) X =Xo+S1LcURKT: + LA1V1 + ‘/QRBI.

(3.5) Y = Yo+ SoLeURHTs + La,Wy + WaRsp,.

where Sy = (I, 0], 52:[0,13],T1=[%],T2:[? },G:[Al Ay ] H =
t

—By
and Wy are arbitrary

[ B } and Xo, Yy are a pair of particular solutions to Eq (3.3), U, Vi, Vo, Wy
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Theorem 3.1. Let P € C"*™ be a generalized reflection matrixz and let A € C™*"™,
B € C, C € C™! are given, suppose that the matriz equation (3.1) has a
reflezive solution.X € C*™ (P) Then

(a) The mazximal and minimal ranks of the two submatrices X1 and Xs in a reflexive

solution X = U { X1 0

U* to the matriz equation (3.1) are given by
0 X

(3.6) Ir)lgxr(Xl)

k,2%k+r[ C A(I,—P)]—r(A) —r((I, + P)B),

= min zk+r[Un—CP>B}—T<B>—r<A<In+P>>-
(3.7) min 7 (X)
X1
(I, — P)B C A(l, - P)
=r[C A(I,LPHH{ e, }‘T[(IHP)B 0
(3.8) max (Xz)
. n—k2m-r)+r[ C A(l,+P)]-r(A)—r(l,—P)B),
— min QMk)H[(hthB}r@nmAunPD.
(39) minr ()
(I, + P)B C A(L, + P)
:TurAm+m}+{ C }— h@+m3 0 '

b) The general reflexive solution to (3.1) can be expressed as
- X; 0 .
x=u[ % 2
where
X1 =Xo+ S1LavZRy~pT + L(%A(IHer)U)Zl + Z2R(%U*(1n+p)3),
X2 = YO + S2LAUZRU*BT2 + L(%A(In—P)U)ZS + Z4R<%U*(In—P)B)'

where Sy = [Ik’ 0]7 Sy = [Ov[nka T = |: Iéc :|f 13 = |: IO :|: and |: )go }9 ]
n—~k 0

is a particular reflexive solution to equation (3.1),
7, 74, Za, Z3 and Z4 are arbitrary matrices with appropriate sizes.

Proof. a) From lemma 1.2 the reflexive solution to AX B = C can be written as

oI xe 0],
x=u[ 5 v
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for arbitrary unitary matrix U = [ Uy, U, ], with Uy € C*Fk U, € C*(n=k),
We denote

AU =[ A1 A, ],U*B{g;]

where A; € (Cka7 Ay € me(n—k)7 B, € (Cle, Bs € Cn—k)xi So,

X1 0
0 X5
X1 0 By |
<:>[A1 A2]|:0 X2:||:B2:|_C
(3.10) — A1 X1B1+A3XBy, =C.

AXB=(C <+ AU[ ]U*B:C’

Then, the two equations (3.1) and (3.10) are equivalent, now we adopt the following
notations:

S ={X1 € C¥* | A1 X1 By + Ay X, B, = C},
Sy = {X2 € C(n—k)x(n=k) | A1 X1B1 + Ay XoBs = C}

From Lemma 3.1 we have

r2k+r[ C Ay | —r[ A1 Ay | —r(B1),
R N B - B ol R
2
. . BQ C A2
(3.12) Xr?elglr(XI) —T[C A2]+T|: C :|—T‘|:BQ 0 ]
(3.13) max r(Xz)

) n—k,Z(n—r)+r[C Al]—’/‘[Al AQ]—T(BQ),
- n 2(n—kj)+r{% —7"|:g;:|—7"(142). }

. B cC A
(3.14) Xrggngr(Xg) =r[ C Al}—l-r{ C}}_T[Bl 01}.
From Lemmas 1.1 and 1.2 we can simplify:
r[ C A, ] r[ cC 0 }
= r[C %A(I,L—P)U ]
(3.15) r [ C A(l,-P) ] ,
’I“[ C Al ] = ’f‘[ C A1 0 }
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- r[C 1A, +P)U]

(3.16) = r[C A(.+P)],
[0
r[%} = r| B
| C
_ r_éU*(In—P)B]
I C
(3.17) = T_(I”CP)B},
(2] - |
"l o = r| 0
e
_ r-éU*(Iﬁ-P)B]
I C
(3.18) = r| (I”+CP)B}
oA, C 0 A
"l g 0 = r 0 0 0
2 | B2 0 0
_ . C %A(In—P)U]
| JU*(I,-P)B 0
T c A(I, — P)
(3.19) =l -pB 0 }
oA C A 0
o I = | B 0 0
! 0 0 0
B C 1A(I,+P)U
- " WL, +P)B 0
_ c A(IL, + P)
(3.20) = T{(In—&-P)B 0 }

Substituting (3.15)-(3.20) into (3.11)-(3.14) yields results of Theorem 3.1.
b) Obvious from formulas (3.4)-(3.5) of Lemma (3.2) and necessary changes from
(3.15)-(3.20). O

Corollary 3.1. Let A€ C™*", B € C"*!, C € C™*! are given, we suppose that
the matriz equation (3.1) has a reflexive solution. Then
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a) Equation (3.1) has a reflexive solution of the form X = U [ )81 8 } U™ if and
only if
C A, +P) | (I,+P)B
T[(In—FP)B 0 ]T[C A(In—l—P)}—i—r{ c .

b) All reflexive solutions of equation (3.1) have the form X = U { )gl 8 ] U* if

and only if
r[ C A(I,+P) ] =r(A)+r((I,—P)B)—2(n—k),

T{ (I,ﬁ—P)B}

. —r(B)+ 7 (AL~ P)) —2(n— k).

¢) Equation (3.1) has a reflexive solution of the form X = U [ 8 )? } U* if and
2
only if

r[(ln_CP)B A(InO—P)]:T[c A(In_p)}Jrr{(In—CP)B]

d) All reflexive solutions of equation (8.1) have the form X = U { 8 )? ] U* if
2
and only if

r[C A(l,—P)] =r(A)+r((,+P)B) -2k,

r{ (I”‘CP)B} — v (B) 1 (A(In+ P)) — 2k.

e) Equation (3.1) has a null reflexive solution if and only if

r[(In'f‘CP)B A(Inoﬂj)] =r[C A(In+P)]+T|:(I"+CP)B:|,
and T[(IRCP)B A(InO—P)] =r[C A([np)Hr{(In_Cp)B]

f) All reflexive solutions of equation (3.1) are nulls if and only if

r[C A(I,+P)] =r(A)+r(I,—P)B)—2(n—k),

T{ (In+P)B

. }:T<B>+T<A<zn—P>>—2<n—k>-

and

r[C A(l,—P)] =r(A)+r((,+P)B) -2k,
r{ (I, — P)B

C } = (B)+r(A(I, + P)) — 2k,
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