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Abstract. In this study, we mainly aim to investigate the fundamentals of complex
golden conjugate connections. We study the relation between complex conjugate con-
nections and complex golden conjugate connections. We first investigate the similarity
of structural tensors and virtual tensors that are defined in almost complex geometry
with almost complex golden geometry and then describe complex golden conjugate con-
nections through the tensors stated here.
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1. Introduction

In [17, 18], it is well known that many polynomial structures on an n—dim a
differentiable manifold M™ arise from Jj; which are C*—tensor fields of type (1,1)
and are obtained by finding the roots of the equation

Q(In) =T+ b T 4 o+ 0o T + 011 =0,

where I is the identity (1, 1) tensor field on M™ and by, ba, bs, ..., by, are real num-
bers, at every point of M™. Almost tangent, almost product, almost complex,
golden, silver and metallic structure are some examples. Several authors have re-
cently studied on polynomial structures (see, [10, 2, 3, 20, 21, 24, 25, 26, 27, 19, 12,
23)).
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The solution of the equation Q (Jy) = T4 — Im + %I , which is known as
the structure polynomial is called a complex golden structure. This name was
inspired by the fact that for complex golden ratio introduced by Crasmareanu and
Hretcanu [10] this is the root of the quadratic equation z? — z + % = 0, namely

b = # It was shown in [10] that any complex golden structure induces an
almost complex structure and any almost complex structure determines complex
golden structure. Based on these considerations, we can say that there is a strong
interrelation between complex golden structure and almost complex structure on a
differentiable manifold.

Let V be a linear connection on an differentiable manifold M™. If 7y, is parallel
with respect to V i.e. VJy = 0, V is called Jp—connection. Cruceanu [11]
introduced the notion of Jj;—conjugate connection associated to V. Several authors
studied Jp/—conjugate connection on structures: almost complex structures in [4],
almost product structure in [5], golden structures in [6], almost tangent structures
in [7] and metallic structures in [8].

The present work deals with conjugate connections on another structures, namely
complex golden conjugate connection. We study some properties of the complex
golden conjugate connections. We express the complex golden conjugate connec-
tions in terms of structural and virtual tensors from the almost complex structure.
In the later part of this work, we concentrate to study the existence of duality
between the complex golden and complex conjugate connections.

Let M™ be an n—dim differentiable manifold of class C*°. We denote by F(M™)
the algebra of C*°-real functions on M™, T'(T'M) = X(M™) the Lie algebra of
vector fields on M™, J¥ (M™) the F(M™)-module of tensor fields of (k,)-type on
M™, C(M™) the set of all linear connections on M™ and Cyz,,(M™) the set of all
Ja—connections on M™ .

Definition 1.1. [10] Let Jas be a (1,1)-tensor field on M™. Jp which satisfies
the equation

3
(1.1) j]\24—._7M+§I=0

is called an almost complex golden structure on M™. The pair (M™, Jy) is an
almost complex golden manifold.

We know that such a complex structure exists only when the manifold is even-
dimensional. Therefore, we will get n = 2k.

Returning to M?2¥ = R? we arrive at the equation

3
2 9 _
T x+2—0

with solutions z; = % + %z 5, xo =71 = % — %Z\/g
The complex number
_1+iV5

A
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will be called complex golden ratio [10].

Unlike the paper [10] and in support of what was stated in [13, 3] we use the
word “almost” to refer to general complex golden structures on a manifold. We say
that a manifold M?* is a complex golden manifold if it has an integrable almost
complex golden structure.

Vanzura [29] gave two necessary and sufficient conditions for integrability of a
polynomial structure. One of them, a polynomial structure Jj; is integrable iff the
Nijenhuis tensor Nz,, vanishes. Other, a polynomial structure Jys is integrable if
and only if there exists a torsion—free linear Jp;—connection. Gezer et al. [14, 15]
introduced another sufficient condition of the integrability of golden structures and
metallic structures on Riemannian manifolds, respectively.

The current study involves the investigation of complex golden conjugate con-
nection and it could be thought as the continuation of a series of previous papers
[4, 5, 6, 7] and [8]. In last part of Section 2 of present study, we make use of the
pair structural tensor and virtual tensor which might be considered as a very useful
tool which was also defined for the almost complex geometry in [4]. In Section, we
study the duality between the complex golden and complex conjugate connection.

2. Complex Golden Conjugate Connection

From now on, for the sake of simplicity, V{/*) will denote the complex golden
conjugate connection of V

(2.1) VM) =V — Ty 0 VI,

and hence if V € Cgz,, (M%) then V(WM) € C7 (M?F). The mentioned connection
could be given in detail as

1
(2.2) vy = —5VxY - IuM(VxIuY —VxY),
where X,Y € X(M?F).

Definition 2.1. Let g be a semi-Riemannian metric on M?* which satisfies
3
9(ITuX.Y) = g(X,InY) or g(TuX, TuY) =g (IuX,Y) — 29 (X,Y)

namely compatible with Jy; for every X,Y € X(M?*). Then the pair (g, Jar) is
said to be an almost golden Norden structure and (M3, g, Jar) is said to be an
almost golden Norden manifold.

Proposition 2.1. Suppose that Ty is an almost complex golden structure, V is a
linear connection and VM) is a complex golden conjugate connection of V. Then

(i) VI Tor = Tar o VI — 2V Twr; so that if V € Cyq,, (M?*) then VM) ¢
CJM (M2k>
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(i) Tornn = Tv—Im(dY Tnr), in which d¥ denotes the exterior covariant deriva-
tive that is induced by V, (d¥ Inm)(X,Y) := (VxIm)Y — (VyIm)X; it fol-

lows that for V € Cz,,(M?*), the connection ¥V and VI™) have the same
torsion.

1
RV(JM)(XaKZ) = (jM - §I)RV(X7Y7 Z) _jMRV(X7Y7jMZ)
1
+§(«7M — AV Iu)(X,Y; 2)
1
+5(AYTu) (X, Y5 T 2),

where (AVIu)(X,Y;2) = (VxIu)VyZ — (VyIu)VxZ; it follows that
for V € Cq,,(M?*), if V is flat then VIM) is so.

(iv) Let (M2, g, Jar) be an almost golden Norden manifold. Then

(VN Z) = ~(Vxg)(TnY, T Z) + (Vxg) (Y, Tu Z)
—%(ng)(Y, Z)+9(Y,(VxIm)Z).

We can conclude from here that, whenever V is a g—metric connection (i.e.
Vg =0)inCz,, (M?*) then VWI™) is also a g-metric connection in Cz,, (M?*).

Proof.
(i) Using (1.1) and (2.2)

(VY Y = v TuY - Ju vy
1
= =5 VxInY +2JuVxY + T (VxIuY — VxY)

= VT + T VxY + TV TuY + SVxY
—2((VxIn)Y) + Iu(VxTIn)Y),

and then

VI T = =2V T + T o VI
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(ii) A direct computation gives

TV(JM)(Xa Y) = V.(;(jM)Y - v%/JM)X - [X’ Y]
1 1
= —§VXY - Iu(VxIuY —VxY)+ §VYX
+Iu(VyIuX — Vy X) — [X,Y]
1
= —5VxY = Iu(VxIm)Y) = T VY + TuVxY
1
+§VyX + I (Vy Tu)X) + T Vy X

~IuVy X — [X,Y]
TV(X7 Y) - j]\/l((vXJM)Y — (Vyj]w)X)

(iii) Notice that

1 1 1
vz = 1V Z 4 5 VxTuVyInZ = 5V x TuVyZ

1 3
+.7M(§VXJMVYZ - §VXVYJAIZ +VxVyZ),
and the expression of curvature becomes

Ry (X,Y, 2) = V0O 7 - vy 7 - i) 7
1
= _iRV(XaKZ) - jMRV(vaajMZ)
1
+JIumRy(X,Y,Z) + E(jM - D((VxIm)VyZ

1
—(VyIm)VxZ)+ 5((VXJM)VYJMZ
—(VyIu)VxIuZ)
1
= (Im — §I)RV(X, Y,Z) - JuBv(X,Y,TuZ)

+5(T = DA Tu)(X, 5 2)

1
+§(AV~7AI)(X,Y;7MZ)-

(iv) Using that ¢(JuX,Y) = (X, InY) and g(TuX, InY) = 9(X,IuY) —
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39(X,Y) we obtain

(VY. Z) = X(9(Y,2)) — g(V{™Y, Z) — g(v, V™) 2)

X(g(Y,Z)) — g(—%VXY —Iu(VxIuY —VxY),Z)

1
—g(Y, —5VxZ - Iu(VxIuZ —VxZ))
—(Vxg)(TnY, I Z) + (Vxg) (Y, T Z)

5 (V0¥ 2) + 5 X(9(Tn Y, T 7))

XYV, Tw ) + 5 X(o(¥, 2)) + 9V, (Vx ) 2)

—(Vx9)(InY,IuZ) + (Vxg)(Y,Tu Z)
~S(Vxg)(V,2) + g¥, (Vx ) 2).

|
We can give some direct consequences of Proposition 2.1:

i) If (M?*, g, Jar) is nearly golden Kihler manifold, which means (M?2*, g, 7r)
almost golden Hermitian manifold and (Vx 7a)Y +(Vy Jar) X = 0 (see [28]),
then Jar(dY Jnr) = 2V — 2V,

ii) If V Levi-Civita connection of g and in addition V € C,, (M?*), then VI™) =
V is the unique Levi-Civita connection.

Proposition 2.2. Let h be a diffeomorphism of M3 onto itself and be an auto-
morphism of the G—structure defined by Jy;. Whenever h is an affine transforma-
tion for V then h is an affine transformation for V™M) too.

Proof.  As is known that [4], there is hy o Ty = Jar © hs equality for h and
Ju. If his an affine transformation for V then h, (VxY) = Vj, xh.Y. The results
follows from (2.2). O

A natural generalizations of the case V € Cz,,(M?¥) is given by:

Proposition 2.3. Suppose that V is a symmetric linear connection. Let V. Ty =
wI or VI = w® JJ, where w is a 1-form and n € N. Then VM) js q
quarter—symmetric connection.

Proof. In [16], it is known that a linear connection is said to be a quarter-
symmetric connection if its torsion is of the form: T (X,Y) = n(Y)JIu (X) —
n(X) T (Y), where 7 is a 1-form. From (2.1) we have VW) =V —w ® Jy; and
from the item (ii) of Proposition 2.1 we obtain Tgwy) = M Qw —w & Ju. A
similar proof can easily be given for VJy =w® Jy. O

Definition 2.2. A linear connection V is called special complex golden connection
if it is symmetric and dV Jy; = 0.
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After that, the set of all special complex golden connections with Cog(M?%) will
be shown.

Proposition 2.4. Let C7, (M?%) be the set of all symmetric Jyr—connection on
M?%. Then CJM (M2k) C ch(M2k),

Proof. The statement is a direct consequence of Proposition 2.1 and Defini-
tion 2.2. O
Proposition 2.5. If V € Cog(M?*) then complex golden conjugate conmection
VM) s symmetric.

Proof. The statement immediately follows from item (ii) of Proposition 2.1 and

Definition 2.2. O

Proposition 2.6. Let V be a special complex golden connection, then

(i) VM) s also special complex golden connection.
(i1) T is integrable.
Proof.
(i) The result follows from Proposition 2.1.
(ii) Applying a standard computation,
Ny (X,Y) = (¥ In) (Tu X, Y) = (¥ Tur) (TuY, X) = (d¥ Tur) (X, Y),
and by dY Jar = 0, the desired result is obtained.

O

Definition 2.3. (i) (9,Jm,V) is said to be a special almost golden Norden
structure whenever (g, 7ps) is an almost golden Norden structure and addi-
tionally V is a special complex golden connection.

(ii) (g, Im, V) is said to be a special almost golden Hermitian structure whenever
(g, ) is an almost golden Hermitian structure and additionally V is a special
complex golden connection.

The following results are a direct consequence of Proposition 2.6 and Defini-
tion 2.3:

Proposition 2.7. (i) (g, Tnr, VIM)) is a special almost golden Norden struc-
ture if (9, I, V) is a special almost golden Norden structure.

(i3) (g, Tar, VIIM)) is a special nearly golden Kdbhler structure if (9,Im, V) is a
special nearly golden Kdhler structure, where V is a Levi-Civita connection
with respect to g.
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Example 2.1. The following examples of special almost golden Norden structures on
the 4-dim Euclidean space can be generalized to special almost golden Norden structures
defined on Euclidean spaces of any even dimension.

Let R* = R? x R? be the Euclidean space with the metric g : X(R*) x X(R*) — F (R?)
given by

9(2,2) = -X'X" + XX 4 V'V + YV,

for any Z = (X17X27Y17Y2) 7 = (YI,YQ,?l,YQ) € X(R*) and denotes (2,22, y',y?)
the local coordinates in R*.

Define (1,1)-tensor field Jar, : X(R*) — X(R*) by

Iy (01,02,01,02) = (O, peD2, PeO1, ¢c02)

%, 0; = a%“ 1 <1 <2 ¢ = # is the complex golden ratio and

gz_SC = ILQ‘/E =1— ¢, . We can check that Jy, is an almost complex golden structure on
R4

where 9; =

Tin (X5 X2 YN Y?) = (62X, 02 X2, 6271, 92V )

\7M1 (X1>X2>Y17Y2) - gI(X17X27Y17Y2)7

for any (X', X2, V", V?) € X(R*). Thus, J%, = Jar, — 21.

Moreover, the metric is Jnr, compatible:
9T 2.2) = 6o (X' X'+ V'V ) 400 (XK +YV) = 9(2, 70, 2),

for any Z = (XI,X2,Y1,Y2) 7 = (Yl,YQ,?I,?2) € X(R*). Thus, (R, g, Jar,) is an
almost golden Norden manifold.

Similarly we can show that the (1,1)-tensor fields Jas,, Jass, Jar, : X(R?) — X(R?)
defined by

TImy (01,02,01,02) = (¢cO1, peOz2, c01, ¢c02) ,
Tz (01,02,01,02) = (¢peOr, deO2, peO1, ¢c02)
jM4 (81,82,51,52) = ((Z)c817¢3682:¢6517¢652)
are almost complex golden structures on R* and (R*, g, Jur,), i € {2,3,4} are almost

golden Norden manifolds. Since the Levi-Civita V¥ is trivial (g, Jam;, V), @ € {1,...,4}
are special almost golden Norden structures on R*.

In the last part of this section, we consider two different tensor fields related
with an almost complex structure [22]. In [22], the authors described structural
tensor fields and virtual tensor fields of an almost product structure. Going back
to our context, suppose that (V, Jas) is a pair of tensor field of the type (1,2).

The structural tensor field is given by

CIM(X,Y) = S [(VauxIu)Y + (VxITu) InY).

DN | =
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The virtual tensor field is given by
1
BJM(X,Y):= S VauxIn)Y = (VxIn) Iu Y]
It result that

1 1
Oty =~ 0P+ T3y 0O, Bty =~ B + Ty B

Also
3
CP (Tu X, TuY) = (VyuxTu)IuY — 5O (X, Y),

3
B (I X, JuY) = 5B (X.Y),

The relation given below underlines the importance of the tensor fields mentioned
above,

(2.3) VM) =V — VT + CZM — B,

Example 2.2. Let n be a 1-form. Suppose that the linear connection V satisfies VJy =
17 ® Jir then we have the following relations on structural and virtual tensor fields.

CIM = Z[(noTn) ® Tny + (@ Ty,

N =

1
BIM = Z[(noJu) ® Tny — (n® Tirt ),

2
1
Ly = =310 T) & Tis + (1® T )] + (0 Tan) & T + (0 T3],
1 n n 1 n n
B = =700 Tn) @ Tii — (0@ T3] + 1m0 Tu) @ T — (@ i)

Let us consider V() and its behavior for almost complex golden structures fam-
ilies. We can give following proposition.

Proposition 2.8. Assuming Juy, and Ju, are two almost complex golden struc-
tures will yield Jar, +Tm, to be an almost complex golden structure too iff Tar, T, +
ImsIm, = 31, in this case

1
Vg;?Ml +jM2)Y — Vgng)Y+vgz7Mz)Y+§vXY7le (VXJMQY)ij]\/IQ (vXjJVhY)a

C(VJM1+.7M2) _ B(VJMlJrJMz) _ (Cng + CgM2) . (Bng + Bg]\/fg)

—Im, ©VIMy, — In, © VI, -
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3. On the Duality of Complex Golden and Complex Conjugate
Connections

Crasmareanu and Hretcanu have shown [10] that any almost complex structure
J determines two almost complex golden structures:
1
2

and, any almost complex golden structure J»; induces two almost complex struc-
tures:

(3.1) TE = -(I+V57)

1
(3.2) JE = i%(QjM 1.

Then ij[ = :t%Vj and VJ* = :I:%VJM. Hence, V is a Jp;—connection
iff V is a J—connection.

Our goal here is to find the connection between the conjugate connection asso-
ciated to J and Jj;.

Proposition 3.1. (i) Let Jar be an almost complex golden structure on M3k
and J* be the almost complex structure which is given in (3.2), then

5V — 4V = ¥ 4+ 2V 7y,

(ii) Let J be an almost complex structure on M2k and ‘7]\% be the almost complex
golden structure which is given in (3.1), then

—avWin) 459 = v £ VBV

(iii) For all cases defined earlier (VWM = (v(I))(Tm),
Proof.

(i) We know the expression of V{7 ) from [4]:
(3.3) VY = —gE (Ve TEY).
Using (3.2), we have
vy = —%JM(VXJMY) + %JM(VXY) + %vXJMY - %VXY,
and from (2.2) replacing
Tn(VxTu¥) = ~V&Y LUV 4 Tu(VxY),

we have

1 4 2
vy = SVUxY 4+ VI 4 SV Y.



(i)

(iii)

O
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From (2.2)
+ 1
Vg‘gM)Y = —§VXY - jzﬁ(Vij\j/;Y - VxY),

and replacing Ji& from (3.1) we get
- 1 5 5
(3.4) vy = — VXY = T (VxIY) ¥ %(VXJ)Y.

Equation (3.4), thanks to Vg{)Y =-J(VxJY) gives

+ 1 5 5
VY = —2VxY 4+ o VY F %(VXJ)Y.

By direct computation using (2.2) and (3.3), we get

(VO TDy = %Ji(VXJiY) — (T 0 Tu)(VxTHY)
HTE o Tn)(Vx (T 0o TH)Y),
and
(VINGIY = LTHVxT*Y) ~ (J 0 THHVxT*Y)
+(Jp o ji)(VX(ji o jM)Y)>

and taking into account that Jys 0 J* = J* 0 Jas, we obtain (V(JM))(ji) =
(V) (Ian),

Moreover,
1
(VWY = S T(TxTY)~(Tiio D) (Vx TV )+ (T 0TV x (ToT5)Y),
and
1
(VDY = ST(VxTY)~(ToTi)(VxTY)+(T o Ti) (Vx (Tio DY),

and taking into account that J o jﬁ = jﬁ o J, we obtain (V(J))(Jhif) =
(Vi) (),

We know from [4] that for an almost complex structure J, the structural and
virtual tensor fields relation is given with

(3.5)

v =v+cd -BL.

From (2.3) and (3.5) we can give following corollary.
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Corollary 3.1. (i) Let Jar be an almost complex golden structure on M?* and
J* be the almost complex structure which is given in (3.2), then

5(CZ° — BZY) = 4(CM — BI) — 2V .

(i) Let J be an almost complex structure on M2k and ‘7]\% be the almost complex
golden structure which is given in (3.1), then

+ +
a(Ccdn — BIMy =5(Cd — BL) £ VBV J.

4. Invariant Distribution

Suppose that D C T'M is a fixed distribution which is considered as a vector
subbundle of T'M.

Definition 4.1. (i) I X eT'(D) = JuX € T'(D), then D is said to be the Jps
invariant.

(i) ([9) IfY e (D), VxY € I'(D) for any X € I'(T'M), then the linear connec-
tion V is restricted to D.

V might be seen as a connection in D whenever V is restricted to D. Considering
this truth from [1], a connection is said to be adapted to D if it is restricted to D.

Proposition 4.1. Consider a Jy—invariant distribution D and a linear connec-
tion V is restricted to D. Then the conjugate connection V™) is restricted to D
too.

Proof. FixY € I'(D). Then JynY € I'(D) and for any X € I'(T'M). We have
VxY € T(D). Therefore VY™Y = 1V Y — 7 (VxIuY — VxY) € (D). O
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