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Abstract. In this paper, the relationships between closure type properties of hyper-
spaces over a space X with that of covering properties of X are being investigated. Our
main focus here is to study αi -properties ofX and that of hyperspaces with hit-and-miss
topology. Also some weak forms of Fréchet Urysohn property have been investigated
in the hyperspace (Λ, τ+

∆ ).
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1. Introduction

The study of hyperspace theory started with D. Pompeiu [21], F. Hausdorff [7],
L. Vietoris [27] and E. Michael [20], where for a given topological space X, the
set of all nonempty closed subsets of X is denoted by CL(X). The set CL(X),
endowed with some topology, is known as the hyperspace of X. There are many re-
sults which show that properties of hyperspaces over a space X can be described by
properties of the basic space X. In recent years, several papers have been devoted
to the study of classical selection principles in hyperspaces endowed with various
topologies. In particular, many topological properties are defined or characterized
in terms of selection principles ([15], [16], [10], [23], [17], [18]). On the other hand,
selection principles started in the early 20th century with the works of Borel [3],
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Menger [19], Hurewicz [8] and Rothberger [24]. Later, Scheepers [25] began a rig-
orous investigation on selection principles. Till now, it has become one of the most
challenging area of research. Nowadays, the authors in this area are working with
these concepts to get results in topological hyperspaces. Also, this theory has now
applications on set theory, function spaces and hyperspaces, among other fields of
mathematics. In this paper, such duality has been studied in connection with prop-
erties which are defined in terms of selection principles. We shall prove here that
results concerning sets of type γ-sets and their variations can be obtained in terms
of special hyperspace topologies on the subcollection Λ of CL(X). Section 2 deals
with some basic definitions and lemmas that are useful throughout the paper. In
section 3, we discuss the covering and closure type properties α

i
(A,B) in topolog-

ical spaces, for i = 2, 3, 4. Finally, in Section 4 and Section 5, we investigate the
αi -properties and some generalizations of Fréchet Urysohn property in hyperspaces.

All spaces are assumed to be Hausdorff, non-compact. Covers always mean
proper cover (i.e. a cover U of a space X such that X ̸∈ U).

Throughout the paper, ∆ and Θ will denote subfamilies of CL(X) which are
closed under finite unions and contain all singletons. Also Λ will denote a subfamily
of CL(X) that is closed under finite unions. Also, we shall use [X]<ω to denote all
finite subsets of X.

2. Definitions and preliminaries

This section is a brief reminder of some basic concepts related to hyperspace
theory as well as to the theory of selection principles.

Given a space (X, τ), we denote the family of all closed subsets of X, the family
of all non-empty closed subsets of X and the family of all compact subsets of X by

2
X

, CL(X), and K(X), respectively.

For a subset U ⊆ X and a family U of subsets of X, we write:

U− = {A ∈ CL(X) : A ∩ U ̸= ϕ};
U

+

= {A ∈ CL(X) : A ⊆ U};
U

c

= X \ U ;

U c

= {U c

: U ∈ U}.

The hit-and-miss topology on CL(X) with respect to ∆ (first studied in the
abstract in [22] and then in [14]), denoted by τ+

∆
, has as a base, the family

{(
m⋂
i=1

V −
i
) ∩ (Bc)+ : B ∈ ∆ and Vi ∈ τ for i ∈ {1, 2, ...,m},m ∈ N}.

Following [28], the basic element (

m⋂
i=1

V −
i )∩(Bc)+ will be denoted by (V1, ..., Vm)+B .
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Two important cases of the hit-and-miss topology are the Vietoris topology, τ
V
,

when ∆ = CL(X) ([27], [20]) and the Fell topology, τ
F
, when ∆ = K(X) ([5]).

Next, we recall two very known concepts both defined in 1996 by M. Scheepers
[25]. Given an infinite set X, let A and B be collections of families of subsets of X.

• S1(A,B) denotes the principle: For any sequence (An : n ∈ N) of elements
of A, there is a sequence {b

n
: n ∈ N} such that for each n ∈ N, b

n
∈ A

n
and

{b
n
: n ∈ N} is an element of B.
• S

fin
(A,B) denotes the principle: For any sequence (A

n
: n ∈ N) of elements of

A, there is a sequence (B
n
: n ∈ N) such that for each n ∈ N, B

n
is a finite subset

of A
n
, and

⋃
n∈N

B
n
∈ B.

We denote the collection of all open covers of a topological space X by O. When
A = B = O in the definitions of S1(A,B) and S

fin
(A,B) above, we get the classical

Rothberger property [24] and the Menger property [19], [8], whereas a space X has
the Hurewicz property [8] if for each sequence {U

n
: n ∈ N} of open covers of X,

there exists a sequence {V
n
: n ∈ N} such that for each n ∈ N, V

n
is a finite subset

of Un and each x ∈ X belongs to
⋃

Vn for all but finitely many n.

Arhangel’skii first introduced the α
i
-properties in [1] in the following manner.

Let x ∈ X and {xm ≡ (xm,n)n∈N : m ∈ N} be a countable family of sequences
converging to x, i.e. lim

n→∞
xm,n = x for each m ∈ N. There is a sequence y ≡ (yn)

converging to x such that:

(α
1
) x

m
\ y is finite, for each m ∈ N,

(α
2
) x

m
and y have a joint subsequence for each m ∈ N,

(α
3
) x

m
and y have a joint subsequence for infinitely many m ∈ N,

(α4) xm and y have a joint element for infinitely many m ∈ N.
For A and B as above, Lj. D. R. Kočinac [9] introduced the corresponding se-

lection principles αi(A,B) in the following way:
For each sequence (An) of infinite elements ofA there is an element B ∈ B such that:

α
2
(A,B): the set A

n
∩B is infinite for each n ∈ N,

α
3
(A,B): the set A

n
∩B is infinite for infinitely many n ∈ N,

α
4
(A,B): the set A

n
∩B is non-empty for infinitely many n ∈ N.

The following implications follow directly from the definitions:

α
2
(A,B) ⇒ α

3
(A,B) ⇒ α

4
(A,B) and S

1
(A,B) ⇒ α

4
(A,B).

Let us recall that an open cover U of a space X is called an ω-cover [6] (respec-
tively, a k-cover [13]) if every finite (respectively, compact) subset of X is contained
in a member of U and X is not a member of U . An open cover U of X is called a
γ-cover [6] if it is infinite and each x ∈ X is contained in all but finitely many ele-
ments of U . Notice that it is equivalent to the assertion: Each finite subset of X is
contained in all but finitely many members of U . Also, in [10], Kočinac introduced
a stronger version of γ-covers as: an open cover U of a space X is called a γ

k
-cover
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of X if each compact subset of X is contained in all but finitely many elements of
U and X is not a member of the cover.

For a space (X, τ) and a point x ∈ X we denote

• Ω: the collection of ω-covers of X;
• K: the collection of k-covers of X;
• Ω

τ

x
(or shortly, Ωx): the set {A ⊂ X : x ∈ Cl A \A};

• Γ: the collection of all γ-covers of X;
• Γ

k
: the collection of all γ

k
-covers of X;

• Σ
x
: the set of all non-trivial sequences in X that converge to x.

It is easy to observe that

Γ
k
⊂ Γ ⊂ Ω and Γ

k
⊂ K ⊂ Ω.

G. Di Maio, Lj. D. R. Kočinac and E. Meccariello [15], [16] first investigated S
1

and S
fin

in 2
X

and CL(X) under the cofinite topology Z+

, the co-compact topology

F
+

, the upper Vietoris topology V
+

and the lower Vietoris topology V −, using k-
covers and ω-covers (where, the lower Vietoris topology V − is generated by all sets

A−, for A ⊂ X open, and the upper Vietoris topology V
+

is generated by sets B
+

,
for B open in X).

Motivated by [15], Z. Li in his paper [11] introduced k
F
-covers and c

V
-covers

to characterize selection principles in CL(X) under the Fell topology and the Vi-
etoris topology. As a generalization of these concepts, in [4] is introduced the next
definition.

Definition 2.1. [4] Let (X, τ) be a topological space. A family U ⊆ Λ
c

is called a
c∆(Λ)-cover of X, if for any D ∈ ∆ and open subsets V1 , ..., Vm of X with D

c ∩Vi ̸=
ϕ, for any i ∈ {1, ...,m}, there exist U ∈ U and F ∈ [X]

<ω

such that D ⊆ U ,
F ∩ U = ϕ and for each i ∈ {1, ...,m}, F ∩ V

i
̸= ϕ. The family of all c

∆
(Λ)-covers

of X will be denoted by C
∆
(Λ).

In our paper [26], the relative version of the above cover is defined as follows.

Definition 2.2. [26] Let (X, τ) be a topological space and Y ⊆ X, with Y ̸= X. A
family U ⊆ Λ

c

is called a c
∆
(Λ)-cover of Y , if for any D ∈ ∆ with D ⊆ Y and open

subsets V
1
, ..., V

m
of X, with Y

c ∩ V
i
̸= ϕ, for any i ∈ {1, ...,m}, there exist U ∈ U

and F ∈ [X]
<ω

such that D ⊆ U , F ∩U = ϕ and for each i ∈ {1, ...,m}, F ∩V
i
̸= ϕ.

We denote by C∗

∆
(Λ) the family of all c

∆
(Λ)-covers of Y ⊆ X with Y ̸= X.

Remark 2.3. (i) Consider ∆ = K(X) and Λ = CL(X) in Definitions 2.1 and 2.2.
We then get the notions of k

F
-covers of X and k

F
-covers of a subset Y of X with

Y ̸= X as in [11] (see Definitions 2.1 and 2.2).
(ii) Consider ∆ = Λ = CL(X) in Definitions 2.1 and 2.2. We then get the notions
of c

V
-covers of X and c

V
-covers of a subset Y of X with Y ̸= X as in [11] (see

Definitions 2.3 and 2.4).

In the same paper [26], the generalized version of γ-covers is defined as follows.
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Definition 2.4. [26] Let (X, τ) be a topological space. A family U ⊆ Λc is called
a ∆γ-cover of X, if each B ∈ ∆ belongs to all but finitely many elements of U
and for any B ∈ ∆ and open subsets V1, ..., Vm of X, with Bc ∩ Vi ̸= Ø for any
i ∈ {1, ...,m}, there exist U ∈ U and F ∈ [X]<ω such that B ⊆ U , F ∩ U = Ø and
for each i ∈ {1, ...,m}, F ∩Vi ̸= Ø. The set of all ∆γ-covers of X is denoted by ∆Γ.

By letting Λ = CL(X) and ∆ = K(X) (resp., CL(X)) we get the concepts
of a γ

k
F

(respectively, γ
c
V
)-cover of a space X. The collection of all γ

k
F

(resp.,

γ
c
V
)-covers of X is denoted by ΓK

F
(resp., ΓC

V
).

We next introduce the concept of the relative version of ∆γ-covers as follows.

Definition 2.5. Let (X, τ) be a topological space and Y ⊆ X with Y ̸= X. A
family U ⊆ Λc is called a ∆γ-cover of Y , if each B ∈ ∆ with B ⊆ Y belongs to all
but finitely many elements of U and for any B ∈ ∆ with B ⊆ Y and open subsets
V1, ..., Vm of X, with Y c ∩ Vi ̸= Ø for any i ∈ {1, ...,m}, there exist U ∈ U and
F ∈ [X]<ω such that B ⊆ U , F ∩ U = Ø and for each i ∈ {1, ...,m}, F ∩ Vi ̸= Ø.
The set of all ∆γ-covers of Y is denoted by ∆Γ∗.

By letting Λ = CL(X) and ∆ = K(X) (resp., CL(X)) we get the concepts of a
γ

k
F
(respectively, γ

c
V
)-cover of a subset Y of a space X with Y ̸= X. The collection

of all γ
k
F

(resp., γc
V
)-covers of a subset Y of a space X with Y ̸= X is denoted by

Γ∗
K
F

(resp., Γ∗
C
V
).

Definition 2.6. A topological space (X, τ) is said to be C
∆
(Λ)-Lindelöf if every

c∆(Λ)-cover of X has a countable subcollection which is also a c∆(Λ)-cover of X.

Thus, in a C
∆
(Λ)-Lindelöf space (X, τ), without loss of generality, we may con-

sider only countable c∆(Λ)-covers.

Also considering Λ = CL(X) and ∆ = K(X) (respectively, CL(X)), we get the
notions of k

F
-Lindelöf (respectively, c

V
-Lindelöf) spaces.

Next we present some useful lemmas which will be used throughout the paper.

Lemma 2.7. [26] Let Y be an open subset of a space X with Y ̸= X and U ⊆ Λ
c

be a cover of Y . Then the following statements are equivalent:

(i) U is a c∆(Λ)-cover of Y .
(ii) Y

c ∈ Cl
τ
+
∆

(U c

).

Lemma 2.8. Let X be a topological space, Y be an open subset of X with Y ̸= X
and U = {Un : n ∈ N} ⊆ Λ

c

be a cover of Y . Then the following statements are
equivalent:

(i) U is a ∆γ-cover of Y .
(ii) {U c

n
: n ∈ N} converges to Y

c

in (Λ, τ+
∆
).

Proof : (i) ⇒ (ii): Let W = (V1, ..., Vm)+D be a τ+∆ -neighbourhood of Y
c

. Since U
is a ∆γ-cover of Y , there exists n

0
∈ N such that D ⊆ U

n
, for each n ≥ n

0
. Also

there exist Un ∈ U and Fn ∈ [X]<ω with Fn ∩ Vi ̸= Ø, for i = 1, 2, ...,m, such that
Fn ∩ Un = Ø, hence Fn ⊆ U

c

n
. Thus for each n ≥ n0 , U

c

n
∈ (V1, ..., Vm)+D, so that

{U c

n
: n ∈ N} converges to Y c.
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(ii) ⇒ (i): Let B ⊆ Y be such that B ∈ ∆ and V1, ..., Vm be open subsets of X
such that Y

c ∩ Vi ̸= Ø, for 1 ≤ i ≤ m, then (V1, ..., Vm)+B is a τ+∆ -neighbourhood
of Y

c

. By (ii), there exists n
0
∈ N such that U

c

n
∈ (V1, ..., Vm)+B , for n ≥ n

0
. Then

B ⊆ U
n
, for all n ≥ n

0
. Choose x

i
∈ B

c ∩ V
i
, for 1 ≤ i ≤ m and form the set

F = {x
i
: 1 ≤ i ≤ m}. Then F ∈ [X]<ω with F ∩ V

i
̸= Ø, for 1 ≤ i ≤ m. Also,

F ∩ U
n
0
= Ø and B ⊆ U

n
0
. Thus U is a ∆γ-cover of Y .

Lemma 2.9. Let ∆ ⊂ CL(X) \ {X} and let U be a countable c
∆
(Λ)-open cover of

a space X. Then the following holds:

(i) Each D ∈ ∆ is contained in infinitely many elements of U .
(ii) If V is a finite subcollection of U , then the collection U \V is a c∆(Λ)-open cover
of X as well.

Proof : (i) Choose D ∈ ∆ and consider the open set V = X with (X \D)∩V ̸= ϕ.

Then there exists at least one x ∈ X such that x ̸∈ D. ConsiderD
′

= D∪{x}. Then
D

′

∈ ∆. Now as U is a c∆(Λ)-cover, there exists an U ∈ U such that D ⊂ D
′

⊆ U
(also the finite set can be chosen to be any {y}, where y ̸∈ U , and such y exists
as X ̸∈ U). As ∆ is closed under finite unions and contains the singletons, the
complement of each member of ∆ contains infinitely many elements of X (as X is
assumed to be infinite). Hence (i) follows.
(ii) follows from (i).

Lemma 2.10. For a space X, a sequence S in CL(X) and E ∈ CL(X), (i) ⇒ (ii)
⇒ (iii) hold:

(i) S ∈ Σ
τ+
∆

E
,

(ii) {A ∪ E : A ∈ S} ∈ Σ
τ+
∆

E
,

(iii) {(A ∪ E)
c

: A ∈ S} is a ∆γ-cover of E
c

.

Proof : (i)⇒ (ii): Let S = {A
n
: n ∈ N} τ+

∆
-converges to E and let (

m⋂
i=1

V −
i
)∩(D

c

)
+

be a τ+
∆
-neighbourhood of E. Then there exists n0 ∈ N such that An ∈ (

m⋂
i=1

V −
i
) ∩

(D
c

)
+

, for all n ≥ n0 . This implies that An ∪ E ⊆ D
c

, for all n ≥ n0 and
(An ∪ E) ∩ Vi ̸= ϕ, for 1 ≤ i ≤ m, for all n ≥ n0 . Thus {An ∪ E : n ∈ N}
τ+
∆
-converges to E.

(ii) ⇒ (iii): Let D ⊆ E
c

be such that D ∈ ∆ and V
1
, ..., V

m
be open in X with

(X \ Ec

) ∩ V
i
̸= ϕ, for 1 ≤ i ≤ m. Then (

m⋂
i=1

V −
i
) ∩ (D

c

)
+

is a τ+
∆
-neighbourhood

of E and hence by (ii), there exists n0 ∈ N such that An ∪ E ∈ (

m⋂
i=1

V −
i
) ∩ (D

c

)
+

,

for all n ≥ n
0
. As before, we can have an F

n
∈ [X]

<ω

such that F
n
∩ V

i
̸= ϕ, for

1 ≤ i ≤ m with F
n
∩ (A

n
∪ E)

c

= ϕ and D ⊆ (A
n
∪ E)

c

, for all n ≥ n
0
. Thus
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{(A ∪ E)
c

: A ∈ S} is a ∆γ-cover of E
c

.

3. Selection principles and the α
i
(A,B)-properties in topological spaces

Theorem 3.1. For a C∆(Λ)-Lindelöf space X with Λ ⊆ CL(X), (i) ⇒ (ii) ⇒ (iii)
⇒ (iv) holds:

(i) X satisfies S
1
(C

∆
(Λ),Γ

∆
(Λ)),

(ii) X satisfies α2(C∆(Λ),Γ∆(Λ)),
(iii) X satisfies α3(C∆(Λ),Γ∆(Λ)),
(iv) X satisfies α

4
(C

∆
(Λ),Γ

∆
(Λ)).

Proof : As (ii) ⇒ (iii) ⇒ (iv) always hold, we only require to prove (i) ⇒ (ii).

(i) ⇒ (ii): Let {U
n
: n ∈ N} be a sequence of c

∆
(Λ)-covers of X and let for

each n ∈ N, Un = {Un,m : m ∈ N}. Set V(n, k) = {Un,m : m ≥ k}, for each
n, k ∈ N. Then each V(n, k) is a c∆(Λ)-cover of X, for each n, k ∈ N. Using a
bijective representation of N × N and applying (i) to the sequence V(n, k), there
exists a ∆γ-cover W = {V

n,k
= U

n,m(k)
: (n, k) ∈ N × N}. Thus U

n
∩W is infinite

for each n ∈ N. Hence X satisfies α
2
(C

∆
(Λ),Γ

∆
(Λ)).

More generally,

Theorem 3.2. For a C∆(Λ)-Lindelöf space X with Λ ⊆ CL(X), (i) ⇒ (ii) ⇒ (iii)
⇒ (iv) holds:

(i) X satisfies S
1
(C

∆
(Λ),Γ

Θ
(Λ)),

(ii) X satisfies α
2
(C

∆
(Λ),Γ

Θ
(Λ)),

(iii) X satisfies α3(C∆(Λ),ΓΘ(Λ)),
(iv) X satisfies α4(C∆(Λ),ΓΘ(Λ)).

Setting ∆,Θ ∈ {CL(X),K(X)} and Λ = CL(X), we get

Corollary 3.3. For a c
V
-Lindelöf space X, the following statements hold:

S1(CV
,ΓC

V
) ⇒ α2(CV

,ΓC
V
) ⇒ α3(CV

,ΓC
V
) ⇒ α4(CV

,ΓC
V
).

Corollary 3.4. For a k
F
-Lindelöf space X, the following statements hold:

S
1
(K

F
,ΓK

F
) ⇒ α

2
(K

F
,ΓK

F
) ⇒ α

3
(K

F
,ΓK

F
) ⇒ α

4
(K

F
,ΓK

F
).

Similarly as above, we have,

Theorem 3.5. For a space X and B ∈ {ΓΘ(Λ),Γ∆(Λ)}, (i) ⇒ (ii) ⇒ (iii) ⇒ (iv)
holds:

(i) X satisfies S
1
(Γ

∆
(Λ),B),

(ii) X satisfies α
2
(Γ

∆
(Λ),B),

(iii) X satisfies α3(Γ∆(Λ),B),
(iv) X satisfies α4(Γ∆(Λ),B).
Proof : We have to prove only (i) ⇒ (ii).
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(i) ⇒ (ii): Let {Un : n ∈ N} be a sequence of ∆γ-covers of X and suppose that
for each n ∈ N, we have Un = {Un,m : m ∈ N}. Choose an increasing sequence
k1 < k2 < ... < kp < ... of positive integers and for each n and each ki consider
V(n, ki) = {Un,m : m ≥ ki}. Then each V(n, ki), n, i ∈ N, is a ∆γ-cover of X. Now
by (i) applied to the sequence {V(n, ki) : i ∈ N, n ∈ N}, there exists a sequence
{Vn,ki

: i, n ∈ N} such that for each (n, i) ∈ N × N, Vn,ki
∈ V(n, ki) and the set

W = {Vn,ki : n, i ∈ N} ∈ B. Note that W can be chosen in such a way that for
each n ∈ N the set Un ∩ W is infinite. Therefore W witnesses for the sequence
{Un : n ∈ N} that X has the property α

2
(Γ

∆
(Λ),B).

Setting ∆,Θ ∈ {CL(X),K(X)} and Λ = CL(X), we get

Corollary 3.6. For a space X, the following statements hold:

S
1
(ΓC

V
,ΓC

V
) ⇒ α

2
(ΓC

V
,ΓC

V
) ⇒ α

3
(ΓC

V
,ΓC

V
) ⇒ α

4
(ΓC

V
,ΓC

V
).

Corollary 3.7. For a space X, the following statements hold:

S
1
(ΓK

F
,ΓK

F
) ⇒ α

2
(ΓK

F
,ΓK

F
) ⇒ α

3
(ΓK

F
,ΓK

F
) ⇒ α

4
(ΓK

F
,ΓK

F
).

Corollary 3.8. For a space X, the following statements hold:

S
1
(ΓK

F
,ΓC

V
) ⇒ α

2
(ΓK

F
,ΓC

V
) ⇒ α

3
(ΓK

F
,ΓC

V
) ⇒ α

4
(ΓK

F
,ΓC

V
).

Note 3.9. When the second coordinate in the pair (A,B) is the collection of
c
Θ
(Λ)-covers of a space X, then similarly we have,

S
1
(C

∆
(Λ),C

Θ
(Λ)) ⇒ α

2
(C

∆
(Λ),C

Θ
(Λ)) ⇒ α

3
(C

∆
(Λ),C

Θ
(Λ)) ⇒

α4(C∆(Λ),CΘ(Λ))

and

S
1
(Γ

∆
(Λ),C

Θ
(Λ)) ⇒ α

2
(Γ

∆
(Λ),C

Θ
(Λ)) ⇒ α

3
(Γ

∆
(Λ),C

Θ
(Λ)) ⇒

α
4
(Γ

∆
(Λ),C

Θ
(Λ)).

4. α
i
-properties in hyperspaces

In this section we consider α
1
-property in hyperspaces.

Theorem 4.1. For a space X and a collection Λ ⊆ CL(X), the following state-
ments are equivalent:

(i) For each E ∈ Λ, (Λ, τ+
∆
) satisfies S

1
(Σ

E
,Σ

E
).

(ii) Each open subset Y of X with Y c ∈ Λ satisfies S
1
(Γ

∗

∆
(Λ),Γ

∗

∆
(Λ)).

Proof : (i) ⇒ (ii): Let {U
n
: n ∈ N}, U

n
= {U

n,m
: m ∈ N} be a sequence of

countable ∆γ-covers of an open subset Y of X with Y c ∈ Λ. For each n ∈ N,
let Sn = U c

n
. Then {Sn : n ∈ N} is a sequence in Λ such that each Sn τ+

∆
-

converges to Y
c

, i.e. Sn ∈ Σ
Y

c for each n ∈ N. By (i), there exists a sequence
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S = {S
n
: n ∈ N} in Λ that τ+

∆
-converges to Y

c

and S
n
∈ S

n
, for each n ∈ N. Then

{Sc

n
≡ Un,mn

: n ∈ N} is a sequence such that for each n, Un,mn
∈ Un . By Lemma

2.8, it follows that {Un,mn
: n ∈ N} is a ∆γ-cover of Y .

(ii) ⇒ (i): Let {Un : n ∈ N} be a sequence in Λ converging to E ∈ Λ. By
Lemma 2.8, {U c

n : n ∈ N} is a sequence of ∆γ-covers of Ec. Hence by (ii), there
exists U

c

n ∈ U c

n such that {U c

n : n ∈ N} is a ∆γ-cover of E
c

. Using Lemma 2.8 we
can say that the sequence {Un : n ∈ N} τ+

∆
-converges to E.

Corollary 4.2. For a space X the following statements are equivalent:

(i) For each E ∈ CL(X), (CL(X), τ
F
) satisfies S

1
(Σ

E
,Σ

E
).

(ii) Each open subset Y of X satisfies S
1
(Γ

∗

K
F
,Γ

∗

K
F
).

Corollary 4.3. For a space X the following statements are equivalent:

(i) For each E ∈ CL(X), (CL(X), τ
V
) satisfies S

1
(Σ

E
,Σ

E
).

(ii) Each open subset Y of X satisfies S
1
(Γ

∗

C
V
,Γ

∗

C
V
).

Theorem 4.4. For a space X and a collection Λ ⊆ CL(X), the following state-
ments are equivalent:

(i) (Λ, τ+
∆
) is an α

1
-space.

(ii) For each open set Y ⊂ X with Y c ∈ Λ and each sequence {U
n
: n ∈ N} of

∆γ-covers of Y , there exists a ∆γ-cover U of Y containing all but finitely many
elements of Un, for each n ∈ N.
Proof : (i) ⇒ (ii): Let Y be open in X with Y c ∈ Λ and {Un : n ∈ N} be a
sequence of ∆γ-covers of Y . Put A

n
= U c

n
, n ∈ N. Then {A

n
: n ∈ N} is a

sequence of elements of Σ
Y

c in (Λ, τ+
∆
). By (i), there exists a sequence A in Λ that

τ+
∆
-converges to Y

c

and such that for each n, A
n
\ A is a finite set. Set U = Ac

.
Then U is a ∆γ-cover of Y which shows that (ii) holds.

(ii) ⇒ (i): Let {A
n
: n ∈ N} be a sequence of elements of Σ

E
in (Λ, τ+

∆
), for

E ∈ Λ. By Lemma 2.8, for each n ∈ N, U
n
= {Ac

: A ∈ A
n
} is a ∆γ-cover of the

open set E
c ⊂ X. Now by (ii), there exists a sequence {V

n
: n ∈ N} such that for

each n ∈ N, V
n
⊂ U

n
and U

n
\ V

n
is a finite set and V =

⋃
n∈N

V
n
is a ∆γ-cover of

E
c

. Then the sequence A = {A : A
c ∈ V} contains all but finitely many elements

of An, for each n ∈ N.
Corollary 4.5. For a space X the following statements are equivalent:

(i) (CL(X), τ
F
) is an α1 -space.

(ii) For each open set Y ⊂ X and each sequence {U
n
: n ∈ N} of γ

k
F
-covers of Y ,

there exists a γ
k
F
-cover U of Y containing all but finitely many elements of Un, for

each n ∈ N.
Corollary 4.6. For a space X the following statements are equivalent:
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(i) (CL(X), τ
V
) is an α

1
-space.

(ii) For each open set Y ⊂ X and each sequence {Un : n ∈ N} of γc
V
-covers of Y ,

there exists a γ
c
V
-cover U of Y containing all but finitely many elements of Un, for

each n ∈ N.
Question 4.7. Are the properties α2, α3 and α4 equivalent in (Λ, τ+∆ )?

5. Some generalizations of Fréchet-Urysohn property in hyperspaces

In this section we deal with some generalizations of Fréchet-Urysohn property
that were introduced in [2] and [12].

Definition 5.1. A space X is said to be

(i) filter-Fréchet [2] if for each x ∈ X and each A ∈ Ωx there is a sequence
{Fn : n ∈ N} of filter-bases on A such that
(FF1) For each n ∈ N, there is an Fn ∈ Fn such that x ̸∈ Cl Fn;
(FF2) For each neighbourhood U of x there is n0 ∈ N such that n ≥ n0 implies
Fn ⊂ U for some Fn ∈ Fn.

(ii) strongly filter-Fréchet [2] if for each x ∈ X and each A ∈ Ωx there is a
sequence {Fn : n ∈ N} of filter-bases on A satisfying (FF1) and (FF2) above and
the condition
(FF3) For each n ∈ N there is a countable F ∈ Fn.

(iii) strongly set-Fréchet [2] if for each x ∈ X and each A ∈ Ωx there is a sequence
{Bn : n ∈ N} of pairwise disjoint subsets of A such that the following conditions
hold:
(SF1) x ̸∈ Cl Bn for each n ∈ N;
(SF2) each neighbourhood U of x intersects all but finitely many sets Bn;
(SF3) each Bn is countable.

(iv) set-Fréchet [2] if only conditions (SF1) and (SF2) in the definition of strongly
set-Fréchet spaces are satisfied.

(v) κ-Fréchet Urysohn [12] if for every open subset U of X and every x ∈ Cl U ,
there exists a sequence {xn : n ∈ N} ⊆ U converging to x.

We next investigate the above mentioned properties in (Λ, τ+∆ ).

Theorem 5.2. For a space X, if (Λ, τ+∆ ) is a filter-Fréchet space, then for each
open subset Y of X with Y ̸= X and each c∆(Λ)-cover U of Y , there is a sequence
{Bn : n ∈ N} of filter-bases on U such that
(i) For each n ∈ N, there is Cn ∈ Bn which is not a c∆(Λ)-cover of Y .
(ii) For each D ∈ ∆ and open subsets V1, ..., Vm of X with (X \ Y )∩ Vi ̸= ϕ, for all
1 ≤ i ≤ m, there is an n0 ∈ N such that whenever n ≥ n0, there exist Hn ∈ Bn and
F ∈ [X]<ω satisfying D ⊂ H, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩H = ϕ, for every
H ∈ Hn.

Proof : Consider a c∆(Λ)-cover U of the open subset Y of X. Then by Lemma
2.7, Uc ∈ ΩY c . Since (Λ, τ+∆ ) is filter-Fréchet, there is a sequence {Fn : n ∈ N} of
filter-bases on Uc satisfying conditions (FF1) and (FF2) of Definition 5.1. For each
n ∈ N, consider Bn = {Gc : G ∈ Fn}. Then {Bn : n ∈ N} is a sequence of filter
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bases on U .
(i) By (FF1), for each n ∈ N, there is an Sn ∈ Fn such that Y c ̸∈ Clτ+

∆
(Sn). Then

Sc
n is not a c∆(Λ)-cover of Y .

(ii) Next, forD ∈ ∆ withD ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸=

ϕ, for 1 ≤ i ≤ m,

m⋂
i=1

V −
i ∩ (Dc)+ is a τ+∆ -neighbourhood of Y c. Hence there exists

n0 ∈ N such that n ≥ n0 implies Sn ⊂
m⋂
i=1

V −
i ∩ (Dc)+, for some Sn ∈ Fn. Thus

Sc
n ∈ Bn such that each Sc

n ∈ Sc
n satisfies Sn ∩ Vi ̸= ϕ, for all 1 ≤ i ≤ m and

Sn ⊆ Dc. Choose xi ∈ Sn ∩ Vi, for 1 ≤ i ≤ m and consider F = {xi : 1 ≤ i ≤ m}.
Then F ∈ [X]<ω with F ∩ Vi ̸= ϕ, for all 1 ≤ i ≤ m and F ∩ Sc

n = ϕ, and also
D ⊆ Sc

n.

Corollary 5.3. For a space X, if (CL(X), τ
F
) is a filter-Fréchet space, then for

each open subset Y of X with Y ̸= X and each k
F
-cover U of Y , there is a sequence

{Bn : n ∈ N} of filter-bases on U such that
(i) For each n ∈ N, there is Cn ∈ Bn which is not a k

F
-cover of Y .

(ii) For each compact set K and open subsets V1, ..., Vm of X with (X \Y )∩Vi ̸= ϕ,
for all 1 ≤ i ≤ m, there is an n0 ∈ N such that whenever n ≥ n0, there existHn ∈ Bn

and F ∈ [X]<ω satisfying K ⊂ H, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩H = ϕ, for
every H ∈ Hn.

Corollary 5.4. For a space X, if (CL(X), τ
V
) is a filter Fréchet space, then for

each open subset Y of X with Y ̸= X and each c
V
-cover U of Y , there is a sequence

{Bn : n ∈ N} of filter-bases on U such that
(i) For each n ∈ N, there is Cn ∈ Bn which is not a c

V
-cover of Y .

(ii) For each closed set D and open subsets V1, ..., Vm of X with (X \Y )∩Vi ̸= ϕ, for
all 1 ≤ i ≤ m, there is an n0 ∈ N such that whenever n ≥ n0, there exist Hn ∈ Bn

and F ∈ [X]<ω satisfying D ⊂ H, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩H = ϕ, for
every H ∈ Hn.

Theorem 5.5. For a space X, if (Λ, τ+∆ ) is a strongly filter-Fréchet space, then
for each open subset Y of X with Y ̸= X and each c∆(Λ)-cover U of Y , there is a
sequence {Bn : n ∈ N} of filter-bases on U such that
(i) For each n ∈ N, there is Cn ∈ Bn which is not a c∆(Λ)-cover of Y .
(ii) For each D ∈ ∆ and open subsets V1, ..., Vm of X with (X \ Y )∩ Vi ̸= ϕ, for all
1 ≤ i ≤ m, there is an n0 ∈ N such that whenever n ≥ n0, there exist Hn ∈ Bn and
F ∈ [X]<ω satisfying D ⊂ H, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩H = ϕ, for every
H ∈ Hn.
(iii) For each n ∈ N, there is some countable element in Bn.

Proof : Similar to that of the proof of Theorem 5.2.

Corollary 5.6. For a space X, if (CL(X), τ
F
) is a strongly filter-Fréchet space,

then for each open subset Y of X with Y ̸= X and each k
F
-cover U of Y , there is

a sequence {Bn : n ∈ N} of filter-bases on U such that
(i) For each n ∈ N, there is Cn ∈ Bn which is not a k

F
-cover of Y .

(ii) For each compact set K and open subsets V1, ..., Vm of X with (X \Y )∩Vi ̸= ϕ,
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for all 1 ≤ i ≤ m, there is an n0 ∈ N such that whenever n ≥ n0, there existHn ∈ Bn

and F ∈ [X]<ω satisfying K ⊂ H, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩H = ϕ, for
every H ∈ Hn.
(iii) For each n ∈ N, there is some countable element in Bn.

Corollary 5.7. For a space X, if (CL(X), τ
V
) is a strongly filter-Fréchet space,

then for each open subset Y of X with Y ̸= X and each c
V
-cover U of Y , there is

a sequence {Bn : n ∈ N} of filter-bases on U such that
(i) For each n ∈ N, there is Cn ∈ Bn which is not a c

V
-cover of Y .

(ii) For each closed set D and open subsets V1, ..., Vm of X with (X \Y )∩Vi ̸= ϕ, for
all 1 ≤ i ≤ m, there is an n0 ∈ N such that whenever n ≥ n0, there exist Hn ∈ Bn

and F ∈ [X]<ω satisfying D ⊂ H, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩H = ϕ, for
every H ∈ Hn.
(iii) For each n ∈ N, there is some countable element in Bn.

Theorem 5.8. For a space X if (Λ, τ+∆ ) has the strong set-Fréchet property, then
for each open subset Y of X with Y ̸= X and each c∆(Λ)-cover U of Y , there is a
sequence {Vn : n ∈ N} of countable, pairwise disjoint subsets of U such that
(i) No Vn is a c∆(Λ)-cover of Y .
(ii) For eachD ∈ ∆ withD ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸=
ϕ, for all 1 ≤ i ≤ m, there is an n0 ∈ N such that for all n ≥ n0, there exist B

c
n ∈ Vn

and F ∈ [X]<ω satisfying D ⊆ Bc
n, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩Bc

n = ϕ.

Proof : Let U be a c∆(Λ)-cover of the open subset Y of X. By Lemma 2.7,
Uc ∈ ΩY c .
(i) As (Λ, τ+∆ ) has the strong set-Fréchet property, choose countable, pairwise dis-
joint sets Bn ⊂ Uc, n ∈ N such that Y c ̸∈ Clτ+

∆
(Bn), for each n ∈ N, but each

τ+∆ -neighbourhood U of Y c intersects all but finitely many Bn, i.e. there exists
n0 ∈ N such that U ∩ Bn ̸= ϕ, for all n ≥ n0. Then the sets Vn = Bc

n, n ∈ N are
countable, pairwise disjoint subsets of U . No Vn is a c∆(Λ)-cover of Y .
(ii) Now, forD ∈ ∆ withD ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸=

ϕ, for all 1 ≤ i ≤ m,

m⋂
i=1

V −
i ∩ (Dc)+ is a τ+∆ -neighbourhood of Y c, so that

m⋂
i=1

V −
i ∩ (Dc)+ ∩ Bn ̸= ϕ, for all n ≥ n0. Pick any Bn ∈

m⋂
i=1

V −
i ∩ (Dc)+ ∩ Bn,

for each n. Then Bn ∩ Vi ̸= ϕ, Bn ⊆ Dc. Consider F = {xi : 1 ≤ i ≤ m}, where
xi ∈ Bn ∩ Vi, for all 1 ≤ i ≤ m. Then F ∩ Vi ̸= ϕ, for all 1 ≤ i ≤ m, D ⊆ Bc

n with
F ∩Bc

n = ϕ, for all n ≥ n0.

Corollary 5.9. For a space X, if (CL(X), τ
F
) has the strong set-Fréchet property,

then for each open subset Y of X with Y ̸= X and each k
F
-cover U of Y , there is

a sequence {Vn : n ∈ N} of countable, pairwise disjoint subsets of U such that
(i) No Vn is a k

F
-cover of Y .

(ii) For each compact setK ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸=
ϕ, for all 1 ≤ i ≤ m, there is an n0 ∈ N such that for all n ≥ n0, there exist B

c
n ∈ Vn

and F ∈ [X]<ω satisfying K ⊂ Bc
n, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩Bc

n = ϕ.

Corollary 5.10. For a space X, if (CL(X), τ
V
) has the strong set-Fréchet property,
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then for each open subset Y of X with Y ̸= X and each c
V
-cover U of Y , there is

a sequence {Vn : n ∈ N} of countable, pairwise disjoint subsets of U such that
(i) No Vn is a c

V
-cover of Y .

(ii) For each closed setD ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸= ϕ,
for all 1 ≤ i ≤ m, there is an n0 ∈ N such that for all n ≥ n0, there exist Bc

n ∈ Vn

and F ∈ [X]<ω satisfying D ⊂ Bc
n, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩Bc

n = ϕ.

Theorem 5.11. For a space X, if (Λ, τ+∆ ) has the set-Fréchet property, then for
each open subset Y of X with Y ̸= X and each c∆(Λ)-cover U of Y , there is a
sequence {Vn : n ∈ N} of pairwise disjoint subsets of U such that
(i) No Vn is a c∆(Λ)-cover of Y .
(ii) For eachD ∈ ∆ withD ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸=
ϕ, for all 1 ≤ i ≤ m, there is an n0 ∈ N such that for all n ≥ n0, there exist B

c
n ∈ Vn

and F ∈ [X]<ω satisfying D ⊂ Bc
n, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩Bc

n = ϕ.

Proof : Similar to that of the proof of Theorem 5.8.

Corollary 5.12. For a space X, if (CL(X), τ
F
) has the set-Fréchet property, then

for each open subset Y of X with Y ̸= X and each k
F
-cover U of Y , there is a

sequence {Vn : n ∈ N} of pairwise disjoint subsets of U such that
(i) No Vn is a k

F
-cover of Y .

(ii) For each compact setK ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸=
ϕ, for all 1 ≤ i ≤ m, there is an n0 ∈ N such that for all n ≥ n0, there exist B

c
n ∈ Vn

and F ∈ [X]<ω satisfying K ⊂ Bc
n, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩Bc

n = ϕ.

Corollary 5.13. For a space X, if (CL(X), τ
V
) has the set-Fréchet property, then

for each open subset Y of X with Y ̸= X and each c
V
-cover U of Y , there is a

sequence {Vn : n ∈ N} of pairwise disjoint subsets of U such that
(i) No Vn is a c

V
-cover of Y .

(ii) For each closed setD ⊆ Y and open subsets V1, ..., Vm ofX with (X\Y )∩Vi ̸= ϕ,
for all 1 ≤ i ≤ m, there is an n0 ∈ N such that for all n ≥ n0, there exist Bc

n ∈ Vn

and F ∈ [X]<ω satisfying D ⊂ Bc
n, F ∩ Vi ̸= ϕ, for i = 1, ...m and F ∩Bc

n = ϕ.

Theorem 5.14. For a space X, (Λ, τ+∆ ) is κ-Fréchet Urysohn if and only if for
each open subset A of Λ and every open subset A of X with Ac a c∆(Λ)-cover of
A, there exists a sequence {A1, A2, ...} ⊆ A such that {Ac

1, A
c
2, ...} is a ∆γ-cover of

Ac.

Proof : First let A be an open subset of Λ and A ⊆ X be such that Ac is a c∆(Λ)-
cover of A. Then by Lemma 2.7, A ∈ ΩAc and then by hypothesis there exists a
sequence {A1, A2, ...} ⊆ A such that {A1, A2, ...} converges to A. Then by Lemma
2.8, {Ac

1, A
c
2, ...} becomes a ∆γ-cover of Ac.

Conversely, let A be an open subset of Λ and A ∈ ΩAc . Then by Lemma 2.7,
Ac is a c∆(Λ)-cover of A. Hence by the given condition, there exists a sequence
{A1, A2, ...} ⊆ A such that {Ac

1, A
c
2, ...} is a ∆γ-cover of Ac. Hence by Lemma 2.8

{A1, A2, ...} converges to A.

Corollary 5.15. For a space X, (CL(X), τ
F
) is κ-Fréchet Urysohn if and only if

for each open subset A of CL(X) and every open subset A of X with Ac a k
F
-cover

of A, there exists a sequence {A1, A2, ...} ⊆ A such that {Ac
1, A

c
2, ...} is a γ

k
F
-cover
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of Ac.

Corollary 5.16. For a space X, (CL(X), τ
V
) is κ-Fréchet Urysohn if and only if

for each open subset A of CL(X) and every open subset A of X with Ac a c
V
-cover

of A, there exists a sequence {A1, A2, ...} ⊆ A such that {Ac
1, A

c
2, ...} is a γ

c
V
-cover

of Ac.
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