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Abstract. In the present paper, we define the three cases of the geometric phase equa-
tions associated with a monochromatic linearly polarized light wave traveling along
an optical fiber in three-dimensional Walker manifold (M, g7). Walker manifolds have
many applications in mathematics and theoretical physics. We are working in the con-
text of a pseudo-Riemannian manifold (i.e. a manifold equipped with a non-degenerate
arbitrary signature metric tensor). That is, we generalize the motion of the light wave
in the optical fiber and the associated electromagnetic curves that describe the motion
of a charged particle under the influence of an electromagnetic field over a Walker space
defined as a pseudo-Riemannian manifold with a light-like distribution, parallel to the
Levi-Civita junction. These manifolds (especially Lorentzian) are important in physics
because of their applications in general relativity. Then, we obtain the Rytov curves
related to the cases of geometric phase models. Moreover, we give some examples and
visualize the evolution of the electric field along the optical fiber in (M, g) via MAPLE
program.
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1. Introduction

Examination of physical phenomena from the geometric point of view has been
made by many researchers and is still being investigated. For this reason, the
theory of curves is used in research in many fields of physics. For example, the
theory of curves is used when investigating the orbits of charged particles and the
geometric phase model in an electromagnetic field. Ross showed that he studied the
polarization state of the polymetric fiber, which is important in optics, using space
curves, [4]. Berry produced some remarkable work examining the geometric phase
[5]. Berry showed that a quantum system depends on some parameters and can take
on a topological phase in addition to the usual dynamic phase. Next, Kugler and
Shtrikman focused on the geometric nature of the polarization rotation in the optical
fiber by treating the fiber as a space curve and showed that the phase dependence
of this phenomenon can be explained by parallel transport along the optical fiber,
[6]. Vladimirski discussed the topological phase of quantum mechanics, like the
geometric phase in [7]. Dandoloff explained the Fermi-Walker parallel transport
law, which plays an important role in general relativity, with geometric phase and
examined other possible parallel transport cases [8]. Kravtsov and Orlov, along
with the expansion of the usage areas of geometric optics, furthered the work done
in this field, [9]. Frins and Dultz geometrically interpreted the plane of return of
a light wave, [10]. Then, in 3-dimensional spaces, a charged particle moving in
the electromagnetic field is investigated, and also a generalization of the Landau
problem is given, [11, 14, 15, 12, 16, 13]. Barros et al. discussed the motion
of a charged particle in a Killing vector field. They presented a new perspective
for solving many problems by examining [17, 18, 19]. Cabrerizo, who dealt with
the Landau-Hall problem in the 2D unit sphere, also examined the relationship of
this problem with the Killing vector field in the 3D sphere [23]. Bozkurt et al.
defined a new type of magnetic curve and gave some new characterizations [21].
Korpinar and Demirkol, studied the rotation of the polarization plane in the light
wave in the optical fiber [22]. Ozdemir investigated the polarization state of the
polarized light on the conditions that electric makes a constant angle with a tangent,
normal and binormal vectors [20, 24]. Then, the evolutions of the electric field and
electromagnetic curves are characterized by many authors [26, 27, 28, 25, 29, 30,
31, 32, 33].

The research is presented as follows: In the first chapter, the studies on the sub-
ject are explained and given as an introduction. In the second chapter, theoretical
and basic information about the study is presented. The third chapter examines
the relationship between Berry phase models and electromagnetic curves in opti-
cal fiber. Also in this chapter, the Fermi-Walker derivative is introduced and the
relationship between this derivative and the motion of the polarization vector in
the optical fiber is examined. In the fourth chapter, the mathematical and physical
results of the new information obtained during the study are given and electromag-
netic curves are investigated. In the sixth section, examples are given using the
MAPLE program.



Propagation Of Polarized Light And Electromagnetic Curves 715

2. Preliminaries

A Walker 3-manifold is a three-dimensional Lorentzian manifold admitting a
parallel degenerate line field. The metric of the Walker Manifold is investigated by
Walker (see, [1]). Walker described the canonical form for a space with parallel field
of null planes. The metric tensor of a three-dimensional Walker manifold (M, g7)
with coordinates (z,y, z) is given by

(2.1) g7 =drodz+ edy® + f(z,y, z)dz?

and its matrical representation is obtained as

00 1 —f 01
5= 0 e 0 | withinverse (¢7)"'=| 0 ¢ 0
10 f 1 00

for some function f(z,y,z), where ¢ = £1 and thus D = Span{d,} as the parallel
degenerate line field. Notice that when € = 1 and € = —1 the Walker manifold has
signature (2,1) and (1,2) respectively. Thus, in both cases, it is Lorentzian. For
more detail about the Walker 3-manifold, see [2].

Then, the Levi-Civita connection of any metric (2.1) is calculated as follows:

Vo, 0z = %fmax, Vo,07 = %fyaz,
1 1 1

If the function f satisfies f(x,y, z) = f(y, 2), then (M, g;) is a strict Walker manifold
and associated Levi-Civita connection is computed as

1 1 €
(2.3) Vo, 0z = nyaw, Vo, 0z = ifzar - ifyay.

The existence of a null parallel vector field (i.e f = f(y, 2)) simplifies the non-zero
components of the Christoffel symbols. Thus, we have

1 1 €
(24) 3y =T3y = ify» 33 = §fza % = _§fy

Let now u and v be two vectors in M. Denoted by (;, 7, E) the canonical frame in
R3. The vector product of u and v in (M, g?) with respect to the metric g5 is the
vector denoted by u x ¢ v in M defined by

(2.5) g3 (u x5 v,w) = det(u, v, w)

for all vector w in M, where det(u,v,w) is the determinant function associated to
the canonical basis of R3. If u = (u1,ug,u3) and v = (v1, v2,v3) then by using (2.5),
we have:

(2.6)  ux = (ugva — ugvy — (ugvz — uzv2) f, —(u1vs — Uzv1), UgV3 — U3V3).
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Let a: I CR — (M, g%) be a curve parametrized by its arc-length s.
The Frenet frame of « is the vectors t, n and B along o where t is the tangent, n
the principal normal and B the binormal vector. They satisfied the Frenet formulas

Vit(s) = eak(s)n(s)
(2.7) Vin(s) = —e1kt(s) —es7b(s)
Vib(s) = go7(s)n(s)

where k and 7 are respectively the curvature and the torsion of the curve «, with
e1 =gs(t,t), e2 = g¢(n,n) and €3 = gs(b, b).

3. The evolution of the electric fields in the optical fiber

In this section, let us assume that the linearly polarized light wave with the
same wavelength is combined into the optical fiber and the optical fiber injected as
a space curve on a Walker manifold (M, g;) Thus, these give us a general viewpoint
of the behavior of the polarized light along an optical fiber.

The direction of the state of a linearly polarized light wave is referred to by the
direction of the electric field E in the optical fiber. Then, the direction along with
the optical fiber can be defined as the linear combination of the Frenet frame as
follows:

(31) VtE = Tlt(S) + TQH(S) + Tgb(s)

The related geometric phase equations is studied in three subsections. In the fol-
lowing subsections, We will use the following equations to shorten the operations.
If eg = —e9, then f1(¢) = sinh ¢ and fo(¢p) = cosh¢. If ep = €9 = —g1=-1, then
fi(¢) = cosh ¢ and fa(¢) = sinh¢. If eg = e = —e1=1, then fi(¢p) = cos¢ and
f2(¢) =sing.

3.1. E;-Rytov curves

Electric field E lies on a plane orthogonal to the tangent vector t. Therefore, the
following equation arises:

(3.2) 65(B,t(5)) = 0.
Differentiating the equation in (3.2), and using (2.7), we get

(3-3) 97 (VeE, t(s)) = —e2rg7 (E, n).
Using the equations (3.1) with (3.3), we can obtain the following
(34) Tl = —6162[{9?(E,1’1).

Due to absorption, we can suppose that there is no mechanism loss in the optical
fiber, and we get

(3.5) 95(E,E) = ege,
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where c is constant and eg = +.
Now we differentiate (3.5) and we obtain

(3.6) 93 (V+E,E) = 0.
Then if we use the equation in (3.1) and the following equation
E = 295 (E,n)n + 395 (E, b)b,

we obtain
(3.7) T295(E,n(s)) = = Y397 (E, b(s)).

If g5(E,b(s)) # 0 and g¢7(E,n(s)) # 0, then this case show that Ty and T3 are
proportional and we have

(3.8) T, = £45(E, b(s)) and T3 = —£¢5(E, n(s)).

And then, from the equations (3.2)-(3.8), we obtain

(39)VeB = (2127 (B, n))(s) + (€95 (B.b(s)n(s) + (~Eg7(B.n(s))b(s).
When we use the Darboux frame fields’ vector product, we obtain the following
(3.10) ViE = (—¢e1626657 (B, n))t(s) + a2 (E x5 t(s)).

The part that rotates around the tangent vector t is indicated by the second part of
(3.10). If we suppose that t is parallel transported (i.e. £ =0 ), then it is calculated
as follows

(3.11) ViE = (—e182k65 (E, n))t(s).

We can also write in general
(3.12) E = £297(E,n(s))n(s) + 397 (E, b(s))b(s).

If we compare with the derivative of the equations in (3.11) and (3.10), we find that
this matrix form is

(3.13)

95(E, b(s))’ —es7 0 || 95(E,b(s))

From the equality g% (E,E) = ege, ¢ is a constant, without losing generality, using
the polar coordinates we have

(3.14) E = fi(¢)n(s) + f2(¢)b(s)-

If we differentiate the equation in (3.14), we compute

g7(En(s))’ ] _ { 0 or } { g;(E.n(s)) ]

(3.15) V:E = (—Ell‘ifl)t(s) + (% + 51527')E x5 t.
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We must take % = —e1697 along the optical fiber. Thus, the direction of the

polarization state E is parallel to the direction of t(s). Then, using the Fermi-
Walker transportation law, we reach

(3.16) V:E"'W = V,E + g7 (E,t(s)) Vet (s) + €195 (E, Vit (s))t(s),
and thus we have

(3.17) VeEFY = ViE + ¢5(E, t(s))e2kN + g5(E, e26N)t(s),

(3.18) VE = —¢c162kg5 (B, n)t(s).

The Fermi-Walker parallelism gives that the optical fiber is an Ey—Rytov curve on
the condition that g% (E, t(s)) = 0. Therefore, along the optical fiber, the polariza-
tion vector can be written as

(3.19) E= f1(-€1€2/7'd8)11(8) +f2(—£152/7ds)b(s).
Now, we reach the following theorem.

Theorem 3.1. During the rotation motion along the curve vy the electric field
in the fiber on M trace a curve called Ex—Rytov curve is obtained as following
parametric form:

(320) g, =7+E= fl(felez/rds)n(s) + fg(*é‘lEQ/TdS)b(S).

3.2. E,-Rytov curves

Electric field E lies on a plane orthogonal to the normal vector n. Therefore, the
following equation arises:
(3.21) g7 (E,n(s)) = 0.

The derivative of the equation (3.21) and equation (2.7) give
(3.22) 97 (ViE,n(s)) = e1rg3(E, t) + e3747(E, b).
Using the equations (3.22) with (3.1), we can obtain the following
(3.23) T = e16269%(E, t) + 263795 (E, b).

Due to absorption, we can suppose that there is no mechanism loss in the optical
fiber, we get

(3.24) g7 (E,E) = ege, ¢ = const.
Now we differentiate (3.24) and we obtain

(3.25) 95(V4E,E) = 0.
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Then if we use the equation in (3.1) and the following equation E = 195 (E, t)t +
€397(E,b)b, we obtain

(3.26) T197(E, t(s)) = —T397(E, b(s)).

If g;(E,t(s)) # 0 and g;(E,b(s)) # 0, then this case shows that Ty and Y3 are
proportional and we have

(3.27) T1 = (g7(E,b(s)) and T3 = —(g3(E, t(s)).
And then, from the equations (3.2)-(3.8), we obtain

VE = (Cg7(E, b(s)))t(s)+ (162597 (E, t)+e2e3797 (E, b))n(s)+(—Cg5 (E, t(s)))b(s).
(3.28)
When we use the Darboux frame fields’ vector product, we obtain the following

(3.29) ViE = (e2e3795(E, b))n(s) + (e2(E x s n(s)).

The part that rotates around the binormal vector b is indicated by the second part
of (3.29). If we suppose that b is parallel transported (i.e. & = 0 ), then it is
calculated that

(3.30) ViE = (e162k07(E, t) + e2e3795(E, b))n(s).
We can also write in general
(3.31) E = 167(E, t(s))t(s) + €397 (E, b(s))b(s).

If we compare with the derivative of the equations in (3.30) and (3.29), we find that
this matrix form is

(3.32)

95(E.b(s)) 0 ]| 97(E,b(s))

From the equality g?(E,E) = egc, ¢ is a constant, without losing generality, in
polar coordinates, we can write

(3.33) E = f1(9)t(s) + fa(¢)b(s).

If we differentiate the equation in (3.33), we compute the direction of the electric
field E as

95 (B, t(s)) ] _ { 00 ] [ 95 (B, t(s)) ]

d
(3.34) ViE = (e162k97(E, t) + e2e37957(E, b))n(s) + d—fE X f 1.

We must take % = 0 along the optical fiber. Therefore, the direction of the
polarization state E is parallel to the direction of n(s). Then, using the Fermi-
Walker transportation law, we reach

(3.35) V:EfW = V,E+ 97(E,n(s))Ven(s) + €295 (E, Vin(s))n(s),
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and thus we have

(33GE"Y = VE + 97 (E,n(s))(—e1kT — e37B) + €297 (E, —e1xT — e37B)n(s),

(3.37) VEfW = (e162K95 (B, t) + 263795 (E, b))n(s).

The Fermi-Walker parallelism gives that the optical fiber is an E,—Rytov curve
on the condition that ¢7(E,n(s)) = 0. Therefore, along the optical fiber, the
polarization vector is written as follows:

(3.38) E = f1(¢)t(s) + f2(¢)b(s), ¢ = const.

Next, we obtain the following theorem.

Theorem 3.2. During the rotation motion along the curve v the electric field
in the fiber on M trace a curve called Ey,—Rytov curve is obtained as following
parametric form:

(3.39) Yo =7+ Fi(B)E(s) + fa(@)b(s), ¢ = const.

3.3. Ep-Rytov curves

Electric field E lies on a plane orthogonal to the binormal vector b. Therefore, the
following equation arises:
(3.40) g7 (E,b(s)) = 0.

The derivative of the equation (3.40) and equation (2.7) imply
(3.41) g7 (ViE,b(s)) = —e279%(E, n).

Using the equations (3.41) with (3.1), we can obtain the following
(3.42) T3 = —e2e3795(E,n).

Due to absorption, we can suppose that there is no mechanism loss in the optical
fiber, and we get

(3.43) 95(E,E) = enc,

where c is constant.
Now we differentiate (3.43) and we obtain

(3.44) 93 (V+E,E) = 0.
Then if we use the equation in (3.1) and the following equation

E = ¢195(E, t)t + £297(E,n)n,
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we obtain
(3.45) T195(E, t(s)) = —T297(E, n(s)).

If g7(E,t(s)) # 0 and g7(E,n(s)) # 0, then this case show that T; and YT, are
proportional and we have

(3.46) T1 =n93(E,n(s)) and Yo = —ng5(E, t(s)).

And then, from the equations (3.40)-(3.46), we obtain

(BATVAE = (795 (B.n(s)))6(5) + (~ng’ (B, 6(3)))n(s) + (~<a2a7g5 (B, m))b(s).
When we use the Darboux frame fields’ vector product, we obtain the following
(3.48) ViE = (—e2e3745(E,n))b(s) + nea(E x ¢ b(s)).

The part that rotates around the principal normal vector t is indicated by the
second part of (3.48). If we suppose that n is parallel transported (i.e. £ =0 ),
then it is calculated that

(3.49) VE = (—e2e3797(E, n))b(s).
We can also write in general
(3.50) E = 197(E, t(s))t(s) + £27(E, n(s))n(s).

If we compare with the derivative of the equations in (3.49) and (3.48), we find that
this matrix form is

(3.51)

e ]-[ 2, ] [gEe )

From the equality g?(E,E) = egc, ¢ is a constant, without losing generality, in
polar coordinates, we have

(3.52) E = f1(6)t(s) + fa(6)n(s).

If we differentiate the equation in (3.52), we compute the direction of E as
c d¢

(3.53) ViE = (—¢2e379%(E,n))b(s) + (% —e1e38)E x4 b.

We must take % = €13k along the optical fiber. Thus, the direction of the polar-

ization vector E is parallel to the direction of b(s). Then, using the Fermi-Walker
transportation law, we reach

(3.54) ViE™Y = VE + ¢5(E,b(s))Ven(s) + e3957(E, Vib(s))b(s),
and thus we have

(3.55) V¢E"W = V{E + ¢5(E, b(s))(e27N) + £295(E,e27N)b(s),
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(3.56) ViE™W = (—£5e37¢5(E,n))b(s).

The Fermi-Walker parallelism gives that the optical fiber is an Ep—Rytov curve
on the condition that ¢3(E,b(s)) = 0. Therefore, along the optical fiber, the
polarization vector can be written as

(3.57) E = fi(—c1c5 / kds)n(s) + fo(—eres / wds)b(s).
Now, we get the following theorem.

Theorem 3.3. During the rotation motion along the curve v the electric field
in the fiber on M trace a curve called Ey—Rytov curve is obtained as following
parametric form:

(3.58) g, =7+E= fl(—slsg/nds)n(s) +f2(—£1£3/nds)b(s).

4. Electromagnetic curves related to the evolution of the electric field
in the optical fiber

When a charged particle enters the electromagnetic field, it may be exposed to
the Lorentz force during the rotation of the electric field. Then it follows a new
trajectory called an electromagnetic trajectory. Using the polarization state of E
and the Killing magnetic vector field B in the electromagnetic wave along with the
optical fiber, we can define the electromagnetic trajectories in the Walker manifold
(M, g5) as follows;

(4.1) ®(E) =B x; E=VE.

Then, considering the three evolutions of the electric fields, we obtain three types of
electromagnetic trajectories First, let us suppose that the electric field be orthogonal
to the tangent vector field t in the Walker manifold (M, g?) Then, we have;

ViE = (earig}(E,m))t + (G + 27)7 (E, b))n
(4.2) +(e392 — £2637)95(E,n))b
= (e3r93(E,n))t + 63(% +er)E X T.
The equations (4.1) and (4.2) gives
g7 (®(E), t) = —e21957(E,n) = —g5(2(t), E),

(43) 65 (D(B),m) = 2165 (B,6) + £5(e2 50 +7)g5(B,b) = —g5((n), B),

15 d¢ g g
(4.4) 97 (2(E),b) = —e3(e2— - + 7)g5(E, n)) = —g3(2(b), E).
Thus, we can reach
D(t) 0 €2k 0 T
(4.5) O(n) | = | —ek 0 —53(52% +7) N
(I)(b) 0 83(62% + T) 0 B
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Then, B can be written as follows;
(4.6) B=7t+ YTon+ T3b,
where T;, ¢ € {1,2,3} are differentiable functions. Therefore, we found
(4.7) ®(B) =T1P(t) + To®P(n) + T3P(b).

By using the equation, ®(B) = 0, and equation (4.5). Thus, we obtain that v is an
electromagnetic trajectory of B if and only if B can be written as follows:

(4.8) B= —53(52;@ + 7)t + eakb.
s

On the condition that ¢ = —e5 [ 7ds, the Lorentz force and Killing magnetic vector
field are given as follows;

O(t) 0 ek O T
(4.9) ®n) |=| —esk 0 O N |,

@ (b) 0 0 0 B
(4.10) B = Eglib.

Thus, we can give the following theorem.

Theorem 4.1. Let v be an optical fiber in the Walker manifold (M, gjc) such that
electric field E is orthogonal to the tangent vector t of v. Then, v is an electromag-
netic trajectory associated with the magnetic field B if and only if along the optical
fiber B can be written as follows;

(4.11) B = ey5b.

Corollary 4.1. Let~y be an optical fiber in the Walker manifold (M, g;) such that
electric field E is orthogonal to the tangent vector t of v. Then 7y is a curve with
the torsion T = 0.

Proof. If we use the equation (3.19) and the equation (4.11) with the condition
gfc(E,B) =0, we obtain that T =0. [

Similar calculations above the characterizations of the electromagnetic curves for
the conditions that n and b orthogonal to the electric field E can be given in the
following theorems and corollaries.

Theorem 4.2. Assume that v be an optical fiber in the Walker manifold (M, g;)
such that electric field E is orthogonal to the normal vector n of v. Then, v is an
electromagnetic trajectory associated with the magnetic field B if and only if along
the optical fiber B is the Darboux vector of the curve v. Namely,b can be written
as follows;
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(4.12) B = 37t + e25b.

Corollary 4.2. Let~y be an optical fiber in the Walker manifold (M, g;) such that
electric field E is orthogonal to the tangent vector n of v. Then v is a curve with
the curvature k(s) = cos ¢ and torsion T = —sin ¢, where ¢ = const.

Theorem 4.3. Suppose that v is an optical fiber in the Walker manifold (M, gjf)
such that electric field E is orthogonal to the binormal vector b of yv. Then, v is an
electromagnetic trajectory associated with the magnetic field B if and only if along
the optical fiber B can be written as follows;

(4.13) B = e3rt.

Corollary 4.3. Let~ be an optical fiber in the Walker manifold (M, g;) such that
electric field E is orthogonal to the tangent vector b of v. Then 7 is a curve with
the curvature k(s) = 0.

5. Example of propagation of the light in the optical fiber in the
Walker 3-manifolds

In this section, we will consider a unit speed spacelike curve in the strict Walker
manifold (M, g]i)7 for the constant function, f(z,y,z) = 1, is defined by

(5.1) 1(s) = [ sin(2s) — *,

Then, the tangent, normal and binormal vectors of 7y in the strict Walker manifold
(M, g?), are computed as follows:

sin(s), s].

t(s): = [COSQSZ,COS s, 1],
n(s): =[—coss,—1,0],
b(s): = [# —1,coss,1],
and the curvatures are calculated as k(s) = sins and 7(s) = —sins. In Figure

5.1, we showed that the electric field (red vector) parallel transported through the
Fermi Walker transportation rule during the propagation of linearly polarized light
and the tip point of the electric field traced the Rytov curve (red curve) during the
propagation in the optical fiber.

Next, let us take an electromagnetic trajectory v with the parametric equation;

3 52 s

INCERNCR

with the curvatures x(s) = % and 7(s) = f%. Then we compute that f(z,y,z) =

v(s) =1

2. In Figure 5.2, we show the electromagnetic trajectory (blue) of a charged point-
particle (red point) in the magnetic vector field B = 7t 4+ kb (green) during the
propagation of light on the condition that g3 (E,n) =0.
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(a) ¢5(B.t) =0 (b) g5(E, t) =0

() 95(E.b) =0

FiG. 5.1: Rotation of the polarization plane and associated Rytov curves.
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F1a. 5.2: Electromagnetic curve in the electromagnetic field
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6. Conclusions and some discussions for physical results

Pseudo-Riemannian manifolds (especially Lorentzian) have important applica-
tions in physics because of their application to general relativity. Walker manifolds
that work in the context of a pseudo-Riemann manifold have various applications
in mathematics and theoretical physics, as seen in [36, 37]. Lorentzian Walker man-
ifolds offer many special properties from the physical and geometric perspectives,
[43, 44, 45, 46]. Moreover, Lorentzian Walker manifolds have been extensively stud-
ied in the physics literature as they form the background metric of pp-wave models,
[39, 40, 41, 42]. Tt has a light-like distribution that is parallel to the Levi-Civita
junction, [38]. An electromagnetic curve or electromagnetic trajectory in physics
is described as the motion of a charged particle under magnetic influence. In this
paper, we investigated the electromagnetic curves on Walker 3-manifolds. We found
that when a charged-point particle enters the electromagnetic field, it follows one
of the following trajectories: If the tangent vector is orthogonal to the electric field
then the particle follows a trajectory that has zero torsion. If the normal vector
is orthogonal to the electric field then the particle follows a trajectory that has
constant curvature and constant torsion. If the tangent vector is orthogonal to the
electric field then the particle follows a trajectory that has zero curvature. The
difference of this work from others is the use of different metrics, which is a non-
degenerate arbitrary signature metric tensor, in calculations. Thus, this gives an
application in general relativity. This topic has not been dealt with from this per-
spective before, so this study is an original. We think that it is a very useful study
for those working in these fields, as it includes differential geometry and physics to-
gether. Therefore, we can say that the results and characterizations will contribute
to the optical theory.
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