FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 38, No 1 (2023), 91 - 96
https://doi.org/10.22190/FUMI221010006 M
Original Scientific Paper

ON THE GRUNDY BONDAGE NUMBERS OF GRAPHS

Seyedeh M. Moosavi Majd', Hamid R. Maimani? and Abolfazl Tehranian!

1Department of Mathematics, Science and Research Branch,
Islamic Azad University , Tehran, Iran
2 Mathematics Section, Department of Basic Sciences,
Shahid Rajaee Teacher Training University, Tehran, Iran

Abstract. For a graph G = (V, E), a sequence S = (v1,...,vx) of distinct vertices
of G it is called a dominating sequence if Ng[v;] \ U;;ll N[v;] # @. The maximum
length of dominating sequences is denoted by v4-(G). We define the Grundy bondage
numbers by, (G) of a graph G to be the cardinality of a smallest set E of edges for
which 74 (G — E) > 74-(G). In this paper the exact values of by, (G) are determined
for several classes of graphs.
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1. Introduction

In this paper, G is a simple graph with the vertex set V' = V(G) and the edge set
E = E(G). For notation and graph theoretical terminology, we generally follow
[8]. The order |V| and the size |E| of G is denoted by n = n(G) and m = m(G),
respectively. For every vertex v € V', the open neighborhood Ng(v) of v is the set
{u € V(G) : w € E(G)} and the closed neighborhood of v is the set Ng[v] =
Ng(v) U{v}. The degree of a vertex v € V is degy(v) = dg(v) = |[Ng(v)|. The
minimum degree and the mazimum degree of a graph G are denoted by § = §(G)
and A = A(G), respectively. We write P, for the path of order n, C,, for the cycle
of order n, K, for the complete graph of order n and K,, , for complete bipartite
graph. Also K, is called star graph and is denoted by S,,.
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The cartesian product of graphs G = G1 X G4, are sometimes simply called the

graph product of graphs G; and G with point sets V3 and V, and edge sets F;
and Fs is the graph with the point set V; x Vo and u = (u1,u2) is adjacent with
v = (v1,v9) whenever (u; = v; and us adjacent vy) or (ug adjacent vy and us = vs).
The join of two graphs G and H is denoted by G V H is a graph with vertex set
V(G)UV(H) and edge set E(G)U E(H)U {zy|z € V(G),y € V(H)}. The graph
K,V C,_ is called wheel graph and is denoted by W,,.
Let G be a graph of order n and let Hy, Hs, -+, H,, be n graphs. The generalized
corona product, is the graph obtained by taking one copy of graphs G, Hy, Hs, - -+, H,,
and joining the ith vertex of G to every vertex of H;. This product is denoted by
GoA}_H;. If each H; is isomorphic to a graph H, then generalized corona product
is called the corona product of G and H and is denoted by G o H.

A subset D of V(G) is called a dominating set of G if every vertex of G is
either in D or adjacent to at least one vertex in D. The domination number of G,
denoted by 7(G), is the number of vertices in a smallest dominating set of G. A
dominating set of cardinality v(G) is called a ~-set. For further information about
various domination sets in graphs, we refer reader to [9, 10].

Based on the domination number, Grundy domination invariants has been in-
troduced in recent years by some authors [1, 5, 6] and then they continued the study
of these concepts in [3, 2, 4, 7].

In [5] the first type of Grundy dominating sequence was introduced. Let S =

(v1,...,v;) be a sequence of distinct vertices of a graph G. The corresponding
set {v1,...,vx} of vertices from the sequence S will be denoted by S. A sequence
S = (v1,...,vx) is called a closed neighborhood sequence if, for each i,

Nofei\ |J Nolus] # 0.

If for a closed neighborhood sequence S, the set Sisa dominating set of G, then S
is called a dominating sequence of G. Clearly, if S = (v1,va, ..., vx) is a dominating
sequence for G, then k > v(G). We call the maximum length of a dominating se-
quence in G the Grundy domination number of G and denote it by 74, (G). The cor-
responding sequence is called a Grundy dominating sequence of G' or 74,-sequence
of G.

The Grundy bondage number by, (G) of a non-empty graph G is the cardinality
of a smallest set of edges whose removal from G results in a graph with Grundy
domination number greater than 4, (G). For empty graph G, we define by, (G) = 0.

In this paper we introduced this concept and in Section 2, we obtain by, (G) for
some families of graphs.
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2. Main results

In this section, we compute the Grundy bondage numbers of some special family of
graph. First, we state some necessary known results.

Proposition 2.1. [5] Let n be a positive integer. Then

i) Forn >3, v4-(Cp) = n — 2, while for n > 2, v4(P,) =n — 1.

it) Forn > 1, we have 4 (K,) = 1, while for complete bipartite graphs K, s we
have ’Ygr(Kr,s) =sifr<s.

iii) If G is the join of G1 and Ga, Then

’Ygr(G) = max{')/gr(Gl)v ’Ygr(G2)}'

In the following theorem we study some families of graphs with Grundy bondage
numbers are equal 1

Theorem 2.1. Let G be a graph of order n > 4. If G € {K,,,Cp,, Wy, K3 x Cp,},
then b,y (G) = 1.

Proof. We have v, (K,,) = 1, by Proposition 2.1 [ii]. Let e = xy. It is not difficult
to see that S = (x,y) is a dominating sequence for K,, — e. So we conclude that
Yor (Kn — €) > v4r(K,) and thus by, (K,,) = 1.

Now consider the graph C,. By Proposition 2.1, we have v,,.(C,) = n — 2.
Consider the edge e from C,,,. Hence C,, = P, and therefore v,,(C,, —€) > 74.(C,).
Hence, by, (Cy) = 1.

Let G = W,. Since W,, = K7 + Cj,_1, by Proposition 2.1, we have

ngr(Wn) = max{'ygr(Kl)a ’Vgr(cn71>}-

So, vgr(Wy) = n — 3. Consider an edge e from C,,_1. Then

Yor(Wyn —€) = Ygr (K1 4+ Ppo1) =n — 2.

Thus, by (W,,) = 1.

Now Consider Ky x P,. Let V(Ko x P,) = {v;;] 1<i<2, 1<j<n}l
The Grundy domination number of Ky x C), is equal to 2n — 4. Now consider
Ky x C,, — v11v1,- Hence

(vllu V21, V12,022, " * 7U1n71)

is a Grundy sequences in Ky x Cp, — v1101, of size 2n — 3. Hence 74, ((K2 x Cp,) —
V1101n) > Ygr (K2 x Cy,) and we conclude that by, (Ky x C,,) = 1.

O
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Theorem 2.2. Let G be a caterpillar of order n > 2. Then by(G) =n — 1.

Proof. Note that for a graph H, we have v,,.(H) = n if and only if H is an empty
graph. Hence if Ej is a subset of edge set G, such that v,,.(G — Ep) > v4r(G),
then G — Ey is an empty graph. Therefore |Fy| > n — 1 and we conclude that
byr(G) =n — 1.

O

Corollary 2.1. by, (P,) = bgr(Sp) =n — 1.

Proof. The results follows from Theorem 2.2, since paths and stars are caterpil-
lar. O

Theorem 2.3. Let 2 <m <n. Then bg,(Kpn) <n—1.

Proof. Let G = K, », and V; and V5 are two parts of G of sizes m and n, respectively.
Suppose that Vo = {w;,ws, -, w,}. Consider the arbitrary vertex vy € V; and
edge set By = {viw;|1 < i < n}. Clearly Ky, — Fo = K1|J Kym—1,» and hence
Ygr(Kmn — Eo) = n+ 1. This implies that by, (Kmn) <n—1. O

The following lemma is a useful result for computing by (K2 X Py,).

Lemma 2.1. Let G be a connected graph of order n > 2. Then 74 (G) =n —1 if
and only if G is a caterpillar.

Proof. We prove by induction on n. For n = 2, the result is true. Suppose that
result is true for any connected graph of order n — 1 and G is a connected graph
of order n > 3 with v,,.(G) = n — 1. Let (v1,v2, -+, Up—2,vn—1) be a dominating
sequences of G. Hence there exists

n—2

z € (Nafvn]\ | Nolws).

j=1

Note that « # v; for 1 < j <n—2. If x = vy, then v, is not adjacent to any v; for
1 < j < n—2 and this fact implies that deg(v,,) = 1. Hence (v1,va, -, Up_3,Un_2)
is a dominating sequences for G — v,,. The graph G — v,, is a connected graph of
order n — 1 with 74, (G — v,) = n — 2. Hence G — v, is a caterpillar and this fact
implies that G is a caterpillar. If x = v,_1, then v,_; is not adjacent to any v; for
1 < j <n—2. Since G is connected, we conclude that v, _; is adjacent to v, and
deg(vn,—1) = 1. By changing the the dominating sequence (v1,va,: -+, Up_2,Vn—1)
to dominating sequence (v1,va, -+, Vn_2,v,) and a same argument the result can
be obtained.

The converse of lemma obtained by 2.1. O

Theorem 2.4. Let n > 2. Then by (K2 X P,) =n—1.
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Proof. Let V(Ky x P,) = {v;;| 1 <4 <2 1<j<n} Weknow that
Ygr(K2 x P,) = 2n — 2 [2]. Consider the set Ey = {vve;] 1 < i < n— 1}
Clearly Ey C E(Ky x P,) and Ky x P, — Ey = P»,,. Hence v4.(Ky x P, — Ey) =
2n — 1. Thus by (K3 x P,) <n — 1. On the other hand, if Ey C E(K»2 x P,) such
that vy, (K2 X P, — Ep) = 2n — 1, then (Ky x P,) — Ey is a forest such that all
components except one are a single vertex. Hence |Ey| > n — 1 and we conclude
that by (Ko x Py) =n—1. O

An additional variant of the Grundy domination number was introduced in [1].
Let G be a graph without isolated vertices. A sequence S = (vy,...,v;), where
v; € V(Q), is called a Z — sequence if for each i,

i—1

Ne(vi) \ U Nglv;] # ©.

Then the Z-Grundy domination number ’ngT(G) of the graph G is the length of a
longest Z-sequence.

The following results are known

Proposition 2.2. [5, 1] For n > 3, v4,.(Cy,) = ngT(C’n) =n — 2, while for n > 2,
Yor(Pn) = 'ngT(Pn) =n-—1.

Theorem 2.5. [11] Let G and Hy, Hs, ..., H, be n+1 graphs with without isolated
vertices. Then

Yor(G o Nf_ H) =Y yge(H;) +72.(G).
1=1

Theorem 2.6. Let G and Hy, Ho,...,H, be n + 1 graphs with without isolated
vertices. If G = Cy, or Hy = Cy,, then by, (G o N}_ H;) = 1.

Proof. Suppose that G = (), and consider an edge e from G. Hence G — e = P,
and therefor by Proposition 2.2 and Theorem 2.5

Yor(Go N H;) = Z’ygT(Hi) +n—2 <75 (G—eo N H;) = nygT(Hi) +n—1.
i=1 i=1

Thus b, (Go Al H;) =1. O
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