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Abstract. In this paper, we consider a generalized Cheeger-Gromoll metric on a cotan-
gent bundle over a Riemannian manifold, which is obtained by rescaling the vertical part
of the Cheeger-Gromoll metric by a positive differentiable function. Firstly, we inves-
tigate the curvature properties on the cotangent bundle with the generalized Cheeger-
Gromoll metric. Secondly, we introduce the unit cotangent bundle equipped with this
metric, where we present the formulas of the Levi-Civita connection and also all formu-
las of the Riemannian curvature tensors of this metric. Finally, we study the geodesics
on the unit cotangent bundle with respect to this metric.
Keywords: Horizontal lift and vertical lift, cotangent bundles, generalized Cheeger-
Gromoll metric, curvature tensor.

1. Introduction

In this field, one of the first works which deal with the cotangent bundles of
a manifold as a Riemannian manifold is that of Patterson and Walker [7], who
constructed a Riemannian metric on the cotangent bundle from an affine symmetric
connection on a manifold, which they called the Riemannian metric the Riemannian
extension metric. A generalization of this metric had been given by Sekizawa [10]
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in his classification of natural transformations of affine connections on manifolds
to metrics on their cotangent bundles, obtaining the class of natural Riemannian
extensions which is a 2-parameter family of metrics, and which had been intensively
studied by many authors. On the other hand, inspired by the concept of g-natural
metrics on tangent bundles of Riemannian manifolds, Ağca considered another class
of metrics on cotangent bundles of Riemannian manifolds, that she called g-natural
metrics [2]. Also, there are studies presented by other authors, Salimov and Ağca
[3, 8], Yano and Ishihara [11], Ocak [6], Gezer and Altunbas [4]. Note that the
deformations of the Sasaki metric on the cotangent bundle are not limited to those
mentioned above. We also refer to [12, 13, 14, 15, 16, 17, 18, 19].

In the previous works [16] we gave characterizations of geodesics on the cotangent
bundle with a generalized Cheeger-Gromoll metric which rescale the vertical part
by a nonzero differentiable function. Also, in [18], we presented some para-complex
structures on the cotangent bundle with a generalized Cheeger-Gromoll metric.
Here, the generalized Cheeger-Gromoll metric is pure with respect to the para-
complex structures. As a continuation of these studies, in this paper, we study the
geometry of the cotangent and unit cotangent bundle with the generalized Cheeger-
Gromoll metric. Firstly, we find the form of the Riemannian curvature tensor
(Theorem 4.1 and Proposition 4.1) of this metric. Then, we characterize the Ricci
curvature (Theorem 4.2), the sectional curvature (Theorem 4.3 and Proposition 4.3)
and the scalar curvature (Theorem 4.4 and Proposition 4.4) of this metric. In the
last section, we present the unit cotangent bundle equipped with the generalized
Cheeger-Gromoll metric. We establish the Levi-Civita connection of this metric
(Theorem 5.1) and all forms of its Riemannian curvature tensors (Theorem 5.2).
Also we study some properties of geodesics on the unit cotangent bundle with this
metric (Lemma 6.1, Theorem 6.1, Corollary 6.1 and Corollary 6.2).

2. Preliminaries

Let (Mm, g) be an m-dimensional Riemannian manifold, T ∗M be its cotangent
bundle and π : T ∗M →M be the natural projection. A local chart (U, xi)i=1,m on

Mm induces a local chart (π−1(U), xi, xī = pi)i=1,m,̄i=m+i on T ∗M , where pi is the
component of the covector p in each cotangent space T ∗xM , x ∈ U with respect to
the natural coframe dxi. Let C∞(Mm) (resp. C∞(T ∗M)) be the ring of real-valued
C∞ functions on Mm(resp. T ∗M) and Υr

s(M
m) (resp. Υr

s(T
∗M)) be the module

over C∞(Mm) (resp. C∞(T ∗M)) of C∞ tensor fields of type (r, s). Denote by Γkij
the Christoffel symbols of g and by ∇ the Levi-Civita connection of g.

We have two complementary distributions on T ∗M , the vertical distribution
V T ∗M = Ker(dπ) and the horizontal distribution HT ∗M that define a direct sum
decomposition

TT ∗M = V T ∗M ⊕HT ∗M.(2.1)

Let X = Xi ∂
∂xi and ω = ωidx

i be a local expressions in (U, xi)i=1,m, U ⊂ Mm

of X ∈ Υ1
0(Mm) and ω ∈ Υ0

1(Mm), respectively. Then the horizontal lift HX ∈
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Υ1
0(T ∗M) of X ∈ Υ1

0(Mm) and the vertical lift Vω ∈ Υ1
0(T ∗M) of ω ∈ Υ0

1(Mm) are
defined, respectively by

HX = Xi ∂

∂xi
+ phΓhijX

j ∂

∂xī
,(2.2)

Vω = ωi
∂

∂xī
(2.3)

with respect to the natural frame { ∂
∂xi ,

∂
∂xī }, (see [11] for more details).

In particular, if P be a local covector field on each fiber T ∗xM (i.e., P = pidx
i),

the vertical lift VP is called the canonical vertical vector field or Liouville vector
field on T ∗M .

Lemma 2.1. [11] Let (Mm, g) be a Riemannian manifold. The bracket operations
of the vertical and horizontal vector fields on T ∗M are given by the formulas

(1) [Vω, Vθ] = 0,

(2) [HX, Vθ] = V(∇Xθ),

(3) [HX,HY ] = H[X,Y ] + V(pR(X,Y ))

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm), where ∇ and R denote the Levi-Civita
connection and the Riemannian curvature tensor of (Mm, g), respectively.

Let (Mm, g) be a Riemannian manifold. We can define the following maps

] : Υ0
1(Mm) → Υ1

0(Mm)
ω 7→ ](ω)

and
[ : Υ1

0(Mm) → Υ0
1(Mm)

X 7→ [(X)

by g(](ω), Y ) = ω(Y ) and [(X)(Y ) = g(X,Y ), respectively. Locally, we have

](ω) = gijωi
∂

∂xj
and [(X) = gijX

idxj ,

where (gij) is the inverse matrix of the matrix (gij).

For each x ∈ Mm, the scalar product g−1 = (gij) is defined on the cotangent
space T ∗xM by

g−1(ω, θ) = g(](ω), ](θ)) = gijωiθj .

In this case, we have ](ω) = g−1 ◦ ω and [(X) = g ◦X.

In the following, we noted ](ω) by ω̃ and [(X) by X̃.

Lemma 2.2. Let (Mm, g) be a Riemannian manifold. We have the following˜̃ω = ω ,
˜̃
X = X,(2.4)

∇X ω̃ = ∇̃Xω,(2.5)

Xg−1(ω, θ) = g−1(∇Xω, θ) + g−1(ω,∇Xθ),(2.6)

˜ωR(Y,X) = R(X,Y )ω̃(2.7)

for any X ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm).
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Proof. (i) The direct calculations give the results.
(ii) For any Y ∈ Υ1

0(Mm), we find

g(∇X ω̃, Y ) = X(g(ω̃, Y ))− g(ω̃,∇XY )

= X(ω(Y ))− ω(∇XY )

= (∇Xω)(Y )

= g(∇̃Xω, Y ).

(iii) We have

Xg−1(ω, θ) = Xg(ω̃, θ̃)

= g(∇X ω̃, θ̃) + g(ω̃,∇X θ̃)
= g(∇̃Xω, θ̃) + g(ω̃, ∇̃Xθ)
= g−1(∇Xω, θ) + g−1(ω,∇Xθ).

(iv) For any Z ∈ Υ1
0(Mm), we have

g( ˜ωR(Y,X)) = gst ˜(ωR(Y,X))
s

Zt = gstg
ks(ωR(Y,X))kZ

t

= δkt ωaR
a
ijkY

iXjZt = gabω̃
bRaijkY

iXjZk

= g(R(Y,X)Z, ω̃) = g(R(X,Y )ω̃, Z).

3. A generalized Cheeger-Gromoll metric

Definition 3.1. [16, 18] Let (Mm, g) be a Riemannian manifold and f : Mm →
]0,+∞[ be a strictly positive smooth function on Mm. On the cotangent bundle
T ∗M , we define a generalized Cheeger-Gromoll metric noted gf by

gf (HX,HY ) = Vg(X,Y ) = g(X,Y ) ◦ π,
gf (HX, Vθ) = 0,

gf (Vω, Vθ) =
f

α
(g−1(ω, θ) + g−1(ω, p)g−1(θ, p))

for all X,Y ∈ Υ1
0(Mm), ω, θ ∈ Υ0

1(Mm), where α = 1 + |p|2 and |p| =
√
g−1(p, p)

is the norm of p with respect to the metric g−1.

Note that if f = 1, then gf is the Cheeger-Gromoll metric [3].

Lemma 3.1. [13] Let (Mm, g) be a Riemannian manifold and ρ : R → R be a
smooth function. We have the following

1. HX(ρ(r2)) = 0,
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2. Vω(ρ(r2)) = 2ρ′2g−1(ω, p),

3. HX(g−1(θ, p)) = g−1(∇Xθ, p),

4. Vω(g−1(θ, p)) = g−1(ω, θ)

for any X ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm), r2 = g−1(p, p).

Lemma 3.2. [18] Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. We get

(1) HXgf (Vθ, Vη) =
1

f
X(f)gf (Vθ, Vη) + gf (V(∇Xθ), Vη) + gf (Vθ, V(∇Xη)),

(2) Vωgf (Vθ, Vη) = − 2

α
g−1(ω, p)gf (Vθ, Vη) +

1

α
g−1(ω, θ)gf (Vη, VP),

+
1

α
g−1(ω, η)gf (Vθ, VP),

(3) HXgf (Vθ, VP) = X(f)g−1(θ, p) + fg−1(∇Xθ, p),
(4) Vωgf (Vθ, VP) = fg−1(ω, θ)

for any X ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm), where VP is the canonical vertical vector
field on T ∗M .

The Levi-Civita connection ∇f of the generalized Cheeger-Gromoll metric gf

on T ∗M is given in the following theorem.

Theorem 3.1. [18] Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. We have

1. ∇fHX
HY = H(∇XY ) +

1

2
V(pR(X,Y )),

2. ∇fHX
Vθ = V(∇Xθ) +

1

2f
X(f)Vθ +

f

2α
H(R(p̃, θ̃)X),

3. ∇fVω
HY =

1

2f
Y (f)Vω +

f

2α
H(R(p̃, ω̃)Y ),

4. ∇fVω
Vθ = − 1

2f
gf (Vω, Vθ)H(gradf)− 1

αf

(
gf (Vω, VP)Vθ + gf (Vθ, VP)Vω

)
+
(α+ 1

αf
gf (Vω, Vθ)− 1

αf2
gf (Vω, VP)gf (Vθ, VP)

)
VP

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm).

As a consequence of Theorem 3.1, we get the following Lemma.
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Lemma 3.3. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotangent
bundle equipped with the generalized Cheeger-Gromoll metric. Then

(1) ∇fHX
VP =

1

2f
X(f)VP,

(2) ∇fVP
HX =

1

2f
X(f)VP,

(3) ∇fVω
VP = −1

2
g−1(ω, p)H(gradf) +

1

α
Vω +

1

α
g−1(ω, p)VP,

(4) ∇fVP
Vω = −1

2
g−1(ω, p)H(gradf)− α− 1

α
Vω +

1

α
g−1(ω, p)VP,

(5) ∇fVP
VP = −α− 1

2
H(gradf) + VP

for X ∈ Υ1
0(M), ω ∈ Υ0

1(M) and α = 1 + g−1(p, p).

Definition 3.2. Let (Mm, g) be a Riemannian manifold and F be a tensor field
of type (1, 1) on Mm. Then the vertical and horizontal vector fields VF and HF
respectively are defined on T ∗M by

VF : T ∗M → TT ∗M

(x, p) 7→ VF (x, p) = V(pF ),

HF : T ∗M → TT ∗M

(x, p) 7→ HF (x, p) = H(F (p̃)),

locally we have

VF = pi
V(dxiF ),(3.1)

HF = p̃iH(F (
∂

∂xi
)),(3.2)

where p = pjdx
j and p̃ = p̃i ∂

∂xi = pjg
ij ∂
∂xi .

Proposition 3.1. Let (Mm, g) be a Riemannian manifold, (T ∗M, gf ) its tangent
bundle equipped with the generalized Cheeger-Gromoll metric and F be a tensor field
of type (1, 1) on Mm. Then we have the following formulas

1. ∇fHX
HF = H(∇XF ) +

1

2
V(pR(X,F (p̃))),

2. ∇fHX
VF = V(∇XF ) +

1

2f
X(f)VF +

f

2α
H(R(p̃, p̃F )X),

3. ∇fVω
HF = H(F (ω̃)) +

1

2f
g(F (p̃), gradf)Vω +

f

2α
H(R(p̃, ω̃)F (p̃)),

4. ∇fVω
VF = V(ωF )− 1

2f
gf (Vω, VF )H(gradf)
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− 1

αf

(
gf (Vω, VP)VF + gf (VF, VP)Vω

)
+
(α+ 1

αf
gf (Vω, VF )− 1

αf2
gf (Vω, VP)gf (VF, VP)

)
VP

for X ∈ Υ1
0(Mm), ω ∈ Υ0

1(Mm) where p̃F = g−1 ◦ (pF ).

Proof. The results come directly from Theorem 3.1.

4. Curvatures of the generalized Cheeger-Gromoll metric

We shall calculate the Riemannian curvature tensor Rf of T ∗M with the gen-
eralized Cheeger-Gromoll metric gf . This curvature tensor is characterized by the
formula

Rf (U, V )W = ∇fU∇
f
VW −∇

f
V∇

f
UW −∇

f
[U,V ]W(4.1)

for all U, V,W ∈ Υ1
0(T ∗M).

Theorem 4.1. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. Then we have
the following formulas

Rf (HX,HY )HZ = H(R(X,Y )Z) +
f

4α
H(R(p̃, R(Z, Y )p̃)X)

− f

4α
H(R(p̃, R(Z,X)p̃)Y ) +

f

2α
H(R(p̃, R(X,Y )p̃)Z)

+
1

4f
X(f)V(pR(Y,Z))− 1

4f
Y (f)V(pR(X,Z))(4.2)

− 1

2f
Z(f)V(pR(X,Y ))− 1

2
V
(
p(∇ZR)(X,Y ),

Rf (HX, Vθ)HZ =
1

2α
X(f)H(R(p̃, θ̃)Z) +

1

4α
Z(f)H(R(p̃, θ̃)X)

+
f

2α
H((∇XR)(p̃, θ̃)Z) +

1

4α
g−1(pR(X,Z), θ)H(gradf)

−1

2
V(θR(X,Z)) +

f

4α
V(pR(X,R(p̃, θ̃)Z))(4.3)

+
( 1

2f
Hessf (X,Z)− 1

4f2
X(f)Z(f)

)
Vθ

+
1

2α
g−1(θ, p)V(pR(X,Z))− α+ 1

2α2
g−1(pR(X,Z), θ)VP,

Rf (HX,HY )Vη =
f

2α
H((∇XR)(p̃, η̃)Y )− f

2α
H((∇YR)(p̃, η̃)X)
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+
1

4α
X(f)H(R(p̃, η̃)Y )− 1

4α
Y (f)H(R(p̃, η̃)X)

+
1

2α
g−1(pR(X,Y ), η)H(gradf)− V(ηR(X,Y ))(4.4)

+
f

4α
V(pR(X,R(p̃, η̃)Y ))− f

4α
V(pR(Y,R(p̃, η̃)X))

+
1

α
g−1(η, p)V(pR(X,Y ))− α+ 1

α2
g−1(pR(X,Y ), η)VP,

Rf (HX, Vθ)Vη = − 1

2α

(
g−1(θ, η) + g−1(θ, p)g−1(η, p)

)
H(∇Xgradf)

+
1

4αf
X(f)

(
g−1(θ, η) + g−1(θ, p)g−1(η, p)

)
H(gradf)

− f

2α
H(R(θ̃, η̃)X)− f2

4α2
H(R(p̃, θ̃)R(p̃, η̃)X)(4.5)

+
f

2α2

(
g−1(θ, p)H(R(p̃, η̃)X)− g−1(η, p)H(R(p̃, θ̃)X)

)
+

1

4α

(
g−1(θ, η) + g−1(θ, p)g−1(η, p)

)
V(pR(X, gradf))

− 1

4α
g(R(p̃, η̃)X, gradf)Vθ,

Rf (Vω, Vθ)HZ =
f

α
H(R(ω̃, θ̃)Z)

+
f2

4α2

(
H(R(p̃, ω̃)R(p̃, θ̃)Z)− H(R(p̃, θ̃)R(p̃, ω̃)Z)

)
(4.6)

+
f

α2

(
g−1(θ, p)H(R(p̃, ω̃)Z)− g−1(ω, p)H(R(p̃, θ̃)Z)

)
+

1

4α

(
g(R(p̃, θ̃)Z, gradf)Vω − g(R(p̃, ω̃)Z, gradf)Vθ

)
,

Rf (Vω, Vθ)Vη =
f

4α2

(
g−1(ω, η)H(R(p̃, θ̃)gradf)− g−1(θ, η)H(R(p̃, ω̃)gradf)

)
+

f

4α2
g−1(η, p)

(
g−1(ω, p)H(R(p̃, θ̃)gradf)

−g−1(θ, p)H(R(p̃, ω̃)gradf)
)

(4.7)

+
(α2 + α+ 1

α3
− |gradf |

2

4αf

)(
g−1(θ, η)Vω − g−1(ω, η)Vθ

)
+
(1− α
α3

− |gradf |
2

4αf

)
g−1(η, p)

(
g−1(θ, p)Vω − g−1(ω, p)Vθ

)
+
α+ 2

α3

(
g−1(θ, p)g−1(ω, η)− g−1(ω, p)g−1(θ, η)

)
VP,

for all X,Y, Z ∈ Υ1
0(Mm) and ω, θ, η ∈ Υ0

1(Mm), where Hessf (X,Z) = g(∇Xgradf, Z).
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Proof. By applying Lemma 3.2, Theorem 3.1, Proposition 3.1 we have

(1) Rf (HX,HY )HZ = ∇fHX∇
f
HY

HZ −∇fHY∇
f
HX

HZ −∇f
[HX,HY ]

HZ.

(i) Let F : T ∗M → T ∗M be the bundle map given by pF = pR(Y,Z). Then

∇fHX∇
f
HY

HZ = ∇fHX
(
H(∇Y Z) +

1

2
VF
)

= H(∇X∇Y Z) +
1

2
V(pR(X,∇Y Z)) +

1

2
V(∇X(pR(Y,Z)))

−1

2
V((∇Xp)R(Y,Z)) +

1

4f
X(f)V(pR(Y,Z))

+
f

4α
H(R(p̃, ˜pR(Y,Z))X)

and using (2.4), we have

∇fHX∇
f
HY

HZ = H(∇X∇Y Z) +
1

2
(pR(X,∇Y Z))V +

1

2
V(∇X(pR(Y,Z)))

−1

2
V((∇Xp)R(Y,Z)) +

1

4f
X(f)V(pR(Y,Z))

+
f

4α
H(R(p̃, R(Z, Y )p̃)X).

(ii) With permutation of X by Y , we have

∇fHY∇
f
HX

HZ = H(∇Y∇XZ) +
1

2
V(pR(Y,∇XZ)) +

1

2
V(∇Y (pR(X,Z)))

−1

2
V((∇Y p)R(X,Z)) +

1

4f
Y (f)V(pR(X,Z))

+
f

4α
H(R(p̃, R(Z,X)p̃)Y ).

(iii) Direct calculations give

∇f
[HX,HY ]

HZ = ∇fH[X,Y ]
HZ +∇fV(pR(X,Y ))

HZ

= H(∇[X,Y ]Z) +
1

2
V(pR([X,Y ], Z)) +

1

2f
Z(f)V(pR(X,Y ))

+
f

2α
H(R(p̃, R(Y,X)p̃)Z).

Hence, we have

Rf (HX,HY )HZ = H(R(X,Y )Z) +
f

4α
H(R(p̃, R(Z, Y )p̃)X)

− f

4α
H(R(p̃, R(Z,X)p̃)Y ) +

f

2α
H(R(p̃, R(X,Y )p̃)Z)
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+
1

4f
X(f)V(pR(Y,Z))− 1

4f
Y (f)V(pR(X,Z))

− 1

2f
Z(f)V(pR(X,Y )) +

1

2
V
(
p(∇XR)(Y,Z)

−1

2
V
(
p(∇YR)(X,Z),

where

V
(
p(∇XR)(Y,Z)

)
= V

(
p(∇X(R(Y, Z))−R(∇XY,Z)−R(Y,∇XZ))

)
= V

(
p∇X(R(Y,Z))− pR(∇XY,Z)− pR(Y,∇XZ)

)
= V

(
∇X(pR(Y,Z))− (∇Xp)R(Y,Z)− pR(∇XY,Z)

−pR(Y,∇XZ)
)
.

Using the second Bianchi identity, we obtain

V
(
p(∇XR)(Y,Z)

)
− V
(
p(∇YR)(X,Z)

)
= −V

(
p(∇ZR)(X,Y )

)
,

which gives the formula (4.2). The other formulas are obtained by a similar calcu-
lation.

Proposition 4.1. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. If (T ∗M, gf ) is
flat, then (Mm, g) is flat.

Proof. It is easy to see from (4.2) If we assume that Rf = 0 and calculate the
Riemannian curvature tensor for three horizontal vector fields at (x, 0) we get

Rf(x,0)(
HX,HY )HZ = H(Rx(X,Y )Z) = 0.

Let (x, p) ∈ T ∗M with p 6= 0, {Ei}i=1,m and {ωi}i=1,m be a local orthonormal

frame and coframe on Mm, respectively, such that ω1 = p
|p| , then

{
Fi = EHi , Fm+1 =

1√
f
Vω1, Fm+j =

√
α

f
Vωj

}
i=1,m,j=2,m

(4.8)

is a local orthonormal frame on T ∗M .

Theorem 4.2. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. If Ric (resp.
Ricf ) denotes the Ricci curvature of (Mm, g) (resp. (T ∗M, gf )), then we have

Ricf (HX,HY ) = Ric(X,Y )− f

2α

m∑
a=1

g(R(Ea, X)p̃, R(Ea, Y )p̃)

−m
2f
Hessf (X,Y ) +

m

4f2
X(f)Y (f),(4.9)
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Ricf (HX, Vθ) =
f

2α

m∑
a=1

g((∇Ea
R)(p̃, θ̃)X,Ea)

+
m+ 4

4α
g(R(p̃, θ̃)X, gradf),(4.10)

Ricf (Vω, Vθ) =
f2

4α2

m∑
a=1

g(R(p̃, ω̃)Ea, R(p̃, θ̃)Ea)

−
(∆(f)

2f
+

(m− 2)|gradf |2

4f2
+
α(m− 2)−m− 1

fα2

)
gf (Vω, Vθ)

+
(α+ 2)(m− 2)

α2
g−1(ω, θ)(4.11)

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm).

Proof. In here, we use the local orthonormal frame (4.8) on T ∗M .
i) From the formula (4.2), we have

Ricf (HX,HY ) =

m∑
a=1

gf (Rf (HEa,
HX)HY,HEa) +

1

f
gf (Rf (Vω1,HX)HY, Vω1)

+
α

f

m∑
a=2

gf (Rf (Vωa,HX)HY, Vωa)

=

m∑
a=1

(
g(R(Ea, X)Y,Ea)− f

4α
g(R(p̃, R(Y,Ea)p̃)X,Ea)

+
f

2α
g(R(p̃, R(Ea, X)p̃)Y,Ea)

)
− 1

2f2
Hessf (X,Y )gf (Vω1, Vω1) +

1

4f3
X(f)Y (f)gf (Vω1, Vω1)

+

m∑
a=2

(
− 1

4
gf (V(pR(X,R(p̃, ω̃a)Y )), Vωa)

− α

2f2
Hessf (X,Y )gf (Vωa, Vωa) +

α

4f3
X(f)Y (f)gf (Vωa, Vωa)

)
.

In order to simplify the last expression, we have

ω̃a =

m∑
i=1

g(ω̃a, Ei)Ei =

m∑
i,h,k=1

ghkω̃a
h
Eki Ei =

m∑
i,h,k,j=1

ghkg
jhωajE

k
i Ei

=

m∑
i,k,j=1

δjkω
a
jE

k
i Ei =

m∑
i,j=1

ωajE
j
iEi =

m∑
i=1

ωa(Ei)Ei =

m∑
i=1

δai Ei

= Ea.(4.12)
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With simple calculation we have

gf (V(pR(X,R(p̃, ω̃a)Y )), Vωa) =
f

α
g−1(pR(X,R(p̃, ω̃a)Y ), ωa)

=
f

α
g( ˜pR(X,R(p̃, ω̃a)Y ), ω̃a),

using (2.4) and (4.12)

gf (V(pR(X,R(p̃, ω̃a)Y )), Vωa) =
f

α
g(R(R(p̃, ω̃a)Y,X)p̃, ω̃a)

=
f

α
g(R(p̃, ω̃a)R(p̃, ω̃a)Y,X)

= −f
α
g(R(p̃, Ea)X,R(p̃, Ea)Y ),

then we find

Ricf (HX,HY ) = Ric(X,Y )− 3f

4α

m∑
a=1

g(R(Ea, X)p̃, R(Ea, Y )p̃)

−m
2f
Hessf (X,Y ) +

m

4f2
X(f)Y (f)

+
f

4α

m∑
a=1

g(R(p̃, Ea)X,R(p̃, Ea)Y ).

On the other hand, we have

m∑
a=1

g(R(Ea, X)p̃, R(Ea, Y )p̃) =

m∑
a,s=1

g(R(Ea, X)p̃, Es)g(R(Ea, Y )p̃, Es)

=

m∑
a,s=1

g(R(p̃, Es)Ea, X)g(R(p̃, Es)Ea, Y )

=

m∑
a,s=1

g(R(p̃, Es)X,Ea)g(R(p̃, Es)Y,Ea)

=

m∑
s=1

g(R(p̃, Es)X,R(p̃, Es)Y )

=

m∑
a=1

g(R(p̃, Ea)X,R(p̃, Ea)Y ).(4.13)

Hence, we get

Ricf (HX,HY ) = Ric(X,Y )− f

2α

m∑
a=1

g(R(Ea, X)p̃, R(Ea, Y )p̃)

−m
2f
Hessf (X,Y ) +

m

4f2
X(f)Y (f).



On the Cotangent Bundle and Unit Cotangent Bundle 165

The other formulas are obtained by a similar calculation.

It is known that the sectional curvature Kf on (T ∗M, g̃) for P is given by

Kf (V,W ) =
gf (Rf (V,W )W,V )

gf (V, V )gf (W,W )− gf (V,W )2
,(4.14)

where P = P (V,W ) denotes the plane spanned by
{
V,W

}
, for all linearly indepen-

dent vector fields V,W ∈ Υ1
0(T ∗M).

Let Kf (HX,HY ), Kf (HX, Vθ) and Kf (Vω, Vθ) denote the sectional curvature of
the plane spanned by

{
HX,HY

}
,
{
HX, Vθ

}
and

{
Vω, Vθ

}
on (T ∗M, g̃), respectively,

where X,Y are orthonormal vector fields and ω, θ are orthonormal covector fields
on Mm.

Proposition 4.2. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. Then we have
the following

gf (Rf (HX,HY )HY,HX) = g(R(X,Y )Y,X)− 3f

4α
|R(X,Y )p̃|2,

gf (Rf (HX, Vθ)Vθ,HX) =
(X(f)2

4αf
− 1

2α
Hessf (X,X)

)(
1 + g−1(θ, p)2

)
+
f2

4α2
|R(p̃, θ̃)X|2,

gf (Rf (Vω, Vθ)Vθ, Vω) =
( (1− α)f

α4
− |gradf |

2

4α2

)(
1 + g−1(ω, p)2 + g−1(θ, p)2

)
+

(α+ 2)f

α3

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm).

Proof. i) From the formula (4.2), we have

g̃(Rf (HX,HY )HY,HX) = g(R(X,Y )Y,X)− f

4α
g(R(p̃, R(Y,X)p̃)Y,X)

+
f

2α
g(R(p̃, R(X,Y )p̃)Y,X)

= g(R(X,Y )Y,X)− 3f

4α
|R(X,Y )p̃|2.

ii) From the formula (4.5), we have

gf (Rf (HX, Vθ)Vθ,HX) = − 1

2α

(
1 + g−1(θ, p)2

)
Hessf (X,X)

+
X(f)2

4αf

(
1 + g−1(θ, p)2

)
+

f2

4α2
|R(p̃, θ̃)X|2
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=
(X(f)2

4αf
− 1

2α
Hessf (X,X)

)(
1 + g−1(θ, p)2

)
+
f2

4α2
|R(p̃, θ̃)X|2.

iii) The result follows immediately from the formula (4.7)

gf (Rf (Vω, Vθ)Vθ, Vω) =
(α2 + α+ 1

α3
− |gradf |

2

4αf

)f
α

(
1 + g−1(ω, p)2

)
+
(1− α
α3

− |gradf |
2

4αf

)f
α
g−1(θ, p)2 − (α+ 2)f

α3
g−1(ω, p)2

=
( (1− α)f

α4
− |gradf |

2

4α2

)(
1 + g−1(ω, p)2 + g−1(θ, p)2

)
+

(α+ 2)f

α3
.

Theorem 4.3. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. The sectional
curvature Kf satisfies the following equations

Kf (HX,HY ) = K(X,Y )− 3f

4α
|R(X,Y )p̃|2,

Kf (HX, Vθ) =
f |R(p̃, θ̃)X|2

4α
(
1 + g−1(θ, p)2

) +
X(f)2

4f2
− 1

2f
Hessf (X,X),

Kf (Vω, Vθ) =
1− α
fα2

+
α+ 2

αf

1

1 + g−1(ω, p)2 + g−1(θ, p)2
− |gradf |

2

4f2

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm), where K denotes the sectional curva-
ture tensor of (Mm, g).

Proof. Using the Proposition 4.2 and direct calculations we have

(1)Kf (HX,HY ) =
gf (Rf (HX,HY )HY,HX)

gf (HX,HX)gf (HY,HY )− gf (HX,HY )2

= K(X,Y )− 3f

4
|pR(X,Y )|2,

(2)Kf (HX, Vθ) =
gf (Rf (HX, Vθ)Vθ,HX)

gf (HX,HX)gf (Vθ, Vθ)− gf (HX, Vθ)2

=
f |R(p̃, θ̃)X|2

4α
(
1 + g−1(θ, p)2

) +
X(f)2

4f2
− 1

2f
Hessf (X,X),
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(3)Kf (Vω, Vθ) =
gf (Rf (Vω, Vθ)Vθ, Vω)

gf (Vω, Vω)gf (Vθ, Vθ)− gf (Vω, Vθ)2

=
1− α
fα2

+
α+ 2

αf

1

1 + g−1(ω, p)2 + g−1(θ, p)2
− |gradf |

2

4f2
.

Proposition 4.3. Let (Mm, g) be a Riemannian manifold of constant sectional
curvature κ and (T ∗M, gf ) its cotangent bundle equipped with the generalized Cheeger-
Gromoll metric. Then the sectional curvature Kf satisfies the following equations

Kf (HX,HY ) = κ− 3fκ2

4α

(
g(X, p̃)2 + g(Y, p̃)2

)
,

Kf (HX, Vθ) =
fκ2

(
g(X, θ̃)2|p|2 − 2g(X, θ̃)g(X, p̃)g(θ̃, p̃) + g(X, p̃)2

)
4α(1 + g−1(ω, p)2)

+
X(f)2

4f2
− 1

2f
Hessf (X,X),

Kf (Vω, Vθ) =
1− α
fα2

+
α+ 2

αf

1

1 + g−1(ω, p)2 + g−1(θ, p)2
− |gradf |

2

4f2

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm).

Proof. If Mm has constant curvature κ, then for all U, V,W ∈ Υ1
0(Mm) we get

R(U, V )W = κ
(
g(V,W )U − g(U,W )V

)
.

From direct calculations we get

|R(Y,X)p̃|2 = κ2
(
g(X, p̃)2 + g(Y, p̃)2

)
,

|R(p̃, θ̃)X|2 = κ2
(
g(X, θ̃)2|p|2 − 2g(X, θ̃)g(X, p̃)g(θ̃, p̃) + g(X, p̃)2

)
,

which completes the proof.

Theorem 4.4. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. If σ (resp. σf )
denotes the scalar curvature of (Mm, g) (resp. (T ∗M, gf )), then we have

σf = σ − f

4α

m∑
a,b=1

|R(Ea, Eb)p̃|2 −
m(m− 3)

4f2
|gradf |2 − m

f
∆(f)

+
(m− 1)

fα2

(
6 + (m− 2)(α2 + α+ 1)

)
,(4.15)

where ∆(f) is the Laplacian of f .
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Proof. Let (Fk)k=1,2m be a local orthonormal frame on (T ∗M, gf ) defined by (4.8).
Using Theorem 4.2 and the definition of the scalar curvature, we have

σf =

m∑
b=1

Ricf (Fb, Fb) +Ricf (Fm+1, Fm+1) +

m∑
b=2

Ricf (Fm+b, Fm+b).

Using (4.9), we have

m∑
b=1

Ricf (Fb, Fb) =

m∑
b=1

Ricf (HEb,
HEb)

= σ − f

2α

m∑
a,b=1

|R(Ea, Eb)p̃|2 +
m

4f2
|gradf |2 − m

2f
∆(f).

Using (4.11), we have

Ricf (Fm+1, Fm+1) =
1

f
Ricf (Vω1, Vω1)

= −m− 2

4f2
|gradf |2 − 1

2f
∆(f) +

3(m− 1)

fα2
.

and

m∑
b=2

Ricf (Fm+b, Fm+b) =

m∑
b=2

α

f
Ricf (Vωb, Vωb)

=
f

4α

m∑
a,b=1

|R(p̃, Eb)Ea|2 −
(m− 2)(m− 1)

4f2
|gradf |2

−m− 1

2f
∆(f) +

m− 1

fα2

(
(α2 + α)(m− 2) +m+ 1

)
.

σf = σ − f

2α

m∑
a,b=1

|R(Ea, Eb)p̃|2 +
m

4f2
|gradf |2 − m

2f
∆(f)

−m− 2

4f2
|gradf |2 − 1

2f
∆(f) +

3(m− 1)

fα2

+
f

4α

m∑
a,b=1

|R(p̃, Eb)Ea|2 −
(m− 2)(m− 1)

4f2
|gradf |2

−m− 1

2f
∆(f) +

m− 1

fα2

(
(α2 + α)(m− 2) +m+ 1

)
.

In order to simplify the last expression, we have

m∑
a,b=1

|R(p̃, Eb)Ea|2 =

m∑
a,b=1

|R(Ea, Eb)p̃|2,
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by (4.13), hence

σf = σ − f

4α

m∑
a,b=1

|R(Ea, Eb)p̃|2 −
m(m− 3)

4f2
|gradf |2 − m

f
∆(f)

+
m− 1

fα2

(
6 + (m− 2)(α2 + α+ 1)

)
.

Proposition 4.4. Let (Mm, g) be a Riemannian manifold of constant sectional
curvature κ and (T ∗M, gf ) its cotangent bundle equipped with the generalized Cheeger-
Gromoll metric. If σf denotes the scalar curvature of (T ∗M, gf ), then we have

σf = (m− 1)κ
(
m− κ(α− 1)f

2α

)
− m(m− 3)

4f2
|gradf |2 − m

f
∆(f)

+
m− 1

fα2

(
6 + (m− 2)(α2 + α+ 1)

)
.(4.16)

Proof. If Mm has constant curvature κ, then for all U, V,W ∈ Υ1
0(Mm),

R(U, V )W = κ
(
g(V,W )U − g(U,W )V

)
,

σ = m(m− 1)κ

and

m∑
i,j=1

|R(Ei, Ej)p̃|2 = 2κ2(m− 1)|p|2 = 2κ2(m− 1)(α− 1).

This completes the proof.

5. The generalized Cheeger-Gromoll metric on the unit cotangent
bundle T ∗1M

The cotangent sphere bundle of radius r > 0 over a Riemannian manifold
(Mm, g) is the hypersurface

T ∗rM =
{

(x, p) ∈ T ∗M, g−1(p, p) = r2
}
.

When r = 1, T ∗1M is called the unit cotangent (sphere) bundle such that

T ∗1M =
{

(x, p) ∈ T ∗M, g−1(p, p) = 1
}
.(5.1)

If we set

F : T ∗M → R
(x, p) 7→ F (x, p) = g−1(p, p)− 1,
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then the hypersurface T ∗1M is given by

T ∗1M = {(x, p) ∈ T ∗M, F (x, p) = 0}

and gradfF (the gradient of F with respect to gf ) is a normal vector field to T ∗1M .
From the Lemma 3.1, for any X ∈ Υ1

0(Mm) and ω ∈ Υ0
1(Mm), we get

gf (HX, gradfF ) = HX(F ) = HX(g−1(p, p)− 1) = 0,

gf (Vω, gradfF ) = Vω(F ) = Vω(g−1(p, p)− 1) = 2g−1(ω, p) =
2

f
gf (Vω, VP).

So

gradfF =
2

f
VP.

Then the unit normal vector field to T ∗1M is given by

N =
gradfF√

gf (gradfF, gradfF )
=

VP√
gf (VP, VP)

=
1√
f
VP.

The tangential lift Tω with respect to gf of a covector ω ∈ T ∗xM to (x, p) ∈ T ∗1M
as the tangential projection of the vertical lift of ω to (x, p) with respect to N , that
is,

Tω = Vω − gf(x,p)(
Vω,N(x,p))N(x,p) = Vω − g−1

x (ω, p)VP(x,p).

For the sake of notational clarity, we will use ω = ω− g−1(ω, p)p, then Tω = Vω.
From the above, we get the direct sum decomposition

T(x,p)T
∗M = T(x,p)T

∗
1M ⊕ span{N(x,p)} = T(x,p)T

∗
1M ⊕ span{VP(x,p)},(5.2)

where (x, p) ∈ T ∗1M .

Indeed, if W ∈ T(x,p)T
∗M , then there exist X ∈ TxM and ω ∈ T ∗xM such that

W = HX + Vω

= HX + Tω + gf(x,p)(
Vω,N(x,p))N(x,p)

= HX + Tω + g−1
x (ω, p)VP(x,p).(5.3)

From (5.3) we can say that the tangent space T(x,p)T
∗
1M of T ∗1M at (x, p) is given

by

T(x,p)T
∗
1M = {HX + Tω /X ∈ TxM,ω ∈ {p}⊥ ⊂ T ∗xM},

where {p}⊥ =
{
ω ∈ T ∗xM, g−1(ω, p) = 0

}
. Hence T(x,p)T

∗
1M is spanned by the

vectors of the form HX and Tω.

Given a covector field ω on Mm, the tangential lift Tω of ω is given by

Tω(x,p) =
(
Vω − gf (Vω,N )N

)
(x,p)

= Vω(x,p) − g−1
x (ωx, p)

VP(x,p).(5.4)

For any X ∈ Υ1
0(Mm) and ω ∈ Υ0

1(Mm), we have the following
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(1) gf (HX,N ) = 0,

(2) gf (Tω,N ) = 0,

(3) Tω = Vω if and only if g−1(ω, p) = 0,

(4) TP = 0,

(5) g(ω,P) = 0.

Definition 5.1. Let (Mm, g) be a Riemannian manifold and (T ∗M, gf ) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. The Rieman-
nian metric ĝf on T ∗1M , induced by ĝf , is completely determined by the identities

ĝf (HX,HY ) = g(X,Y ),

ĝf (HX, Tθ) = 0,

ĝf (Tω, Tθ) =
f

2

(
g−1(ω, θ)− g−1(ω, p)g−1(θ, p)

)
for all X,Y ∈ Υ1

0(Mm) and ω, θ ∈ Υ0
1(Mm).

We shall calculate the Levi-Civita connection ∇̂ of T ∗1M with the generalized
Cheeger-Gromoll metric ĝf . This connection is characterized by the formula

∇̂UV = ∇fUV − g
f (∇fUV,N )N(5.5)

for all U, V ∈ Υ1
0(T ∗M).

Theorem 5.1. Let (Mm, g) be a Riemannian manifold and (T ∗1M, ĝf ) its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. Then we
have the following formulas

1. ∇̂HX
HY = H(∇XY ) +

1

2
T(pR(X,Y )),

2. ∇̂HX
Tθ = T(∇Xθ) +

1

2f
X(f)Tθ +

f

4
H(R(p̃, θ̃)X),

3. ∇̂Tω
HY =

1

2f
Y (f)Tω +

f

4
H(R(p̃, ω̃)Y ),

4. ∇̂Tω
Tθ = −1

4

(
g−1(ω, θ)− g−1(ω, p)g−1(θ, p)

)
Hgradf − g−1(θ, p)Tω

for all X,Y ∈ Υ1
0(Mm) and ω, θ ∈ Υ0

1(Mm).

Proof. In the proof, we will use the Theorem 3.1, Lemma 3.3 and the formula (5.5).
1. By direct calculation, we have

∇̂HX
HY = ∇fHX

HY − gf (∇fHX
HY,N )N

= H(∇XY ) +
1

2
V(pR(X,Y ))− gf (

1

2
V(pR(X,Y )),N )N

= H(∇XY ) +
1

2
T(pR(X,Y )).
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2. We have ∇̂HX
Tθ = ∇fHX

Tθ − gf (∇fHX
Tθ,N )N , by direct calculation, we get

∇fHX
Tθ = T(∇Xθ) +

1

2f
X(f)Tθ +

f

4
H(R(p̃, θ̃)X) and gf (∇fHX

Tθ,N )N = 0.

Hence

∇̂HX
Tθ = T(∇Xθ) +

1

2f
X(f)Tθ +

f

4
H(R(p̃, θ̃)X).

3. Also, we have ∇̂Tω
HY = ∇fTω

HY −gf (∇fTω
HY,N )N , by direct calculation, we get

∇fTω
HY =

1

2f
Y (f)Tω +

f

4
H(R(p̃, ω̃)Y ) and gf (∇fTω

HY,N )N = 0.

Hence

∇̂Tω
HX =

1

2f
Y (f)Tω +

f

4
H(R(p̃, ω̃)Y ).

4. In the same way above, we have ∇̂Tω
Tθ = ∇fTω

Tθ − gf (∇fTω
Tθ,N )N ,

∇fTω
Tθ = −1

4

(
g−1(ω, θ)− g−1(ω, p)g−1(θ, p)

)
Hgradf − g−1(θ, p)Vω

+
(−1

4
g−1(ω, θ) +

5

4
g−1(ω, p)g−1(θ, p)

)
VP

and

gf (∇fTX
TY,N )N =

(
− g−1(ω, p)g−1(θ, p)− 1

4
g−1(ω, θ) +

5

4
g−1(ω, p)g−1(θ, p)

)
VP.

Hence

∇̂Tω
Tθ = −1

4

(
g−1(ω, θ)− g−1(ω, p)g−1(θ, p)

)
Hgradf − g−1(θ, p)Tω.

Now, we shall calculate the Riemannian curvature tensor of T ∗1M with the gen-
eralized Cheeger-Gromoll metric ĝf .

Denoting by R̂ the Riemannian curvature tensor of (T ∗1M, ĝf ), from the Gauss

equation for hypersurfaces we deduce that R̂(U, V )W satisfies

R̂(U, V )W = t(Rf (U, V )W )−B(U,W ).ANV +B(V,W ).ANU,(5.6)

for all U, V,W ∈ Υ1
0(T ∗M), where t(Rf (U, V )W ) is the tangential component of

Rf (U, V )W with respect to the direct sum decomposition (5.2), AN is the shape
operator of T ∗1M in (T ∗M, gf ) derived from N , and B is the second fundamental
form of T ∗1M (as a hypersurface immersed in T ∗M), associated with N on T ∗1M .
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ANU is the tangential component of (−∇fUN ), i.e.,

ANU = −t(∇fUN ).

B(U, V ) is given by Gauss formula, ∇fUV = ∇̂UV +B(U, V ).N . So

B(U, V ) = gf (∇fUV,N ).

Theorem 5.2. Let (Mm, g) be a Riemannian manifold and (T ∗1M, ĝf ) its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. We have
the following formulas

R̂(HX,HY )HZ = H(R(X,Y )Z) +
f

8
H(R(p̃, R(Z, Y )p̃)X)

−f
8
H(R(p̃, R(Z,X)p̃)Y ) +

f

4
H(R(p̃, R(X,Y )p̃)Z)

+
1

4f
X(f)T(pR(Y,Z))− 1

4f
Y (f)T(pR(X,Z))

− 1

2f
Z(f)T(pR(X,Y ))− 1

2
T
(
p(∇ZR)(X,Y ),

R̂(HX, Tθ)HZ =
1

4
X(f)H(R(p̃, θ̃)Z) +

1

8
Z(f)H(R(p̃, θ̃)X)

+
f

4
H((∇XR)(p̃, θ̃)Z) +

1

8
g−1(pR(X,Z), θ)H(gradf)

−1

2
V(θR(X,Z)) +

f

8
V(pR(X,R(p̃, θ̃)Z))

+
( 1

2f
Hessf (X,Z)− 1

4f2
X(f)Z(f)

)
Tθ,

R̂(HX,HY )Tη =
f

4
H((∇XR)(p̃, η̃)Y )− f

4
H((∇YR)(p̃, η̃)X)

+
1

8
X(f)H(R(p̃, η̃)Y )− 1

8
Y (f)H(R(p̃, η̃)X)

+
1

4
g−1(pR(X,Y ), η)H(gradf)− V(ηR(X,Y ))

+
f

8
V(pR(X,R(p̃, η̃)Y ))− f

8
V(pR(Y,R(p̃, η̃)X)),

R̂(HX, Tθ)Tη = −1

4
g−1(θ, η)H(∇Xgradf) +

1

8f
X(f)g−1(θ, η)H(gradf)

−f
4
H(R(θ̃, η̃)X)− f2

16
H(R(p̃, θ̃)R(p̃, η̃)X)

+
1

8
g−1(θ, η)V(pR(X, gradf))− 1

8
g(R(p̃, η̃)X, gradf)Tθ,
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R̂(Tω, Tθ)HZ =
f

2
H(R(ω̃, θ̃)Z)

+
f2

16

(
H(R(p̃, ω̃)R(p̃, θ̃)Z)− H(R(p̃, θ̃)R(p̃, ω̃)Z)

)
+

1

8

(
g(R(p̃, θ̃)Z, gradf)Tω − g(R(p̃, ω̃)Z, gradf)Tθ

)
,

R̂(Tω, Tθ)Tη =
f

16

(
g−1(ω, η)H(R(p̃, θ̃)gradf)− g−1(θ, η)H(R(p̃, ω̃)gradf)

)
+
(
1− |gradf |

2

4αf

)(
g−1(θ, η)Tω − g−1(ω, η)Tθ

)
for all X,Y ∈ Υ1

0(M) and ω, θ ∈ Υ0
1(M), where ω = ω−g−1(ω, p)p and ω̃ = g−1◦ω.

Proof. Using the Theorem 3.1 and Lemma 3.1, we obtain

AN
HX = 0 , AN

Tω = − 1

2
√
f
Tω,(5.7)

B(HX,HY ) = B(HX, Tθ) = B(Tω,HY ) = 0(5.8)

and

B(Tω, Tθ) = −
√
f

4
g−1(ω, θ).(5.9)

It is sufficient to use the Theorem 4.1 and (5.6)-(5.9) for obtaining the required
formulas for the curvature tensor (see [1]).

6. Geodesics of the generalized Cheeger-Gromoll metric on the unit
cotangent bundle T ∗1M

Let C be a parameterized curve on the cotangent bundle T ∗M . Geometrically
C(t) = (x(t), ϑ(t)), where x(t) is a curve on Mm and ϑ(t) is a covector field along
this curve. Denote by x′ = d x

d t = ẋ, x′′ = ∇x′x′, ϑ′ = ∇x′ϑ, ϑ′′ = ∇x′ϑ′ and

C ′ = dC
d t = Ċ. The following formula will be useful [13]:

C ′ = Hx′ + Vϑ′.(6.1)

Lemma 6.1. Let (Mm, g) be a Riemannian manifold, (T ∗1M, ĝf ) its unit cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric and C(t) = (x(t), ϑ(t))
be a curve on T ∗1M . Then we have

C ′ = Hx′ + Tϑ′.(6.2)
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Proof. Using (6.1), we have

C ′ = Hx′ + Vϑ′ = Hx′ + Tϑ′ + g−1(ϑ′, ϑ)Vϑ.

Since C(t) = (x(t), ϑ(t)) ∈ T ∗1M , g−1(ϑ, ϑ) = 1. On the other hand

0 = x′
(
g−1(ϑ, ϑ)

)
= 2g−1(ϑ′, ϑ),

i.e.,

g−1(ϑ′, ϑ) = 0.

Hence, the proof of the lemma is completed.

Subsequently, let t be an arc length parameter on C(t), from 6.2, we have

1 = |x′|2 +
f

2
|ϑ′|2.(6.3)

Theorem 6.1. Let (Mm, g) be a Riemannian manifold, (T ∗1M, ĝf ) its unit cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric and C(t) = (x(t), ϑ(t))
be a curve on T ∗1M . Then C(t) is a geodesic on T ∗1M if and only if{

x′′ = f
2R(ϑ̃′, ϑ̃)x′ + 1

4 |ϑ
′|2gradf,

ϑ′′ = − 1
f x
′(f)ϑ′.

(6.4)

Moreover, {
|ϑ′| = κ

f ,

|x′| =
√

1− κ
2f ,

(6.5)

where κ = const. ≥ 0.

Proof. Using (6.2) and the Theorem 5.1, when we compute the derivative ∇̂C′C ′,
we find

∇̂C′C ′ = ∇̂
(Hx′ + Tϑ′)

(Hx′ + Tϑ′)

= ∇̂Hx′
Hx′ + ∇̂Hx′

Tϑ′ + ∇̂Tϑ′
Hx′ + ∇̂Tϑ′

Tϑ′

= Hx′′ + Tϑ′′ +
1

f
x′(f)Tϑ′ +

f

2
H(R(ϑ̃, ϑ̃′)x′)− 1

4
g−1(ϑ′, ϑ′)Hgradf

= H
(
x′′ +

f

2
R(ϑ̃, ϑ̃′)x′ − 1

4
|ϑ′|2gradf

)
+ T
(
ϑ′′ +

1

f
x′(f)ϑ′

)
.

If ∇̂C′C ′ = 0, we obtain (6.4). Moreover, x′
(
|ϑ′|2

)
= x′g(ϑ′, ϑ′) = 2g(ϑ′′, ϑ′). Using

the second equation of the formula (6.4) we obtain

x′
(
|ϑ′|2

)
= − 2

f
x′(f)|ϑ′|2 ⇒ x′

(
ln |ϑ′|2

)
= −2x′ (ln f) ⇒ f2|ϑ′|2 = κ2 = const.,

i.e., |ϑ′| = κ
f , using (6.3) we find |x′| =

√
1− κ

2f , where κ = const ≥ 0.
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Corollary 6.1. Let (Mm, g) be a Riemannian manifold and (T ∗1M, ĝf ) its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. The curve

C(t) = (x(t), x̃′(t))/T ∗1M
is a geodesic on (T ∗1M, ĝf ) if and only if x(t) is a geodesic

on (Mm, g).

Proof. If x′(t) is a vector field along the curve x(t), then ϑ(t) = x̃′(t) is a covector

field along the curve x(t). From (6.1), we find ϑ′(t) = x̃′′(t). By virtue of Theorem
6.1 we deduce C(t) = (x(t), ϑ(t))/T ∗1M

(the restriction of a curve (x(t), ϑ(t)) on

T ∗1M) is a geodesic on (T ∗1M, ĝf ) if and only if x(t) is a geodesic on (Mm, g).

A curve C(t) = (x(t), ϑ(t)) on T ∗M is said to be the horizontal lift of the curve
x(t) on M if and only if ϑ′ = 0 [11]. Using Theorem 6.1 we deduce the following
corollary.

Corollary 6.2. Let (Mm, g) be a Riemannian manifold and (T ∗1M, ĝf ) its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. Let C(t) =
(x(t), ϑ(t)) be the horizontal lift of the curve x(t). C(t)/T ∗1M

is a geodesic on

(T ∗1M, ĝf ) if and only if x(t) is a geodesic on (Mm, g).

Example 6.1. Let R be equipped with the Riemannian metric:

g = exdx2.

The Christoffel symbol of the Riemannian connection of g is given by

Γ1
11 =

1

2
g11(

∂g11
∂x1

+
∂g11
∂x1

− ∂g11
∂x1

) =
1

2
.

The geodesics x(t) such that x(0) = a ∈ R, x′(0) = v ∈ R satisfy the equation

d2xk

dt2
+

m∑
i,j=1

dxi

dt

dxj

dt
Γk
ij = 0⇔ x′′ +

1

2
(x′)2 = 0.

Then x′(t) =
2v

2 + vt
and x(t) = a + 2 ln(1 +

vt

2
).

1) x̃′(t) =

m∑
i,j=1

gijx
′j(t)dxi = g11x

′(t)dx =
eav(2 + vt)

2
dx.

From Corollary 6.1, the curve C1(t)/T ∗1 R = (x(t), x̃′(t))/T ∗1 R is a geodesic on T ∗1 R.

2) If C2(t) = (x(t), ϑ(t)) is the horizontal lift of the curve x(t) and ϑ(t) = ϑ1(t)dx, then

dϑh

dt
− Γi

jh
dxj

dt
ϑi = 0⇔ ϑ′1 −

1

2
ϑ1x

′ = 0⇔ ϑ1(t) = k. exp(
1

2
x′(t)).

Then ϑ1(t) = k. exp( v
2+vt

) and ϑ(t) = k. exp( v
2+vt

)dx.
From Corollary 6.2, the curve C2(t)/T ∗1 R is a geodesic on T ∗1 R.
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3. F. Ağca and A. A. Salimov: Some notes concerning Cheeger-Gromoll metrics.
Hacet. J. Math. Stat. 42 (5)(2013), 533-549.

4. A. Gezer and M. Altunbas: On the rescaled Riemannian metric of Cheeger
Gromoll type on the cotangent bundle. Hacet. J. Math. Stat. 45 (2) (2016), 355-
365.

5. S. Gudmundsson and E. Kappos: On the geometry of the tangent bundle
with the Cheeger-Gromoll metric. Tokyo J. Math. 25 (1) (2002), 75-83.

6. F. Ocak: Notes about a new metric on the cotangent bundle. Int. Electron. J.
Geom. 12 (2) (2019), 241-249.

7. E. M. Patterson and A. G. Walker: Riemannian extensions. Quart. J.
Math. Oxford Ser. 2 (3) (1952), 19 28.
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