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Abstract. In this paper, we consider a generalized Cheeger-Gromoll metric on a cotan-
gent bundle over a Riemannian manifold, which is obtained by rescaling the vertical part
of the Cheeger-Gromoll metric by a positive differentiable function. Firstly, we inves-
tigate the curvature properties on the cotangent bundle with the generalized Cheeger-
Gromoll metric. Secondly, we introduce the unit cotangent bundle equipped with this
metric, where we present the formulas of the Levi-Civita connection and also all formu-
las of the Riemannian curvature tensors of this metric. Finally, we study the geodesics
on the unit cotangent bundle with respect to this metric.

Keywords: Horizontal lift and vertical lift, cotangent bundles, generalized Cheeger-
Gromoll metric, curvature tensor.

1. Introduction

In this field, one of the first works which deal with the cotangent bundles of
a manifold as a Riemannian manifold is that of Patterson and Walker [7], who
constructed a Riemannian metric on the cotangent bundle from an affine symmetric
connection on a manifold, which they called the Riemannian metric the Riemannian
extension metric. A generalization of this metric had been given by Sekizawa [10]
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in his classification of natural transformations of affine connections on manifolds
to metrics on their cotangent bundles, obtaining the class of natural Riemannian
extensions which is a 2-parameter family of metrics, and which had been intensively
studied by many authors. On the other hand, inspired by the concept of g-natural
metrics on tangent bundles of Riemannian manifolds, Agca considered another class
of metrics on cotangent bundles of Riemannian manifolds, that she called g-natural
metrics [2]. Also, there are studies presented by other authors, Salimov and Agca
[3, 8], Yano and Ishihara [11], Ocak [6], Gezer and Altunbas [4]. Note that the
deformations of the Sasaki metric on the cotangent bundle are not limited to those
mentioned above. We also refer to [12, 13, 14, 15, 16, 17, 18, 19].

In the previous works [16] we gave characterizations of geodesics on the cotangent
bundle with a generalized Cheeger-Gromoll metric which rescale the vertical part
by a nonzero differentiable function. Also, in [18], we presented some para-complex
structures on the cotangent bundle with a generalized Cheeger-Gromoll metric.
Here, the generalized Cheeger-Gromoll metric is pure with respect to the para-
complex structures. As a continuation of these studies, in this paper, we study the
geometry of the cotangent and unit cotangent bundle with the generalized Cheeger-
Gromoll metric. Firstly, we find the form of the Riemannian curvature tensor
(Theorem 4.1 and Proposition 4.1) of this metric. Then, we characterize the Ricci
curvature (Theorem 4.2), the sectional curvature (Theorem 4.3 and Proposition 4.3)
and the scalar curvature (Theorem 4.4 and Proposition 4.4) of this metric. In the
last section, we present the unit cotangent bundle equipped with the generalized
Cheeger-Gromoll metric. We establish the Levi-Civita connection of this metric
(Theorem 5.1) and all forms of its Riemannian curvature tensors (Theorem 5.2).
Also we study some properties of geodesics on the unit cotangent bundle with this
metric (Lemma 6.1, Theorem 6.1, Corollary 6.1 and Corollary 6.2).

2. Preliminaries

Let (M™,g) be an m-dimensional Riemannian manifold, T*M be its cotangent
bundle and 7 : T*M — M be the natural projection. A local chart (U, x’)_m on
M™ induces a local chart (77 '(U), 2", 2* = p;);_17.i=ms 00 T* M, where p; is the
component of the covector p in each cotangent space T, M, x € U with respect to
the natural coframe dx®. Let C°°(M™) (resp. C°°(T*M)) be the ring of real-valued
C* functions on M™(resp. T*M) and YT (M™) (resp. Y5(T*M)) be the module
over C®°(M™) (resp. C(T*M)) of C* tensor fields of type (r,s). Denote by Ffj
the Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on T*M, the vertical distribution
VT*M = Ker(dn) and the horizontal distribution HT*M that define a direct sum
decomposition

(2.1) TT*M = VT*M & HT*M.

Let X = X*-2. and w = w;dz’ be a local expressions in (U, z'),_t—, U ¢ M™

ox i=1,m>

of X € T{(M™) and w € TI(M™), respectively. Then the horizontal lift #X €
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YH(T*M) of X € Y§(M™) and the vertical lift Yw € Y{(T*M) of w € TI(M™) are
defined, respectively by

) !
2.2 Hy = X' = e xi—
( ) Ot +ph ij 8(Ei’
9
2.3 i - [
(2.3) w Wip

with respect to the natural frame {%, %}, (see [11] for more details).

In particular, if P be a local covector field on each fiber T M (i.e., P = p;dz?),
the vertical lift VP is called the canonical vertical vector field or Liouville vector
field on T* M.

Lemma 2.1. [11] Let (M™, g) be a Riemannian manifold. The bracket operations
of the vertical and horizontal vector fields on T*M are given by the formulas

(1) ["w, V0] =0,
(2) ["X,V0] = V(Vx9),
(3) [HX’ HY] = H[Xa Y] + V(pR(X, Y))

for all X, Y € T{(M™) and w,0 € TI(M™), where V and R denote the Levi-Civita
connection and the Riemannian curvature tensor of (M™,g), respectively.

Let (M™, g) be a Riemannian manifold. We can define the following maps
go YYM™) = To(M™) b AG(M™) = TYM™)
W e ) X e bhx)
by g(8(w),Y) = w(Y) and b(X)(Y) = g(X,Y), respectively. Locally, we have
f(w) = 9”%‘% and b(X) = g;; X'da?,
where (g%) is the inverse matrix of the matrix (g;;).

For each © € M™, the scalar product g—! = (¢%/) is defined on the cotangent
space T M by

971 (w,0) = g(§(w), £(0)) = g wib);.
In this case, we have f(w) = ¢g7! ow and h(X) = go X.

In the following, we noted f(w) by @ and b(X) by X.

Lemma 2.2. Let (M™,g) be a Riemannian manifold. We have the following

w=w , )~(:X,

(2.4)

(2.5) Vxd = Vxw,

(2.6) Xg M w,0) = g '(Vxw,0)+9 '(w, Vxb),
(2.7) WR(Y,X) = R(X,Y)&

for any X € Y{(M™) and w,0 € TI(M™).
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Proof. (i) The direct calculations give the results.

(i) For any Y € Y(M™), we find

X(w(Y)) —w(VxY)
= (Vxw)(Y)

= g(Vxw,Y).

(791) We have
Xg ' (w,0) = Xg(@,0)
= g(Vx®,0) + g(@,Vx0)
g_l(VXwﬁ) +g_1(w,VX9).

(iv) For any Z € Y§(M™), we have

—_—~— —_— S
gWR(Y, X)) = ga(wR(Y,X)) Z' = gstg"* (WR(Y, X)) 2"
= 6w RY ' XI 2" = guy@ R, Y X 2P

3. A generalized Cheeger-Gromoll metric

Definition 3.1. [16, 18] Let (M™,g) be a Riemannian manifold and f : M™ —
10, +o0[ be a strictly positive smooth function on M™. On the cotangent bundle
T*M, we define a generalized Cheeger-Gromoll metric noted g/ by

gf(HXvHY) - Vg(va):g(va)oﬂ-a
gf(Hxv Ve) 0,
o w0 = Lo to w0

for all X,Y € TH(M™), w,0 € Y(M™), where a = 1 + |p|? and |p| = /g~ 1(p, p)

is the norm of p with respect to the metric g~ !.

Note that if f = 1, then g/ is the Cheeger-Gromoll metric [3].

Lemma 3.1. [13] Let (M™,g) be a Riemannian manifold and p : R — R be a
smooth function. We have the following

L. HX (p(r2)) =0,
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2. Vw(p(r?)) = 20”9 (w,p),
3. 1X(g71(0,p)) = g~ (Vxb,p),
4 Yw(g™(0,p) = g7 (w,0)

for any X € Y{(M™) and w,0 € TI(M™), r? = g~ (p, p).

Lemma 3.2. [18] Let (M™, g) be a Riemannian manifold and (T* M, g) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. We get

()X (0.0 = X! (0, + 0 ((Tx0), V) + 9 (8. (V).
(2) Vg (0,) =~ 297 (w.n)g’ (0. Vn) + g7 (.00’ ("0, VP),
g7 g’ (Y6, VP),

w
::
>
Q
2”
SIES
<
)
<

= X(fg "0.p)+ fg~(Vx0,p),
(4) Ywg’ (Vi 9 P) = fg ' (w,0)

for any X € TY{(M™) and w, € Y{(M™), where VP is the canonical vertical vector
field on T*M.

The Levi-Civita connection V/ of the generalized Cheeger-Gromoll metric gf
on T*M is given in the following theorem.

Theorem 3.1. [18] Let (M™,g) be a Riemannian manifold and (T*M,g') its
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. We have

LVLAY = H(VxY) 4 VRO Y)),

2.1, = V(Tx0)+ 32 X0+ L (R(E.0)X).

VLY = vt LRG.EY),

VLY = gag! (0 V0 gradf) = (o' (0, VP)+ 9/ (6.7 P))
HOR T (0, Y8) — 0! (. P)g! (%, P)) P

for all X, Y € T{(M™) and w,0 € Y)(M™).

As a consequence of Theorem 3.1, we get the following Lemma.
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Lemma 3.3. Let (M™,g) be a Riemannian manifold and (T*M, g') its cotangent
bundle equipped with the generalized Cheeger-Gromoll metric. Then

1
1) VL P = ZX(f)'P,
2f
1
f _
(2) Vip"X = ﬁX(f)VP,
1 1 1
(3) VI,VP = =597 (w,n) (gradf) + —Yw+ —g7 (w,p)"P,
1 _ a—1 1 _
(4) Vip'w = 59 w.p)gradf) - ——"w+ ~g7 (w.p)"P,
-1
5) vi,p = -2 -—"(gradf)+"P

for X € T(M), w e TYM) and o =1+ g~ 1(p,p).

Definition 3.2. Let (M™,g) be a Riemannian manifold and F' be a tensor field
of type (1,1) on M™. Then the vertical and horizontal vector fields VF and “F
respectively are defined on T*M by

VF.T*M — TT'M

(z,p) +— VF(z,p)="(pF),
Hp.T*M — TT*M

(z,p) — TF(z,p)="(F(@p)),

locally we have

(3.1) VE = pV(dz'F),
(32 = pHEG),

where p = p;dz? and p = ﬁi% = pjgij%.

Proposition 3.1. Let (M™,g) be a Riemannian manifold, (T*M, g¥) its tangent
bundle equipped with the generalized Cheeger-Gromoll metric and F' be a tensor field
of type (1,1) on M™. Then we have the following formulas

LVLAE = MVxE) 4 R(X F()

2. ViV = V(VxF)+ g X(DVF + 5 (R(pF)X),
3.V = HE@) + o 9(F@)grad ) + 5 RG.DFG)).
LVIVE = VwF) - ! (Y, YF)H(gradS)

2f
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1
“of (97 (Yw,"P)VF + g/ (VF,VP)"w)
a+1 f

—|—( of g/ (Yw,VF) — F(Vw,VPYg! (VF, VP))VP

af??
for X € TH{M™), w € TY(M™) where pF = g~' o (pF).

Proof. The results come directly from Theorem 3.1. [J

4. Curvatures of the generalized Cheeger-Gromoll metric

We shall calculate the Riemannian curvature tensor R of T*M with the gen-
eralized Cheeger-Gromoll metric gf. This curvature tensor is characterized by the
formula

(4.1) RIU V)W =V{V{W - V{Viw -v] W

for all U, V,W € Y{(T*M).

Theorem 4.1. Let (M™,g) be a Riemannian manifold and (T*M, g7) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. Then we have
the following formulas

RIHx BvyHz — HR(X,Y)Z)+ éH(R(f),R(Z,Y)f))X)
- LR, R 0HY) + L RG RO YD)
(4.2) +$X(f)v(pR(Y, 7)) — Ly ()VpR(X, 7))

Af

57 2DV REXY) = 5 (T 2R)(X.Y),

RICX0) 2 = o X()HRG,0)2) + 1200 (R(5,0)X)

+£H(<VXR) (5.0)2) + ig*l(pR(X 1 2),0)(grad )

(4.9 ~SVIOR(X, 2)) + LV oR(X, R(5.0)2))
+(%Hessf(X, Z)— 4—}102X(f)Z(f))V9

4507 (0.0) WR(X, 2)) -

a+1
202

97 (PR(X, 2),0)"P,

RN = L wmeay) - Loy me.nx)
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F XD RGAY) =Y ()R )X)
(14) 50 WROCY) ) (grad ) — Y R(X,Y))
e Sy
da

4
207 (,0) ROX, V) — S0 GRIX, V), 1)V,

(PR(X, R(p,n)Y)) — " (pR(Y, R(p,7) X))

RI(UX, V) = —%(9*1(9777)+9’1(9717)9’1(77,p))H(ngradf)
+ﬁX(f) (97" (0:n) + 971 (0,p)g" (n,p)) "(grad )
(4.5) - L@ n)x) - Le.0re.5)x)
oL (67 0.0 (R E.2)X) - 57 0.) (R(.6)X))
+$ (9710, m) + 97 (0,0)g " (n,p))"(PR(X, grad f))
— 9B, )X, grad )'D,
R ("w,Y0)"z = gH(R(Uu,é)Z)
(4.6) +£2 (*(R(p,&)R($,0)2) — "(R(p,0)R(p,2)2))
/

+5 (97 (0,0)"(R(5,2)2) — g7 (w,p) (R(p.0)Z))

4o (9(R5,0)2, gradf) e - g(R(5,5)7, grad ) "6),

4
RI("w,"0)" = ﬁ (97" (w0, ) (R(p, O)grad f) — g~ (0,m) (R (5, D)grad )
+ 4f 507 0.0) (67 (@, p) (R, B)grad)
(4.7) ~1(0,p)"(R(p,@)grad f))
+(oz +O;z+1 Igf;lcgl];fl Vg 0,V — g~ (w0, m)")
+(1;3a - gl‘;df' )9 (n,0) (97 (0,p) w — g7 (w,p)"0)
+QO; 2 (97" 0, p)g  (w,n) — g~ (w,p)g"(6,7m)"P,

forall X,Y,Z € Y5 (M™) and w,0,n € YY(M™), where Hess? (X, Z) = g(Vxgradf,Z).
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Proof. By applying Lemma 3.2, Theorem 3.1, Proposition 3.1 we have
(1) RFCIX, 1Y) 7 = N Vi 12 =V VT2 = Vi i T2,

(1) Let F : T*M — T*M be the bundle map given by pF' = pR(Y, Z). Then

1
VinViy"Z = Vi ((Vy2)+5'F)

M(VxVy2)+ 5 OR(X, Vy 2)) + 5 (T (pR(Y, 7))

~IV(TxpR(Y, 2)) + S X ()Y R(Y, 2))

2 Af
f B —_—~

and using (2.4), we have
VinViZ = VT Z) b LRX, Ty 2)Y 4 5 (VX R(Y, 2))
5 (Vxp)R(YV.2) + X (D GR(Y.2)

LR, RZ,Y)5)X).

(#4) With permutation of X by Y, we have

1 1
Vin Vin"2 = M(VyVx2)+ ;Y 0RY.Vx2)) + 5V (Vy (PR(X, 2)))

5 (Vyn)R(Y. 2) + Y (D 0R(X.2)

+ LR, Rz X)),

(#i7) Direct calculations give

fz = v{I[X,Y

vf

H f H
(X, 7y ] Z+V Z

V(pR(X,Y))
= M0 2) + 5 ORIX,Y].2) + 5220 0R(X V)
+ LR, vy, x)p)2)

Hence, we have

HR(X, Y)Z) + (R, R(Z,Y)p)X)
/o

—i (R(ﬁ,R(Z,X)ﬁ)Y)_,_%H

R (fx, Ayt 7

(R(p, R(X,Y)p)Z)
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+ LX) R 2) - SV (1) (R(X, 2))

1

Af Af
572DV R + 5 (VX R)(Y.2)
(VY R)(X. 2)

where

V(p(VxR)(Y, 2))

Y(p(Vx(R(Y, Z)) = R(VxY, Z) = R(Y,VxZ)))
V(pVx(R(Y, 2)) = pR(VxY, Z) — pR(Y,Vx Z))
— V(Vx(pR(Y 2)) - (Vxp)R(Y, Z) - pR(VxY, Z)
—pR(Y,VxZ)).
Using the second Bianchi identity, we obtain
"((VxR)(Y, 2)) = V(p(Vy R)(X, Z)) = =Y(p(VzR)(X,Y)),

which gives the formula (4.2). The other formulas are obtained by a similar calcu-
lation. O

Proposition 4.1. Let (M™, g) be a Riemannian manifold and (T* M, g') its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. If (T*M,g¥) is
flat, then (M™,g) is flat.

Proof. Tt is easy to see from (4.2) If we assume that R/ = 0 and calculate the
Riemannian curvature tensor for three horizontal vector fields at (x,0) we get

Rl o ("X, ") "7 = "(R,(X,Y)Z) = 0.
U
Let (z,p) € T*M with p # 0, {E;};,_1, and {w'},_15; be a local orthonormal

frame and coframe on M™, respectively, such that w! = ﬁ, then

1 ay o
_ H _ Ly oy
(4.8) {Fi=El',Fpy1 = NG w Fmyj = 7 wj}i:f,jzw

is a local orthonormal frame on T*M.

Theorem 4.2. Let (M™,g) be a Riemannian manifold and (T*M, g') its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. If Ric (resp.
Rict) denotes the Ricci curvature of (M™,g) (resp. (T*M,g')), then we have

Ric/ (BX, 1Y) = Ric(X, Y)—% Y 9(R(Eq, X)p, R(E,,Y)p)
a=1
(4.9) —%H@ssf (X,Y)+ T’;‘QX( AY (),
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Ricf (HX ) Vg) = sz (Vg,R)(p,0)X, E,)
(410) + L (R (5, 0)X. grad )
Rid/ (. %0) = 3 3" G(RGL®)Ea, RG.OE)
a=1
_(AQ(J{) n (m — Qif%radf2 N a(m — ;Lz— m — 1)gf(vw, VH)
(4.11) +W9’1(w,9)

for all X, Y € T{{(M™) and w,0 € TY(M™).

Proof. In here, we use the local orthonormal frame (4.8) on T*M.
i) From the formula (4.2), we have

Ric! (HX,Hy) = igf(Rf(HEa,HX)HY, HEa)Jr%gf(Rf(le,HX)HY,le)
+;‘§:29f(3f(v o Hx)Hy, Vo)
_ Zm‘; (g(R(Ea,X)Y,E ) = <=g(R(p. R(Y, E)p)X, o)
b g(R(, R(Bw, X)P)Y, E))
g s (X.Y)g! (5l Val) s X (DY (D)g! (Ve
v i (= 39" (@ROG R, 5Y)), V)

~ g2 Hess! (XY )g! (0, V) 4 L X (Y (D)g (0, ).

In order to simplify the last expression, we have

Wt = Zgw E;) zm: Ghw® Ek Z gnrg’"w§ Ef E;
i,h,k=1 i,h,k,j=1
= Z SwIEFE; = Zm: Wil E; = Zw i:iéfﬂ
i,k,j=1 7,7=1 =1

(412) = E,.
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With simple calculation we have

o (ROC RG.GY)),Yw) = Lo r0x R0y ),0)

= LoRr0x R, 9),

using (2.4) and (4.12)
o (RO RG.Y)),Yt) = Lo(r(re, a0y, x5, 59)
= Lo, R,y x)

_ _gg(R(p,Ea)X,R(ﬁ,Ea)YL

then we find
Ric! (X, 7Y) = Rie(X,Y) = 2L S g(R(Ew X)p, R(E., Y)P)
a=1
—%H@ssf(X, V) + %X(f)Y(f)

+£ S 9(R(B, Ea) X, R(G, E,)Y).
a=1

On the other hand, we have

m m

> 9(R(Ea, X)p, R(Ea,Y)p) = > g(R(Ea, X)p, Es)g(R(Ea,Y)p, Es)

a=1 a,s=1

s=1
(4.13) = Y g(R(p, B)X, R(p, E.)Y).
a=1
Hence, we get
Ric/ (X, 1Y) = Ric(X,Y)— % zm: 9(R(Eq, X)p, R(E,,Y)p)
a=1
—%H@ssf(X, V) + T’;‘QX(f)Y(f)
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The other formulas are obtained by a similar calculation. [

It is known that the sectional curvature K/ on (T*M,§) for P is given by

g/ (RI(V. W)W, V)
gr (V. V)gH (W W) — g/ (V,W)?’

(4.14) KI(v,w) =

where P = P(V, W) denotes the plane spanned by {V7 W}, for all linearly indepen-
dent vector fields V,W € T{(T*M).

Let K7 (1X, HY), Kf(HX,V9) and K7 (Yw,"0) denote the sectional curvature of
the plane spanned by {HX, HY}, {HX, VG} and {Vw, VG} on (T*M, §), respectively,
where X,Y are orthonormal vector fields and w, # are orthonormal covector fields
on M™.

Proposition 4.2. Let (M™, g) be a Riemannian manifold and (T* M, g¥) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. Then we have
the following

of (B (PX, V)1, 1X) = g(ROX Y)Y X) — S ROCY )i,

XUP 1
daf 2«
P ome 5

_ 2

o (B, ¥0)0, V) = (L8 WmlIEy (4 oy 4 7 0,0?)

CEL Y,

for all X,Y € Y{(M™) and w,6 € YI(M™).

g (RT(HX,V9)V0, X)) = Hess' (X, X)) (1+¢g7'(0,p)?)

+

Proof. i) From the formula (4.2), we have
BRI (XY )P IX) = g(ROX Y)Y, X) — 2 g(R( ROV, X)p)Y, X)
L g5, RO V)P, X)
o(ROCYIY, X) — 2L | Rex, vl

+

i1) From the formula (4.5), we have

1
g (RT("X,V0)Ve,7X) = —%(1 +971(0,p)?)Hess! (X, X)

X(f)?

+ daf

2 ~
(1 +g_1(0>p>2) + E|R(ﬁ7 9)X|2
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— %Hessf(X,X)) (1 + g_l(evp)Q)

2
~_|R(p,0)X|?.
+a2 BB 0)X]

i41) The result follows immediately from the formula (4.7)

(a2+a+1 B |g7’adf|2)f

9" (R ("w,"0)"0, Vw) (149 Hw,p)?)

@ daf Ja
P e IE g e DS o
_ ;f)f B Igrfjgflz)(l + 97 w,p)2 + 97 1(6,p)%)

O

Theorem 4.3. Let (M™,g) be a Riemannian manifold and (T*M, g/) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. The sectional
curvature K7 satisfies the following equations

KXY = KXY - S Roc v

e v ARGOXP XU 1
RO = Gireimpn tap oo X,
Kf(Vw’Vo) — -« a+2 1 _ |g7‘adf|2

fo? T af Trg i@t @.p?  Af

for all X,Y € TY{M™) and w,0 € TI(M™), where K denotes the sectional curva-
ture tensor of (M™, g).

Proof. Using the Proposition 4.2 and direct calculations we have

of (R (11X, Y ) Py, Hix)
97 (X, X)) g7 (7, 7Y ) — g7 (X, 7Y )?

(1) K/ (PX, )

KX Y) = L prex v,

gf(Rf(HX7 Vo)Ve, HX)
g7 (AX, HX)g7 (V0,V0) — g7 (X, V0)>
FIR(p,0)X|? X(f)? 1
da(l+g71(0,p)2)  4f*  2f

2) K7 ("X, Y0) =




On the Cotangent Bundle and Unit Cotangent Bundle 167

gf (Rf(vw7 VG)V67 Vw)
9/ (Yw, Yw)g? (V0,V0) — g/ (Yw,V0)?
l-a a+2 1 lgrad f|?
o T Taf Ttg @ty 02 A

(8) K7 (Y, Y0) =

O

Proposition 4.3. Let (M™,g) be a Riemannian manifold of constant sectional
curvature r and (T* M, g¥) its cotangent bundle equipped with the generalized Cheeger-
Gromoll metric. Then the sectional curvature K/ satisfies the following equations

3fK?

K MY) = k== (9(X0p) + 9(Y.p)?),
£r2(9(X,0)2p? — 29(X,0)g(X, p)g(0,p) + 9(X,p)?)
f(H V, _
HOX) = Tl + g1, 0)?)
X(f)? 1
+ i —fHess (X, X),
K (Yo, Vo) = l—-a a+2 1 |grad f|?

jao T af T4g wpl g 007 4

for all X, Y € T{(M™) and w,0 € YY(M™).

Proof. If M™ has constant curvature s, then for all U, V,W € T§(M™) we get
R(U V)W = k(g(V,.W)U — g(UW)V).

From direct calculations we get

IR, X)p> = r*(9(X,p)*+9(Y,p)?),
R(p,0)X]> = &2(g9(X,0)|p|* — 29(X,0)g(X,p)g(0,p) + 9(X.p)?),

which completes the proof. [
Theorem 4.4. Let (M™,g) be a Riemannian manifold and (T*M, g7) its cotan-

gent bundle equipped with the generalized Cheeger-Gromoll metric. If o (resp. of)
denotes the scalar curvature of (M™,g) (resp. (T*M,g')), then we have

ol = ‘l]‘z‘azlm Eq, E)p|* — Wmmdfﬁ fA(f)
(4.15) +(n}a21) (6 +(m—2)(a*+a+ 1)),

where A(f) is the Laplacian of f.
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Proof. Let (Fk)y_13,; be a local orthonormal frame on (7™M, g7) defined by (4.8).
Using Theorem 4.2 and the definition of the scalar curvature, we have

0’ ZRZC Fb,Fb)+RZC ( m+1,Fm+1 +ZRZC m+baFm+b)~
b=1 b=2

Using (4.9), we have

> Rid/(F,,F,) = Y Ric/("E,,"Ey)
b=1 b=1
— . % > IR(Ew B + 25 M radf|? — %A(f).
a,b=1
Using (4.11), we have
Ric! (Foy1, Fng1) = %Ricf(vwl,vwl)
m — 2 3(m—1
- —ngmdﬂ? - 7A(f) (foﬂ)'
and
i RZC m+b7 ’m-‘rb) = i %Ricf(vwba Vwb)
b=2
D M LY b
a,b=1
I AD + P (0 a)m =)+ mt 1)
f m
ol = 2% azbgl |R(E,., Ey)p|*> + 12 |97“adf|2 - ﬂA(f)
_ 3(m —
_%\gmdﬂQ - 7A(f) (mfa21)
f - . (m —2)(m —1)
tia a;1 |R(P, Ey)Eq|* — 4—f2|97"adf|2
—mTA(f) + Tr};gl (@®+a)(m—2)+m+1).

In order to simplify the last expression, we have

m m

SR, EDE? = Y |R(Ea, Byl

a,b=1 a,b=1
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by (4.13), hence

o= o S IR B = " grad s T A)
+n};21 (6 +(m—2)(e®+a+ 1)).

O

Proposition 4.4. Let (M™,g) be a Riemannian manifold of constant sectional
curvature k and (T* M, g) its cotangent bundle equipped with the generalized Cheeger-
Gromoll metric. If of denotes the scalar curvature of (T*M,g'), then we have

n(ozfl)f) _ m(m—3)
2a 4f2

(64 (m—2)(a* +a+1)).

lgrad f|> — ZA(f)

of = (mfl)m(m— 7

m—1
4.16 —_—
(416) e
Proof. If M™ has constant curvature s, then for all U, V,W € T§(M™),

RU, VYW = k(g(V, W)U — g(U,W)V),

oc=m(m-1)k

and

Y IRELENBP = 265°(m = 1)|pl® = 267 (m — 1)(a - 1).

i,j=1

This completes the proof. O

5. The generalized Cheeger-Gromoll metric on the unit cotangent
bundle T} M

The cotangent sphere bundle of radius » > 0 over a Riemannian manifold
(M™, g) is the hypersurface

M = {(z,p) €T"M, g7 (p.p) =1°}.
When r =1, Ty M is called the unit cotangent (sphere) bundle such that
(5.1) TiM = {(z,p) €T*M, g '(p,p) =1}.
If we set
F:T"M — R
(@.p) = Flz.p)=g ' (p.p) L,
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then the hypersurface 77 M is given by
M = {(z,p) e T*M, F(x,p) =0}

and grad/ F (the gradient of F with respect to g/) is a normal vector field to T} M.
From the Lemma 3.1, for any X € Y§(M™) and w € Y)(M™), we get

gf(HX, gradfF) = HX(F) = HX(g_l(p,p) -1)=0,
2
gf(vwvgra'dfF) = Vw(F) = Vw(g_l(pvp) - 1) = 29_1(w7p) = ?gf(Vw’ VP)
So
fp_ 2v
grad’ F' = ? P.

Then the unit normal vector field to 77" M is given by

grad’ F _ vp 1y P
VoI (gradfF,grad’F)  /¢?("P,VP) VT
The tangential lift “w with respect to g¥ of a covector w € T*M to (z,p) € Ty M

as the tangential projection of the vertical lift of w to (z,p) with respect to NV, that
is,

N =

Tw="w—gl, ("0, Nap)Nap =0 =g (@,0) Pl ).
For the sake of notational clarity, we will use @ = w — g~ !(w, p)p, then Tw = V.
From the above, we get the direct sum decomposition

(5.2) TiapT M =Ty )T M & span{Ni, p} = Tiw T M & span{ P},
where (z,p) € TY M.
Indeed, if W € T, ,)T* M, then there exist X € T, M and w € T; M such that
W= X4+ Y
= fix + Tw + g{ac,p)(vw"/\/(%P) )'/\/(93717)
(5.3) = "X+ T+ g, (w,p) Pl

From (5.3) we can say that the tangent space T{, )17 M of Ty M at (z,p) is given
by

T TiM = {"X +Tw /X € T,M,w € {p}* C Ty M},
where {p}* = {w € T} M, g=*(w,p) = 0}. Hence T(,,)T7 M is spanned by the
vectors of the form 7X and Tw.

Given a covector field w on M™, the tangential lift “w of w is given by

(54) Tw(m,p) = (Vw - gf(VWaN)N) (z,p) = Vw(w,p) - gajl(wxap)vp(a:,p)'

For any X € Y{(M™) and w € Y{(M™), we have the following
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Definition 5.1. Let (M™, g) be a Riemannian manifold and (T M, g/) its cotan-
gent bundle equipped with the generalized Cheeger-Gromoll metric. The Rieman-
nian metric ¢/ on T M, induced by ¢/, is completely determined by the identities

g (XY = g(X,Y),
gf(HXaT9> = 0,
90T = L0 g @ e 0.n)

for all X,V € Y{(M™) and w,0 € TI(M™).
We shall calculate the Levi-Civita connection V of T7M with the generalized
Cheeger-Gromoll metric §7. This connection is characterized by the formula
(5.5) VoV = VLV — ¢/ (VIV,MN
for all U,V € Y§(T*M).

Theorem 5.1. Let (M™,g) be a Riemannian manifold and (Ty M, §%) its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. Then we
have the following formulas

LOux® = HVxY)+ LRR(GY))
290570 = (Tx0)+ 5 X(0+ LRG0,
~ 1 f s
3. vaHY = ﬁy(f)Tw + ZH(R(pa W)Y)v
4. ﬁTwTG = —i(g_l(w, 0) — g_l(w,p)g_l(H,p))ngadf — g7 40,p)"w

for all X, Y € T§{(M™) and w,0 € TY(M™).

Proof. In the proof, we will use the Theorem 3.1, Lemma 3.3 and the formula (5.5).
1. By direct calculation, we have

Vixy = VI Y — ¢/ (VI Y, NN
1 1
= HVxY)+ 3YORXY)) - of G (R(X,Y)), NN

1
= H(VxY) +

iT(pR(X7 Y) ) .
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2. We have Viuy 10 = V{,XTH - gf(V{,XTH,N)N, by direct calculation, we get

1
Vi 0= T(9x0) + 5 X (00 + THRGOX) and ! (T T AN =0
Hence
Viax 10 = T(Vx0) + 5 fX( )70 + %H(R(ﬁ, 0)X).
3. Also, we have V2 = V?FLHY —gf (VJ;WHY, N)N, by direct calculation, we get
1
vi Ay = ﬁy( ) w+ %H(R(ﬁ,Q)Y) and ¢! (V1 BY,N)N =0
Hence
VX = LY ()T + LH(Rp.3)Y)
w 57 1 D, .

4. In the same way above, we have Vz,70 = Vi T — ¢/ (V1 T0, NN,

v, = “Hw,0) — g w,p)g~ (0, p)) Pgradf — g~ (0, p)"w

5 ~
(w,0) + 797 (w,p)g ™ (0,))"P

,3(
T

and
g (VY NN = (= g7 (w,p)g (0,p) — ig_l(w, 0) + gg‘l(w,p)g_l(&p))vp-
Hence
Va0 = —% (97" (w,0) — g~ (w,p)g~ " (0,p)) "grad f — g~ " (6,p)"w
O

Now, we shall calculate the Riemannian curvature tensor of 77" M with the gen-
eralized Cheeger-Gromoll metric §7.

Denoting by R the Riemannian curvature tensor of (T M, §'), from the Gauss
equation for hypersurfaces we deduce that R(U, V)W satisfies

(5.6) R(U,V)W =R/ (U, V)W) — BU,W).AxV + B(V,W).AxU,

for all U,V,W € Y}(T*M), where {RY(U, V)W) is the tangential component of
R (U, V)W with respect to the direct sum decomposition (5.2), Ay is the shape
operator of Ty M in (T*M, g’) derived from N, and B is the second fundamental
form of Ty M (as a hypersurface immersed in T* M), associated with A" on T} M.
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AnU is the tangential component of (fV{,N'), ie.,
AnU = —{(ViN).
B(U,V) is given by Gauss formula, VfUV =VuV + B(U,V).N. So
B(U,V) = g! (V[ V. N).

Theorem 5.2. Let (M™,g) be a Riemannian manifold and (Ty M, §') its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. We have
the following formulas

ROXY)"Z = M(R(XY)Z) + LARG, R(Z,Y)9)X)

L, mz, X)pY) + L7 RG, RO VI 2)

+$X( PIPR(Y, 2)) — %Y(f)T@R(X, 7))

572N TORY)) = 5V ZR)(X.Y),

ROX, 072 = X(P)PRG.07) + <27 (R, 6)X)

HE(TR)3,0)2) + 597 PR(X, 2),0)(grad )

—%V(ER(X, 7)) + gv(pR(X ,R(p,6)2))

+(%Hessf(X, Z)— 4—}2X(f)Z(f))T0,
ROX YT = (@ mG.ay) - Lo R G )%)

8
ROXTON = —307 00 (Vxgradf) + g2 X (g™ 0.7)(grad)
~ 2 ~
L@ 5)X) ~ LR, 0)RG.7)X)
1

+507 @) WR(X, grad ) — o(R(, )X, grad )75,
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R(Tw,T9)Hz = gH(R(a,é)Z)
(R, )R(G.0)7) - "R, 0)R(5.5)2))
5 (9(R(B.0)7,grad )i — g(R(G, 27 grad )'9),
ROW 0 = (o7 @0 (R, B)gradf) — g~ @) (R(5.B)grad )
,M -1 57T, _ ,—1 T,
+(1 ) (g™ (0. 1) 'w — g7 (w.m)"0)

daf

for all X, Y € YA(M) and w,0 € YI(M), wherew = w—g~(w,p)p and@ = g~ ow.

Proof. Using the Theorem 3.1 and Lemma 3.1, we obtain

Hy __ T 6 _ _LT
(5.7) AviX =0, Ayviw= NI w,
(5.8) BHX,fy) = B(#X,79) = B(*w,"Y) =0
and
(5.9) B(Tw,79) = —ggfl(w,é).

It is sufficient to use the Theorem 4.1 and (5.6)-(5.9) for obtaining the required
formulas for the curvature tensor (see [1]). O

6. Geodesics of the generalized Cheeger-Gromoll metric on the unit
cotangent bundle 77 M

Let C be a parameterized curve on the cotangent bundle T M. Geometrically
C(t) = (=(t),9(t)), where z(t) is a curve on M™ and 9(t) is a covector field along
this curve. Denote by z/ = ”Ull—‘f =z, 2/ = V', v = V9, ¥/ = V1 and
C'= % = C. The following formula will be useful [13]:

(6.1) C' =M V'
Lemma 6.1. Let (M™,g) be a Riemannian manifold, (T} M,§’) its unit cotan-

gent bundle equipped with the generalized Cheeger-Gromoll metric and C(t) = (z(t), 9(t))
be a curve on Ty M. Then we have

(6.2) C' =My 4+ Ty
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Proof. Using (6.1), we have
' o= M V9 =My T 4 g (9.
Since C(t) = (z(t),9(t)) € Ty M, g~ 1(9,9) = 1. On the other hand
0 = /(g7 (0,9)) =297 (9", 0),
ie.,
g 1, 0) =0.
Hence, the proof of the lemma is completed. [
Subsequently, let ¢ be an arc length parameter on C(t), from 6.2, we have
(6.3) 1= |x’|2+£|19’\2.
Theorem 6.1. Let (M™,g) be a Riemannian manifold, (T M, §') its unit cotan-

gent bundle equipped with the generalized Cheeger-Gromoll metric and C(t) = (z(t),9(t))
be a curve on Ty M. Then C(t) is a geodesic on Ty M if and only if

" = LR, D) + 19 |2gradf
6.4 2 ’ 4 ’
( ) { 79// — —%x'(f)ﬁ’.
Moreover,
v = 5
6.5 "
( ) { ‘x/| _ 1— =,

where k = const. > 0.

Proof. Using (6.2) and the Theorem 5.1, when we compute the derivative V¢ C”,
we find

ﬁC’Cl = ﬁ(Hx/ + Tﬁl) (HJJ/ + T’L9/)
= §H:E1Hl‘/ + §HI/T19/ + Vg ! + Vg T’

1 ~ 1
_ H.’L'// + T,lgl/ + ?Sﬁ'l(f)Tﬁl + gH(R(’lg,’lg/)fL'/) _ 19_1(19/719/)H97Wdf

= "+ gR(ﬁ,ﬁ’)x’ - 3\19’|Qgradf) + (0" + %w’(f)ﬁ').

If Ve O = 0, we obtain (6.4). Moreover, 2/ (|9)?) = a’g(¢,9") = 2g(9", ). Using
the second equation of the formula (6.4) we obtain

;x’(f)h?’\z = 2/ (n[y'?) = -22"(Inf) = f|Y']* = k* = const.,

Le., [J'| = %, using (6.3) we find [2'| =, /1 — 37, where k = const = 0. O

2! (|19’|2) = —
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Corollary 6.1. Let (M™,g) be a Riemannian manifold and (T} M,§7) its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. The curve

C(t) = (x(t),x’(t))/fikM is a geodesic on (Ty M, §7) if and only if z(t) is a geodesic
on (M™,g).

Proof. If 2/(t) is a vector field along the curve x(¢), then ¥(t) = :ET(;) is a covector
field along the curve z(t). From (6.1), we find ¢ (¢) = 9;’7(15/) By virtue of Theorem
6.1 we deduce C(t) = (x(t),ﬂ(t))ﬁfM (the restriction of a curve (x(t),9(t)) on
Ty M) is a geodesic on (T7 M, §/) if and only if x(t) is a geodesic on (M™,g). O

A curve C(t) = (z(t),9(t)) on T*M is said to be the horizontal lift of the curve
x(t) on M if and only if ¢ = 0 [11]. Using Theorem 6.1 we deduce the following
corollary.

Corollary 6.2. Let (M™,g) be a Riemannian manifold and (T} M,g') its unit
cotangent bundle equipped with the generalized Cheeger-Gromoll metric. Let C(t) =
(x(t),9(t)) be the horizontal lift of the curve x(t). C(t)/fl*M is a geodesic on

(Ty M, §%) if and only if x(t) is a geodesic on (M™,g).

Example 6.1. Let R be equipped with the Riemannian metric:

g = e“dz’.

The Christoffel symbol of the Riemannian connection of g is given by

0911 , Ogi1  Ogn 1

Ozt Ozt Ozt )= 2

1
Ph = 5911(

The geodesics z(t) such that z(0) = a € R, 2’(0) = v € R satisfy the equation

d?z” " det da? s 1, .9
L Lz —o
dt? +”Z,::1 @ @i 0er gy =0
Then z'(t) = v and z(t) = a+2In(1 + U—t)
24+t 2

i,j=1
From Corollary 6.1, the curve Cy (t)/I’l*R = (z(t), .T'(t))/Tl*R is a geodesic on TTR.
2) If Co(t) = (z(t),¥(t)) is the horizontal lift of the curve z(t) and ¥(t) = ¥ (¢t)dz, then

i

8 ey Ly "= 05 (f) = k. exp(oa (1))
ac g VT LTt = = el

Then 91 (t) = k. exp(575;) and 9(t) = k. exp(535;)dz.

From Corollary 6.2, the curve Cs (t)/I’l*]R is a geodesic on TTR.
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