FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 40, No 2 (2025), 261-284
https://doi.org/10.22190/FUMI221202020D
Original Scientific Paper

QUALITATIVE ANALYSIS OF SOLUTIONS FOR A TIMOSHENKO
TYPE EQUATION WITH LOGARITHMIC SOURCE TERM

Yavuz Ding!, Nazh Irkil?, Erhan Piskin® and Cemil Tunc*

1 Department of Electronics Technical, Artuklu University, Mardin, Turkey
2 Department of Mathematics, Said Nursi Anatolian High School, Mardin, Turkey
3 Department of Mathematics, Dicle University, Diyarbakir, Turkey
4 Department of Mathematics, Yuzuncu Yil University, Van, Turkey

ORCID IDs: Yavuz Ding¢ https://orcid.org/0000-0003-0897-4101
Nazli Irkil https://orcid.org/0000-0002-9130-2893
Erhan Piskin https://orcid.org/0000-0001-6587-4479
Cemil Tung https://orcid.org/0000-0003-2909-8753

Abstract. This paper deals with a Timoshenko type equation with strong damping and
logarithmic source terms. The global existence and the decay estimate of the solutions
have been obtained. We reproduce the finite time blow up results of weak solutions by
the combining of the concavity method, perturbation energy method and differential—
integral inequality technique. These results extend and improve some recent results in
logarithmic nonlinearity.
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1. Introduction

We study the following Timoshenko type equation with strong damping and
logarithmic source terms

u — M (||Vu|\2) Au+ A2u— Auy = [uf P ulnlu|, z€Q, t>0,
(L.1) w(z,0) =ug (), u(x,0)=u(x), x €,
u(x,t):%u(x,t):o, x e, t>0,
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where Q C R™(n > 1) is a bounded domain with smooth boundary 0Q, M (s) =
1+ s7, v > 0; v is the outer normal, and

2v+2<p < o0, n <4,
2y +2<p< -2 n > 5.

n—4°

This type of equation is derived from the extensible beam equation of Woinowsky-
Krieger [30],

L
Utt + Ugggs — <0é1 + b1 / |ut| dT) Ugy + g (ut) =0,
0

for g = 0, where u (x,t) is the deflection of the point z of the beam at the time ¢
and a1, 31 > 0 are constants.

Many authors have considered the following equation
(1.2) s+ A2 — M <||Vu||2) A+ [usP 2w = |ul % w.

In [7,8], Esquivel-Avila studied the attractor, unboundedness and convergence of
solutions for the equation (1.2). In [23], Pigkin investigated the existence, nonex-
istence and decay estimates of solutions for the equation (1.2). Also, we note that
many authors [10, 22, 24, 26-28] have considered (1.2).

In absent the A%y term the equation (1.1) can be named Kirchhoff type equation.
This type equation is introduced by Kirchhoff [14]. The following form of Kirchhoff
type equation

(1.3) wn = M ([ Vull) Au+ f (w) = g (u),

was studied by a lot of authors [2,20,31, 32].

If we ser g(u) = uln|u| and M(s) = 1, equation (1.3) becomes the classical
wave equation with a logarithmic source term. This type of problems have many
applications in many branches physics, such as quantum mechanics, nuclear physics,
supersymmetric field theories, optics [3,4].

In [5], Cazenave and Haraux considered the following equation
(1.4) Uy — Au+u=uln|u|",

and they showed the existence of solutions in R3. Numerous studies related to
logarithmic nonlinearity can be found in the literature [1,6,9,11,12,25].

Yang et. al [34] investigated the equation
(1.5) wge — M <||Vu||2) Au+ Juel” g — Aug = uF "V n [u] .

They studied the local existence, decay and finite time blow up of solutions. In
[25], Pigkin and Irkil discussed the problem (1.5) without strong damping term for
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negative initial energy by using modified energy functional method. In [12], the
same authors considered the following equation

ug + M (||Au||2) A%u+ ague + ay Jug]"  ug = |ulP In ful®,

where ag, a1, k are a positive real number. They proved that the solution exists
globally. Furthermore, they studied decay estimates result of the solutions.

On the other hand, problems involving the Kirchhoff term (M (HAuH2)) or the
logarithmic source term (In |u|) have drawn significant interest [16-19,21,29, 33].

Upon examining the existing literature, although many studies address Kirchhoff-
type equations with logarithmic source terms, very few studies focus on Timoshenko-

type equations with such terms. Therefore, we considered the Timoshenko equation
with a logarithmic source term.

This paper is organized as follows: In Section 2, we present some notations and
lemmas that will be used in our proofs. In Section 3, we prove the global existence
of the solution to problem (1.1) using the Faedo-Galerkin method. In Sections 4
and 5, we establish decay estimates and determine the upper and lower bounds for
the blow-up time, respectively.

2. Preliminaries

In this work, we denote

W (Q) = 2 (©),
WoP (Q) = LP (Q),
({uvdm = (u,v),

Jull = lrull gy = (S Il d)
1
Iy = 1oy = (g lal” da)

Moreover, C; (i =1,2,...) are arbitrary constants.

N|=

We define the energy functional E(t) of problem (1.1) as:

L2 1 2 1 2
BEt) = 5 llwll”+ 5 1Aull” + 5 [IVul]” +

- V 2vy+2
, I7u

2942

1 1
(2.1) - /up In |u| dz + e [l -
)

Lemma 2.1. E(t) is non-increasing function for t > 0 and

(2.2) E' (t) = —||[Vu® < 0.
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Proof. Multiplying the equation in (1.1) by u; and integrating on 2, we have

(uge, ug) — <M (||Vu||2) Au, ut> + <A2u,ut> — (Aug,up) = <|u|p_2 uwln |ul ,ut> ,

/uttutder/ M<||Vu||2) VuVutd:r+/ AuAutder/ VuVuidx
Q Q Q Q

= /|u|p72uln|u\utdx,
Q

d (1 5 1 5 1 2 2y 42
a1 LA L 2l
& (3 hut®+ J 10l + 5 19l + 5 19wl
d 1 1
e (—p/ﬂuplnu|dx+pQ||u||§>
= — ||V
and
(23) E' (1) = ~ |Vl <0,
t
E(t)+//\Vut|2dxdt = E(0),
0 Q
(2.4) E(®) < E(0)
where
E(0) = =+ = 18wl + = [Vuo|* + N
2 2 2 2y 12
1 1
P p
(2.5) —];/Quoln|uo|dx+]¥|\uo\|p.
[l

3. Global existence

In this part, we prove the global existence of solutions for problem (1.1).

First, we define the following functionals

2 2 2942
J(u) = 5 |Aul® + 5 [ Vull* + 52t [ Va7

3.1
(3.1) —%fQ uP In |u| dz + p% [l

and

(3.2) I(u) = || Au)® + || Vul? + |[Vu|* T2 - / u? In |ul dz.
Q
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Clearly, we have

s = i+ (222 ) 1au+ () vl

p
p—2y—2 2942, 1
() IVl 2l

_|_

(27 +2)
p—2
(33 > (252 1wl
and
1
(3.4) B () = 3wl + 7 (u).
The depth of the potential well is defined by

(3.5) W= {ueH;(Q)|J(u)<d, I(u)>0}uU{0}
and
(3.6) V={ueH;(Q)|J(u)<d, I(u)<0}.

Now, we state some properties of I(u) and J(u).

Lemma 3.1. For any u € HZ (Q), ||Vul| # 0 and let g(\) = J (Au). Then, we
get

i) limg (\) =0, lim g (\) = —oo,
A—0 A—o00
ii) there exists a unique A1 such that g’ (X\) = 0,

ii1) g () is strictly decreasing on Ay < A, strictly increasing on 0 < X < \; and
takes the mazimum at A = A1; I (Au) = Ag' () and I (M) = )\%J (Au).

>0, 0< A<\,
10w =0, A= AL
<0, AL < A

Proof. i) By the definition of J (u), we get
g = J(w)
AV 72

1 2, 1 2
N PV T
R
1

1
—;/ ()\u)pln|)\u|daﬁ+—2/ |Aul? dx
1

= 42 Au )\2
| Aull® + Vu II+2 9

AT |27

1
(3.7) —f)\p/ uP In |u| dz — f/\pln)\/ uPdr 4 — N |lull7,
p Q p Q p
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which means limg (A\) =0, lim g(\) = —o0.
A—0 A—00
ii) Now, differentiating g (\) with respect to A,
we have
d
—J (A
= g () = A Aul® + M Vul* + X7 |V
. / uP In |u| dr — AP~ In A [[ull?
Q
= A (Iaul® + 1Vul® + 22 || Va7
- )\p72/ uP In |u| dz — AP~ In A ||u||5)
Q
(3.8) = 2 (Iaul + IVl +v ).
where

BO) = AVl - )\P‘Q/ aP I fu] dz — AP Tn A Jul?
Q
= N2 (kAPPT2 —m—nn|A|),

where k = |Vul|*'? >0, m = [w”In|u| dz, n = [[ul[P. We observe from 2y < p—2
Q

and v > 0 that lim ¢ (\) = —oo, lim ¥ (A\) = 0.
A—00 A—0

YA = (p—2)XN P (RATTEP —m —nln|)|)
p—2 _ 2y+1-p _ I
+A (k: (27 +2—p)A A)

= (-2 N (AT —m A
AN (k (27 42— p) AP — )
N (%7)\27+2—p —(p-2)m—(p—2)nin|\ — n) .

Where g (\) = 2kyA2T27P — (p—2)m — (p— 2) nln|\| — n.

lim g (\) = —o0, lim g (A\) =0
A—0

A—00

and

_ 29+2-p _ (p — —(p—
g/()\):2k7(2v+2 p)A . (p=2)m-(p-2)n _,

When A = \* and there exists a unique A* such that g (A*) = 0. Consequently
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>0, 0< A<,
W(A) :07 )\:Ala
<0, AL < A

Then we can see 1 (A) is monotone decreasing when A > A* and there exists a
unique A\* such that ¥ (A*) = 0. Then we have there is a Ay > A* such that

A [||Au||2 + |V + 4 (V)| = 0, which means ¢’ (A1) = 0.
iii) The result (ii) and from the definition of I (u),

I (M) ||)\Au||2+||/\VuH2—|—H)\Vu||27+2—/ IAul? In | Au| dz
Q

= A2 Aul® + A2 Va2 + 2T | P2

—)\p/upln\u|dx—)\pln|>\|/updm
Q
Q

= (MA AT+ )

+ (—)\”_1 / uP In |u| dz — AP~ In |\| ||u£>
Q

dJ (Au)

(3.9) = A3

O

Lemma 3.2. i) The definition the depth of potential well

(3.10) :uig]fvj(u),N:{ueHg(Q)\{O}:I(u):O},

is equivalent to

(3.11) dinf{supj()\u) |ue HZ (Q), ||Au|27é0}.
A>0

1) d is defined as

(p-2 1 \71
1= (" ) (@)

Proof. i) On one hand from (iii) of Lemma 3.1 it means that for any v € HZ (Q),
there exist a A\; such that I (Aju) = 0, that is Ayu € N. By the definition of d we
obtain

(3.12) J (Mu) >d foranyu € Hi (Q)\ {0},
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and because of Lemma 3.1 of property (iii), this A; is also the maximizer of J (A\u)
such that

sup J (Au) = J (M),
A>0

which by virtue of (3.12) means

3.13 inf supJ(Au)= inf J(A > d.
(3.13) qm%amigi( v ué%gn () 2

As u € HZ (Q)\ {0}, we obtain d is not equivalent to 0, which gives (3.11). But
then, from (3.11) it means that there exists A* such that

supJ (Au) = J (A\"u).
A>0

Then from Lemma 3.1 we can deduce \* = ;. Again from Lemma 3.1 of property
(iil) it shows that

I(Nu)=1(Mu)=0,
which means A*u € N. By the definition of d we get

d= inf J(\"u),

A*ueN
that is
(3.14) d= ulg}va (u).

This complete our proof for (i).

ii) By virtue of I (u) = 0, definition of I (u) and embedding theorems, we obtain

IVal® < ll1Aal® + | Val® + ||Vl
= /u”ln|u\dm
Q
+1
<l
(3.15) < PVl

1

(3.16) B ( ! )

1
crt
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From the definition of d, we have v € N. By (3.16) and I (u) = 0, we have
p—2 2 p—2 2
I — ] A — ]IV
-+ (252 ) 18wl + (252 ) 1

p_2’7_2 2v+42 1 p
— VU/ + — {|lu
(Bg ) Va2 4

1
p
_l’_

p—2 2
(25.2) sl
d

J(u) =

>

2
S p—2 1 p—1
- 2p crtt
>

we take 2y < p —2 . Combining of (3.14) and (3.16), we can see clearly that
2\ [ 1 \7
— p—
g (p=2
2p ) \ctt!

Definition 3.1. A function u (z,t) is called a weak solution to problem (1.1) on
Q% [0,T), if

O

ue C((0,T);Hg (2)NC ((0,T); Hy (),
satisfy

Ju (z, ) w(z)de + [ AuAw (z)dz+ [ M <||Vu||2) VuVw (x) dz
Q Q Q

+ [VuVw (z)de = [u(z,t)Inu(z,t) P2 (z,t) w (z) dz.
Q Q

Where u € H ().

Lemma 3.3. Let u(t) be a weak solution problem of (1.1) and uy € H (),
uy € HY (Q). Suppose that 0 < E (0) < d.

i) If I (ug) >0, uc W,
i) If T (up) <0, u € V.

Proof. 1) If u (¢t) is a weak solution problem of (1.1) satisfying 0 < E (0) < d, and
fort € [0,T)

1 1
el T ) = 3 >+ () < d
under the conditions u (), E (0) < d, u; € H} () then by (2.4) says that

E(u(t)) < E(0) < d.
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We shall prove I (u (t)) > 0 for 0 < t < T. We will use conradiction and we suppose
that; there is a t; € (0,T) such that I (u(¢1)) < 0. Observe by the continuity of
I (u(t)) in t that there exists a t* € (0,T") such that I (u (¢*)) = 0. Then by (3.10),

we get
’ d>E(0)>E(u(t) > J(u(t") >d,

which is a contradiction.

ii) The proof of case (ii) is similar. [

Lemma 3.4. Under the conditions of Lemma 3.3 in (i) , we obtain
-2
BO)2 B 200> (222 ) Ival?.

Proof. By definition of J (u), I (u) and I (u) > 0, we get

s = sra+ (P2 ) 1au+ (P ) Ival?

P
p—2y—2 ov42 , 1 4
( ) IVl 4 2l

+

(27 +2)

> (27 ) 1au + (22 )nv §

p— 27y o421
(Eo2 ) IVall™* 4 2l

> (252 I,

Because of (3.4) and (2.4) we can see clearly that

_|_

E0)>E) > J(u)> (p;pz) Vul?.
O

Theorem 3.1. Let ug € HZ () ,u1 € H (). If I (ug) > 0 and E(0) < d or
IVugl| = 0, then problem (1.1) admits a global weak solution wu(t) €
L (0,00; HZ () , u¢ (t) € L (0,00; Hj (Q)) .

Proof. Let {wj};';l be a basis in space HZ ().

ug' (z,0) = Za w; (x) — ug in Hy (Q),

ul® (x) Z b w; (z) — uy in H; (),
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for j=1,2,....m
We look for the approximate solutions

m=1,2,..

(3.17) { Jo (“??wk + Au™ Awy + M (HVUIIQ) VuVwy + Vu;"vwk) da

= [ u™ [u™ P I ju | wyde, k=1,2,...m

(3.17) multiplying h7" () and if gathers for k. According to the standard exis-
tence theory for ordinary differantial equation, one can obtain functions

hj:[0,tm) = R, j=1,2,...m

which satisfy (3.17) in a maximal interval [0,t,,), 0 < t, < T. Now, we show
that ¢,, = T and that the local solution is uniformly bounded independent of m
and t. For this purpose, let us replace w by u}* in (3.17) and integrate by parts, we
have

d

m m12

(3.18) LB (1) =~ IVuF <o,

where
d 2 1 2y 42
- — _ A m - m m Y
a ( I+ 5 D4 5 9 + s v
L | " Infu"| do -+ Ly
dt u ni\u X u p

618 = _IVurP

Integrating (3.18) from 0 to ¢, and using of (3.4), we obtain
(3.20) 2l + / Va2 ds = E™(0).

By virtue problem of (3.17) initial data, while m — oo we obtain E™(0) — E(0).
By choosing of large m we have

(3.21) ||ut I+ J(u / V™| ds < d.

From Lemma 3.4

sy = S+ (P2 1w (P2 ) e

p—2y—2 2942, 1 p
+ | — vu™ + — u™ .
(B2 ) Ivam™ 4 S i
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Then, we have

Sl ) + 7™ (0)) = B(0)

and initial data, for choosing large m and 0 < ¢ < oo, we get v (0) € W. By (3.21)
and an argument similar to Lemma 3.3, by choosing large m and 0 < ¢ < oo, we
have u™ (t) € W. Therefore, by virtue of (3.21) and (3.1) we get

1 e 1 mnz 1 2
S I+ 5 A + 5 v
1

2y 42

1
n [T+ - 5/|um|ff’1n|um|d:g
Q
1 t
m m2
+Pwunz+/wv%u s
0
(3.22) < d

where 0 <t < 0o and p > 2y + 2. For a sufficiently large m and 0 < ¢t < oo, (3.22)
gives
lu"|[* < 2d,

2p
Au™|? < £ g,
aum® <

2p

vu|? <
[Vu™| -

d,

2 2
”Vum”Q’YJrQ < p( Y+ )d,
p—2y—2
[} < p*d,

and

t
/||vu;n||2 ds < d.
0
Then, we obtain

", is uniformly bounded in L (O, oo; H? (Q)) ,

u”, is uniformly bounded in L (0, 00; L? (2)),

|u™[? | is uniformly bounded in L (0,00; L? (2)),
[P, is uniformly bounded in LP*1! (0, 00; LPT1 () .
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By using the Sobolev embedding inequality, (3.21) and (3.22), we get

P p+1
Jrrpmpride < amigs
Q

IN

Cy |V |5
()
Ci(p—2) 7

lu™[P*!, is uniformly bounded in L™ (0, 00; LP*! () .

so that we obtain

Then integrating (3.17) with respect to t , for 0 < ¢ < oo, we have
t
(uy", wg) + (Vu™, Vuwy) + / (Au™, Awy,) dk
0

t
—/ M (I 2) (Fu™, Fu) i
0

t
(3.23) (u1, wg) + (Aug, Awg,) +/ <ln ™| |u™ P ,wk> dk.
0

Therefore, up to a subsequence, we may pass to the limit in (3.23), and get a
weak solution (u) to problem (1.1) with the above regularity. On the other hand,
initial data conditions in (3.17) we may conclude (u(z,0)) = (ug) in HZ (Q) and
(e (,0)) = (u) in H3 (). O

4. Decay Estimates

In this part, we study the decay estimates for the solutions of problem (1.1).

Theorem 4.1. Let ug (z) € H3 (Q), ui (x) € H (Q). Suppose that E (0) < d,
I (ug) >0 or ||Vug|| = 0. Then

E(t) < Ne ™t >0,
where N and n are positive constants.

Proof. Small enough for € > 0. Let
(4.1) L(t) :E(t)—f—s/uut—i—%HVuHQ,
Q

then we observe for sufficient small € that there exist positive constants A1, As, such
that

(4.2) ME () S L) < ME(1),
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and L (t) > 0 for any ¢ > 0.
By multiplying the (1.1) by u and integrating on €2, we obtain

/uttudx = /u2 [ulP~? In |u| dz
Q Q

(4.3) —/M(HVUHQ) VuVud:v—/ AuAudw—/VutVudx.
Q Q Q

By derivative of (4.1) and using of (2.3) and (2.1) we obtain

L't) = E'@t)+e ||ut||2+/uuttdx+/VutVudx
Q Q
< IVl el e [l ol de
Q
—e | Vul? - £ [ VP2 = ¢ || Aul?
< = IVuel e el + e a2
(1.4) e |[Vul? — £ [Vul?*? = ¢ || Aul?

Now, our aim is to estimate every term of (4.4) severally.

2p 2p 2p
IVull® < m'](u) < mE(t) < EE(O)

Thanks to Sobolev embedding inequality and Lemma 3.4, we conclude

[l made < julztd
< ot vl
2p = 2
< p+1 E
< o (Zpo) v
(4.5) = a|vul?,
p=1
where a = C2T! (%E (0)) * E (0) < d and from Lemma 3.2
2\ [ 1 \7T
pb—= P

p—1

(4.7) o= crt (1)2_7”2E(0)> BT
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From (2.5), (4.5) and taking 0 < k < 1, we get

lull?X = (= &)l + K [lul2E)
2 1

< (1K) a|Vull® + klulH

< (1—k)al|Vul® - kpE (1)

]- 2 ]- 2 2 2
ko ( el + 3 [9ul> + 5 | u] ”*)

2+2

(48) o (5 180+ 5 Jul)

substituting (4.8) for (4.4),

v < (o)l e (12 - a-na) vl

k
_ 27+2 _ _mp
(15 +2)n = (13 jau?

(4.9) — I Vue|* + ; IIUHZ — kpeE (t)

From the Sobolev embedding we have

full, < CTIIVuls
p—2
2p 2 2p
4.10 < o (L E@© =P _p
(110) < o (;2r0) T Ep.
(4.11) e < C3 | V||,
Py < CEFH V"t
p—2
2 )
(4.12) < C§“< P E(O)) ]prE(t).

If choosing k < %, 1-— %p — (1 =k)a < 0 and using together (4.7), (4.10), (4.11)
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(CQ< +1> )||Vut||2+s<—1+kzp+(1—k)a>p_p E (1)
e (1= 2y ) 17l = e (1= )l +

+k50p< e 2E(O)> N %E()—kspE(t)
G

and (4.12),

IA

L (1)

< (B2 en) 1) ivul < (1) jaw
< 1+%+(1—k) >pQ_E(t)
_kepE (1) + eCPH (pQPQE (0)) N pr’QE )

(4.13)

2
o [Vl b [Vl o by = (1) Al

e (a(2)-).

where

k — 0 and we choose € small enough so that, 2v+2 < p, 0 < k <
using (4.7)

L' (t)

IN

2p
E
hsp —E()

2p L (¢)
4.14 < hsg——
( ) - Spf 2 N
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Finally, a simple integration of (4.14) over (0,t) then yields

E(t) < Ne ™.
where N = Lﬁ?) and n = —hgﬁ. This completed our proof. [
5. Blow up

In this section, we establish the upper and lower bounds for the blow-up time.

5.1. Upper bound for the blow up time

In this part, we prove an upper bound for the blow up time.

Lemma 5.1. [13,15]. Let ®(t) be a positive C? function, which satisfies, for
t > 0, inequality

(5.1) (1)@ (1)~ (1+H)[@' (1)) >0,
with some B> 0. If ® (0) > 0 and @' (0) > 0, then there exist a time T* < 52(,%)
such that
(5.2) lim @ (t) = cc.
t—T*—

Theorem 5.1. Assume that ug (z) € V, uy (z) € H (Q). Suppose that 2 < p <
%, then the solution u of problem (1.1) blow up in finite time; that is the mazimum
existence time T* of u is finite and

(5.3) lim (||u|2—|—/ ||Vu|2d7-) — oo,
t—T* Q

Moreover, the upper bound for blow up time T* is given by

2
T (p—2)bTo + (p — 2) [y uowrdz — 2 ||Vuo|)?

where b and Ty will be chosen in (5.14) and (5.15).

Proof. By contradiction, we assume that u is global, then T* = 4o00. For any T > 0,
we assume that @ : [0,7] — R defined by

t
(5.5) ® (1) = |ull” +/ IVul® dr + (T = ) [|Vuo | + b (To +1)°,
0

where b and T} are positive fixed which will be specified later.
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Firstly, we compute the first order differential and second order differential of
® (t), respectively, as follows

() = 2/utudx+||Vu||2—|\Vu0||2+2b(T0+t)
Q
t
(5.6) = 2/utudx+2/ /VuVutddeJrQb(TOth),
Q 0 JQ
and
o' (t) = 2/ |ut|2dx+2/uttudx+2/VuVutdx—i—%
Q Q Q
= 2/ |ut|2dx+2/uttudx—2/uAutdx+2b
Q Q Q
= 2/|ut|2dx+2/u[utt—Aut]dm+2b
Q Q
= 2 |ut|2dx+2/u{(1+||Vu||27) Au—A2u+\u|p_2uln|u|} dx + 2b
Q Q
- 2/|ut|2d:v+2b
Q
) U (1+||vu||27) |vu\2dz+/ |Au|2dx—/ |uP1n|u|d4
Q Q Q
— 2/ |ut|2da:—2[||Vu||2+||Vu||2(7+1)+|Au||2—/ |up1n|u|dx} +2b
Q Q
(5.7) = 2|lugll® — 21 (u) + 20,
where

2 2(y+1 2
I(u) = [[Vul® + [Vul*O + [ Au| */Q\UIPIHIUIdI-
Through a direct calculation, we have

P2 g g2

(1) D" (1)
— 2 () (uuth ~ IVl = [Vl — 8l + [ fop oo + b)
655 +0+2 B0 - (20)- @ 015ul?) (Jul®+ [ 1vul?dr+o)]

where

t t
B(t) = <u||2+/ ||Vu||2d7-+b(T0+t)2) <||ut||2+/ ||Vut||2dr+b>
0 0

t 2
(5.9) - (/ upudr + / / VuVudzdr 4+ 2b(To + t)) .
Q 0o Ja
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Using Schwarz inequality and Young inequality, it is not difficult to verify that
B(t) > 0 for any ¢t € [0,T]. As a consequence, from (5.8) we arrive that

p+2 2
(5.10) O (1) @" (t) — @ (@) > @ () (),

where £ (t) : [0,T] — R is defined by

€0 = —plul® —2vul? -2 jou - ZLEIZD gy o)
(5.11) +2/Q l? In Ju] dz + (p — 2) /Ot V|| dr — pb.
Furthermore, by the definition of E (¢) and Lemma 3.3, it follows that
€0 = 2B O + -2 VUl +(p -2 |Auf? + T oty

2
+EHM@+4p—2y/anwdf—pb
0

—2y—2 2(v+1)
> —2pd+ (p—2) [ Vul)? + (p— 2 Au2+<p> V|20
pd + (p—2) [Vul” + (p — 2) || Au| 0@ 12) [Vul

2
6.12) 2 ull (o= 2) [ [ Vuldr b
0

From ug (z) € V, uy () € H} (Q) and Lemma 3.3, we obtain u(x) € V, u(z) €
H} (Q) for all ¢ > 0, which implies that I (u) < 0. Hence there exists a A, € (0,1)
such that I (A.u) = 0. Thus by the definition of d and (3.3), we get that

P2y

Au
o 17l 22
p—2y—2 oy+2 L p
+(%ﬂ@7+m)HVM| + 5l
(p—2) A (p—2) A
> PZ )M W= 2) M Ay
> 2% oy 4 B2 Ay
P=27 =2\ 2942 2tz | AL
L2V 72 ) \2y g JACRTINT
+(Frag ) A2 Il 4 Sl
> J (M)
(5.13) > d

Choosing b small enough shuch that

0 < b1 (-2 VUl + (- 2MAM|+nwﬂ

1 /p—2v—-2 2(y+1) 2
5.14 +- |:<) Vul|“7 +(p—2 Vue||” dr — 2pd
(5.14) () vl s -2) [ vl a2
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The combination of (5.12)-(5.14) implies that £ (¢) > 0. Hence, by the above dis-

cussion, we have

()" (1) - L2 @ ) > 0

From the definition of B (¢) , it is easy to know that ® (0) = ||lug||® + T || Vuol|* dr +
bTZ > 0. We choose Tp large enough shuch that

(0= 2) (Ilwoll® + luaI*) + 4| Vo

5.15 T
19 " 25— 2)b |
which fulfills the requirement of
(D/ (0) = 2/ UO’U,le + 2bT0
Q
4| Vug |

> 2y — o] — g — VL

(5.16) > 0.

Then, according to Lemma 5.1, we obtain that ® () goes to co as t tends to some
T* satisfying
49 (0) 2672 + 2 |luol|® + 27 || Vo |*

TS0 v~ -2+ -2 J,uwmds’

which means that

4 (678 + o)
(5.17) T < .
(p—2)bTp+ (p—2) fQ uourdz — 2 ||Vugl|

Finally, for fixed Ty, choose T as
ABTE + 4 |Juo )
(b= 2 bTy — 4| Vuol* = (p = 2) (Jluoll” + llur )

The combination of (5.17) and (5.18), we see that T' > T*. This contradicts to our
assumption, which finished the proof. [

(5.18) T >

5.2. Lower bound for the blow up time

Our aim is to state a lower bound for the blow up time of problem (1.1).

Theorem 5.2. Under the conditions of Theorem 5.1 and 2 < p < 2 (1 + ﬁ) ,

then the solutions u of the problem (1.1) become unbounded at finite time t = T*
with

1
(519 lim el + [Vul? + Aul + —— [Tu]*T = +oc.
t—T*— v+1
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Moreover, the lower bound for blow up time T™* is given by

* do "
(5.20) / — R s ) P <T".
9(0) 0+ (e (p— 1) > Q] + (epr) 2 C2F~ o1
where 0 < pu < %fp and

2 2 2 242
W (0) = [luall” + [[Vuoll + [[Auo||* + —— [[Vuo]|7*

1
v+

Proof. Let us define the function

(5.21)

1
U (t) = 2 Vull? + | Aul]? + —— ||Vul|P 2.
(t) = [Jwel|” + [IVul|” + [|Au]l +7+1|| ul|

By differentiating W (¢) with respect to ¢ and using of the (1.1), we get

v (1)

(5.22)

2/ ututtd:ﬂ—i—Q/ VuVutd:c+2/ AuAutdx—ﬁ—QHVuH%/ VuVuidx
Q Q Q Q
2/ ututtdx—Q/ utAudfr—l—2/ utAQudm—2||VuH2A’/ us Audx

Q Q Q Q
2/ Uy [utt -M (||Vu|\2) Au—l—Azu} dx

Q
2/ Uy [Aut + [ufP"? uln |u|} dx

Q
—2/ |Vut|2da?+2/ g [ul”? win |u| d

Q Q

—2||Vuy||? da + 2/ g |l win |ul de,
Q

since 2 < p < (1 + ﬁ) , we chose p > 0 small enough such that (p — 1+ p) <



282 Y. Ding, N. Irkil, E. Pigkin and C. Tung

—_. Hence, by the Young’s and Sobolev inequalities, we have from (5.21) that

n—2"

2/ wuP " ?uln u| d

Q
_ 2
([ [ e,
Q 2 Q 2

= /|ut|2das—|—/ |up72uln|u\|2d;1:
Q Q

- ||ut||2+/ P~ 2uln |ul|® da
Q

- ||ut||2+/ |up*2uln|u\|2dx+/ P~ 2un [ul|? dz
zeQ:|ul<1 zeQ:|ul>1

< ||ut||2 + (e(p— 1))—2 1] + (eﬂ)_2 / |u|2(p—1+“) di
z€Q:|u|>1

”ut”2 +(e(p - 1))_2 || + (e‘u)_Q 022(1’_1"‘#) Hvung(P—l—O—u)

(523) < v (t) + (6 (p — 1))_2 |Q| + (eM)—Q 022(17*1+M)\I, (t)p—1+,1, 7

IN

IN

where we used |zP~!logz| < (e (p — 1)) ! for 0 < & < 1, while 2 logz < (ep) ™"
for > 1, > 0, and Cs is the Sobolev constant satisfying ||ul| < Cy||Vull,.
The combination of (5.22) and (5.23), it follows that

p—1l+p

(5.24) T (1) <V (t)+ (e(p— 1))72 10 + (eu)’2 022(P71+u)\1, (t)z(pﬂw)

integrating the inequality (5.24) from 0 to ¢, we have

T(t)

df <t

0 ~-1)7210 202t Wgp -1 T
wipy 0T E@=1) 710+ (en) " G

where0<u<%—p.

From the results of Theorem 5.1. It is easy to see that there exists a finite time
T* such that the solutions u blow up with lim W (¢) = +oo. Therefore, we obtain
t—=T*—

a lower bound for T™* given by

d9 <T*
0 1)) |0 oyt gt T
oy 0T =171+ (en) " G

Clearly, the integral is bound since exponent p — 1 + p > 1. This completes the
proof of Theorem 5.2. []
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