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LAGRANGE SPACES WITH GENERALIZED (y, 8)-METRIC

Suresh K. Shukla, P. N. Pandey and Shivalika Saxena

Abstract. The present paper deals with the differential geometry of a Lagrange space
endowed with generalized (y, f)-metric, where y is an mt"-root metric and pis a 1-
form. We obtain fundamental tensor, its inverse, Euler-Lagrange equations, semispray
coefficients and canonical nonlinear connection for a Lagrange space with generalized
(y, p)-metric. Several other properties of such a space are also discussed.
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1. Introduction

Lagrange spaces with (a, f)-metric were studied by several authors such as Miron
[4], Nicolaescu [1, 2], Shukla and Pandey [6]. Recently, Shukla and Pandey [7]
discussed Lagrange spaces with (y, f)-metric and obtained various results. An
n-dimensional Lagrange space L" = (M, L(x, y)) is said to be endowed with (y, f)-
metric if Lagrangian L(x, y) is a function of y(x, y) and f(x,y), where y(x,y) is a

cubic metric and B(x, y) is a 1-form, i.e. y = J/a; jx(x)y'y/y* and B(x, y) = bi(x)y". The

aim of the present paper is to generalize the notion of (), f)-metric by considering
y(x,y) as an m'-root metric. We call such metric as generalized (y, §)-metric.

The paper is organized as follows. Section Two consists of some preliminary
results required for the discussion of subsequent sections. It includes the notion
of a Lagrange space with generalized (), f)-metric. In Section Three, we discuss
some properties of a Lagrange space with generalized (), f)-metric and obtain the
expression for the fundamental metric tensor g;j and its inverse g/ In Section Four,
we consider the variational problem in Lagrange spaces with generalized (y, f)-
metric and obtain various forms of Euler-Lagrange equations. Section Five deals
with the semispray of a Lagrange space with generalized (), f)-metric. Section
Six discusses the nonlinear connection in a Lagrange space with generalized (y, )-
metric. In Section Seven, we give concluding remarks on the results obtained in the
paper and discuss the possibilities of further work on the space under consideration.
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2. Preliminaries

Let M be an n-dimensional smooth manifold and let TM be its tangent bundle. Let
(x") and (x', y") be the local coordinates on M and TM respectively. A Lagrangianisa
function L : TM — R which is a smooth function on TM = TM~ {0} and continuous
on the null section. The Lagrangian L(x, i) is said to be regular if rank (gi i(x, y)) =,
where

1. -
(2.1) g,‘]‘(x, y) = E&@-L

is a covariant symmetric tensor called the fundamental tensor of the Lagrangian
L(x,y) and d; = aiy,. A Lagrange space is a pair L" = (M,L(x,y)), L(x,y) being a

regular Lagrangian whose fundamental tensor g;; has constant signature on TM.

The integral of action of the Lagrangian L(x, y) along a smooth curvec : [0,1] —
M leads to the Euler-Lagrange equations:

dL d

(2.2) amz—-_@%:,i_w

Yy T

The coefficients of the semispray S of a Lagrange space L" = (M, L(x, y)) are
given by
(2.3) Guw:lﬂ@Mm@—@q &53<

7 4 7 8xk

The semispray S is called a canonical semispray as its coefficients depend on L(x, v)
only.

The coefficients of canonical nonlinear connection N (N;.(x, y)) of a Lagrange
space L" = (M, L(x, y)) are given by
(2.4) M:@d

A Lagrangian L(x, y) is said to be a generalized (y, f)-metric if it is a function
of yand g, i.e.

(2.5) L(x,y) = Ly, p),
where

(2.6) Y= a0, Y Yy
and

2.7) B, y) = bix)y.
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We call the space L" = (M, L(x, y)) determined by the Lagrangian (2.5) a Lagrange
space with generalized (y, B)-metric.

In particular, for m = 3, y(x, y) is a cubic metric and the space becomes a Lagrange
space with (y,)-metric (cf. [7]). For m = 2, the space becomes the well known

Lagrange space with (a, p)-metric , where a(x,y) = /a;j(x)y'y/ and B(x,y) = bi(x)y’
(. [1,2]).

For basic notations and terminology related to a Lagrange space, we refer to the
books [3] and [5].

3. Fundamental tensor

If we differentiate (2.6) partially with respect to yf and use the symmetry of a;,;, ..;,,
in its indices, we obtain

(3.1) 2y =y " Vaj(x, y),

where aj(x, y) = aji, ., (Y2 ...y

Again differentiating (3.1) partially with respect to y", using symmetry of
ai, i, i, () in its indices and simplifying, we find

(32) 9wy = (m = 1)y™"Vaj(x,y) = (m = 1)y Va;a,
where ajp = ﬂjhj3._.jnl(x)yi3 ... yi’”.
Further differentiation of (3.2) with respect to ' yields

9]-9h91y =m-1)2m- 1)y_(3m_1)aj a, a;

— (m —1)*y~ @D jfj {ajap} + (m - 1) (m - 2)am,

(3.3)

whereaj;(x, y) = ajuii, i, ()y* ...y and %represents the cyclic sum with respect
j
to the indices j, h & I.

Differentiating (2.7) partially with respect to y/, we have
(3.4) 9i = bj(x).
Further differentiating (3.4) partially with respect to ", we get
(3.5) diohp = 0.

Thus, we have
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Proposition 3.1. In a Lagrange space L' with generalized (y, p)-metric, the following
hold good:

9].7/ — ')/_(m—l)a].(x’ y)’
djony = (m = 1)y~ " Day(x, y) - (m = 1)y~ Va;a,
9j9h9;7/ =(m-1)2m- 1)7/_(3’“_1)11]- an m
—(m-— 1)27_(2"1_1)]% {ajam} + (m —1) (m —2)au,
9]"8 = b]-(x), 8,8;43 = 0,
where

aj(x’ y) = aﬂz - (x)yi2 tt yim 4

aj = ajniy i, Y° Y,

ajni(X, y) = ajniiy i, (Y ..y

The moments of Lagrangian L(x, i) are given by
1.
(36) pi = E&L

In our case, the Lagrangian L(x, y) is a function of y and f only (vide (2.5)). Therefore,
we have

1 - . — .
(3.7) pi = E(Lyaﬁ/ + Lgdip),
L
B
Using (3.1) and (3.4) in (3.7), we obtain

where f}, = %, Z,g =

1 —-(m-1)7 T
(3.8) pi= E(V ( 1)L7/ai + Lgb)).

Thus, we have

Theorem 3.1. In a Lagrange space L" with generalized (y, B)-metric, the moments of
Lagrangian L(x, y) are given by

(3.9) pi = pa; + p1b;,
where
(3.10) p= %y_(m_l)f},
and

1—
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Remarks 3.2. The scalars p and py appearing in Theorem 3.1 are called the principal
invariants of the space L".

Differentiating (3.10) and (3.11) partially with respect to y/ and simplifying, we
respectively have

. 1 o) (= 1 1 -7
(3.12) djp = 5y (Lyy = (m=1)y7'L,) a; + 57" VL by
and
a' _ 1 —(m=-1)T 1- b
(3.13) i1 =5V "Leyaj+ 5Lppbj,
where _ _ _ —
L — L PL - - d’L

bv =500 Lo = 5,08 = apay = 1o bee = 5

Thus, we have the following;:

Proposition 3.2. The derivatives of the principal invariants of a Lagrange space L" with
generalized (y, B)-metric are given by

(3.14) djp = paaj+ pabj, djpr = paa; + pobj,
with
1 —2(m-1) (1 -17 1 —-(m-1)7
(3.15) p2= 51" (Lyy = =Dy 7'Ly), poa= 5y "Ly
and
1—

The energy of Lagrangian L(x, y) is defined as
(3.17) Er:=y'doL - L.
Using (2.5) in (3.17), we have
(3.18) Er = y(L, diy + Lg 9if) — L.

Since y and B are positively homogeneous of degree one in ¥/, by virtue of Euler’s
theorem on homogeneous functions, we have

(3.19) y'diy=y and ydip =p.
In view of (3.19), (3.18) takes the form

(3.20) Er=yL, +pLs— L.

Thus, we have
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Theorem 3.3. In a Lagrange space with generalized (y, B)-metric, the energy of the La-
grangian L(x, y) is given by (3.20).

Now, we find expression for the fundamental tensor g;j(x, y) of a Lagrange space
with generalized (y, f)-metric. Using (2.5) in (2.1), we have

%fZ%HZw90’+Zw9$)%7+f&@9n/

+ (T 0y + Lyp 03B) 0B + L 01 9,].

In view of Proposition 3.1, (3.21) takes the form

(3.21)

(3.22) gij(x, y) = (m = V)pa;; + poaja; + p_1(a;bj + a;b;) + pobib;.
Equation (3.22) can be written as

(3.23) gij(x, y) = (m = 1)paij + cicj,

where

(3.24) ci = g-1a; + qob;

and g_1, qo satisfy
(3.25) (@) qog-1=p-1, (0) (@-1)" =p-2, (©) 45 = po.
Thus, we have

Theorem 3.4. The fundamental tensor of a Lagrange space with generalized (y, p)-metric
is given by (3.23).

The following result gives the expression for the inverse of g;;.

Theorem 3.5. The inverse g'l of the fundamental tensor g;; of a Lagrange space with
generalized (y, B)-metric is given by

) 1 ) 1 o
2 ij — ij_ icl,
(320) g (m—l)p(“ <m—1>p+c2“)
where
(3.27) (a) ¢ =a"c, (b) *=al CiCj.

Proof. Let (a”) be the inverse of the nonsingular matrix (4;j). Consider the matrix
(9") given by (3.26). Now

i Ak
gi g = [(m —1)paij +c; c]-] = _11) p (gik ot _Clj)cp I cz)
g mdd +ajkcfci 3 cicjclct
T =Dp+@ T m=Dp  (m=Dplm-1) p+
=5 - ¢ ok + cc cad
£ om-Dp+c (m-1p (m-1)p{(m-1)p+c?

_ s
= 0.
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This shows that the matrix (g;;) given by (3.23) is nondegenerate and its inverse
(9") is given by (3.26). O

Remarks 3.6. Substituting m = 3 and m = 2 in the expressions obtained in Propo-
sition 3.1, Theorem 3.1, Proposition 3.2, Theorem 3.4 and Theorem 3.5, we obtain the
corresponding results for a Lagrange space with (y, B)- and («, B)-metrics, respectively (cf.
[1,2,7])

4. Euler-Lagrange equations

Using (2.5) in (2.2), we obtain

(4.1) E,-(Z)E—,——(a—L)z , i:";_f_

For the Lagrangian L given by (2.5), we have

d(dL\ (- dy — dp\ady (- dy — dp\op
T (8_y1) _(LV}’E +Lrﬁa) oyt Loy 5r +Lesp

—d(dy\ - d (B
*L@(a—yz‘)“ﬁa(a—w)'

In view of ;L = ZyBiy + Z,g&iﬁ and (4.2), (4.1) takes the form

(42) %

- _T - — dy = dp\ad
E(L) =L, Ei(y) + LyEi(B) — (L},},d—); +L, ﬁd_/f) a_;i
4.
- T, .1, %)%
Prar PP ) gyt
Since -
(A, — m-1p, _ _7/ Vm_
Ei(y™) = my"™ " Ei(y) mayi T
we get
1 i . o v d m—1
From Ei() = £ — %(5—5), we have
r r dxr
(45) E@®) =2y, v =",
where
1(0b, db;
(4.6) Fo=1 (5 _ g)
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is the electromagnetic tensor field of the potentials b;.

Using (4.4) and (4.5) in (4.3), we obtain

- 2/1 _ 1 _ dy dym!
. — (m— 1 m (m-1)T
Eil) (2V )E(V )+2(2 k )ayz i
1 Iy (- dy — dp
(4.7) +4( 2Lﬁ)F,,y 35 (LW -+ L=
I (- dy ap\
oy (Lﬁ?’ a g

Thus, we have

Theorem 4.1. The Euler-Lagrange equations of a Lagrange space with generalized (y, B)-
metric are of the following form:

dy dy"! Iy (-
E(L)——PE(V )+2pa e SL oy L

P dy dp .odx
(9]/ (Lﬁ}’ dt +Lﬁ/3 dt =0, y'=

dy — dp
VY ar "'Lyﬁa)
(4.8)

T
For the natural parametrization of the curve c : t € [0,1] — x'(H) € M with
respect to the mt-root metric ai, i, (%), ( X, dt) 1.

Thus, we have the following;:

Theorem 4.2. In the natural parametrization, the Euler-Lagrange equations of a La-
grange space with generalized (y, B)-metric are

oy dp_9p- dp

2y ds a_y,-Lﬁﬁ% =0.

-2 )
(4.9) Ei(L) = —pEi(y") + 4p1Firy” —

If B is constant on the integral curve c of the Euler-Lagrange equations with
natural parametrization, then (4.9) takes the form

_ ) )
(4.10) Ei(L) = —pEi(y") + 4p1Firy” = 0.
Thus, we have

Theorem 4.3. If f is constant along the integral curve of the Euler-Lagrange equations
with natural parametrization, then the Euler-Lagrange equations of the Lagrange space
with generalized (y, p)-metric are given by (4.10).

Remarks 4.4. Substitutingm = 3and m = 2 in the Euler-Lagrange equations in Theorem
4.1, Theorem 4.2 and Theorem 4.3, we obtain corresponding forms of Euler-Lagrange
equations in Lagrange space with (y, B)- and («, B)-metrics, respectively (cf. [1, 2, 7]).
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5. Canonical semispray

In this section, we obtain the coefficients of the canonical semispray of a Lagrange
space with generalized (y, f)-metric.

Using (2.5) in (2.3), we obtain
i Lon( k347 T
(5.1) Gt y) = 79 (v 0uuL - OiL).

Since ™ = a;, 4, i, (X)y"y? ...y and B = bi(x) ', we have

(5.2) oy =Apy "V, 948 =By,
where

1 o , ,
(5.3) Ap = — Oty .i,)Y" Y .y, B = (b)Y’

Using (3.10), (3.11) and (5.2) in oL = Z),&ky + Zﬁ(?kﬁ, we get

(5.4) L = 2pA; + 2p1By.

Differentiating (5.4) partially with respect to ¥ and simplifying, we have
(5.5) IkL = 2(p—oay + p-1by)Ax + 20Ax + 2(p-1ay + poby)Bi + 2p1by,
where

(5.6) (@) Aw = dAr, (b) by = OBy

Using (5.4) and (5.5) in (5.1), we obtain

1.
G' =§91h[(P—2A0 + p-1Bo)ay + (p—1Ao + poBo)by, + pAoy

(5.7)
+ pibor = (pAi + p1By)],
where
58 (i) Ao =Ax, y)y, (i) Bo=Bi(x,n)y,

(iii) Aon = A, Y)Y*, (i0) bon = bin(x, )y
Thus, we have

Theorem 5.1. The local coefficients of canonical semispray of a Lagrange space with
generalized (y, B)-metric are given by (5.7).



210 Suresh K. Shukla, P. N. Pandey and Shivalika Saxena

6. Canonical nonlinear connection

In this section, we obtain the local coefficients of the canonical nonlinear connec-
tion of a Lagrange space with generalized (y, f)-metric.

Partial differentiation of g”g;s = 6", with respect to y/, yields
(6.1) dig" = —2g"hc;j.

If we partially differentiate the quantities appearing in (3.15) and (5.8) with respect
to i/, we find the following quantities:

djp—2 = piaaj + p-abj, djp-1 = poaj+ b,

djpo = p-14; + thobj,

2 . ) S s

(6 ) a]AO = A] +A0]', 8]30 = :9]{asb]}y/
9]-th = 2Aonj + Ajn,s ajboh =bjn,

where
1 o L -

H=3=357 0y [LVW =3(m —1)y"'Lyy + @m ~1) (m~ 1)y ZLV] ’
_ 1 -2(m-1) [T -17
6.3) 2 = 5720 D Ly = (= 1)y T,

1 - 1-
H-1=357 ULy, po = ELﬁﬁﬁr
Aonj = Amjy',  Amj = 0rap;.

Also, we have
(6.4) djay = (m — 1) aj,.

Now, applying (5.7) in (2.4), we get

N; :E (a]glh) ((p_on + p_1B0) ay + (p_1A0 + POBO) bh + p_z(ahAo)

1 .0 . .
+ pAon + prbon — (pAn + p1By)) + E!]Zh[((ajp—z)Ao +(djp-1)Bo
(65) + p-1(9jBo))an + (p-2A0 + p-1Bo)djay, + ((djp-1)Ao + p-1(d;Ao)
+ (9jp0)Bo + po(@Bo))bi, + (9;p)Aai + (9j1)bon + pdiAay

+ p1d;bon — (D) A + p(JjAn) + (9jp1)By + p1(d;Bw) |-
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Using (3.14), (5.6), (5.8), (6.1), (6.2) and (6.4) in (6.5) and simplifying, we obtain

, , 1 .
Ni=-2CG + Eglh[p_z((A]' + Aoy + (Agy — Awaj + (m — 1) Agaj)
+ p-1((Aj + Aoj)by + (Aon — Ap)bj + ajboy + %{asbj}ysah

(6.6) + (m - 1) Boa]';, - ath) + Po (g{()qb]}ysbh - bjB;, + b]'boh)

+ Pl?ht{bjh} +p (ZA();,]' + A]'h - Ah]') + y_nga]-ah + ‘Ll_z(Aob]'lZ;,
+ a]-(Boah + Aobh)) + H-1 (b] (Boah + Aobh) + a]'Bobh) + ll.loBob]'bh],

where ‘JJh? stands for interchange of indices j & / and difference.
j

Thus, we have

Theorem 6.1. The local coefficients of the canonical nonlinear connection of a Lagrange
space with generalized (y, f)-metric are given by (6.6).

Remarks 6.2. Substituting m = 3 and m = 2 in (6.6), we obtain the local coefficients of
the nonlinear connection in Lagrange space with (y, B)- and (a, p)-metrics, respectively (cf.
(1,2,7D.

7. Conclusions

In the paper, we have developed the theory of Lagrange spaces with general-
ized (y, p)-metric. It presents a significant generalization of the earlier works of
Nicolaescu [1, 2], and Shukla and Pandey [7]. The expressions for the geometric
objects obtained in the paper may be useful in further work on the spaces under
consideration. The importance of the results lies in the study of canonical metrical
d-connection, curvatures and torsions in such spaces. The expressions for canon-
ical semispray and nonlinear connection, obtained respectively in Section 5 and
Section 6 may be applicable in geodesic correspondences between two Lagrange
spaces with different generalized (), f)-metrics on the same underlying manifold.
It is a matter of later investigations to look into the aforesaid applications of the
results obtained in the paper.
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