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THE n-DUAL STRUCTURE OF THE SPACE OF p-SUMMABLE SEQUENCE
SPACES
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Abstract. In this paper, we shall investigate the n-dual structure of the sequence space
IP regarded as normed space and n-normed space, where the given norm is derived by
n-norm and they have been studied in [5, 6, 7].
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1. Introduction

Similar to the theory of the space of the bounded linear functionals defined
on a normed space, bounded multilinear n-functionals have been defined on an
n-normed space and these theories have been studied by White [1], Gunawan
[9, 10].

The concept of 2-normed spaces was initially investigated by Gahler [8]. After
that, it has been generalized to n-normed spaces and has been studied by many
others (see [2, 3, 4, 5, 6, 7]).

Definition 1.1. Let X be a vector space over K(=R or C) of dimension d >
n(n > 2). A non-negative real valued function |[.,. .., .|| defined on X" satisfying the
four conditions:

(N1) |Ix},x%,---,x"|| = 0if and only if x},x?,--- ,x" are linearly dependent;
(N2) |Ix}, x%,---,x"|| is invariant under any permutation of x*,x?,--- , x";
(N3) flar-x, X2, -+, x| = |af - [Ixt, %2, - -, X";

(N4) Xt +y, %2, - X< XY, X2, - X+ ly, 2, - X7

for all x1,x%,--- ,x",y € X and for all « € K, is called an n-norm on X, and the pair
X1, ..., 1) is called an n-normed space.
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Definition 1.2. Let (X,]|.,...,.|[) be an n-normed space and {el,...,e”} is a linearly
independent set of n vectors, let us define:

LX) = max{||x, et, ..., en 1| {ty,..., th-1} € {1,...,n}}
1/q
2. X118 = (Xt st 11X, €8, - €51[9) 5 1< g < oo,

In [3, 4], Gunawan proved that these two functions (||.]|¢, and ||.||g) define norms
(known as derived norms) on the vector space X and they are equivalent.

Definition 1.3. Let (X, |.|]) is a normed space then a linear functional f : X — K is
said to be bounded if 3 a real number k > 0 such that

[T ()1 < KlIxI|, forall xeX.

The linear functional f is said to be continuous at a point xy € X if for every given
€ > 0,36 > 0such that

X € X, |IX=Xoll <6 = [f(x) — f(Xo0)| <e.

Lemma1l.1. Let(X,].]]) isanormed space then a linear functional f : X — K is bounded
if and only if f is continuous.

Analogous to the above definitions a bounded multilinear n-functional has been
defined on n-normed space (for detail see [1, 9, 10]).

Definition 1.4. Let X be a vector space then a scalar valued function f : X" —» K
is called a multilinear n-functional if it satisfies:

1. f(xl + yl’ e ,Xn + yn) = Zhie{xi,yi},lﬁiﬁn f(hl’ cee, hn)/
2. flaxt, -, anx™ = ay - an f (x4, x%, -, X"),
for every x!,x%,--- ,x" € X and for every a; € K.

A multilinear n-functional f defined onanormed space (X, ||.]|) is said to be bounded
(i.e. bounded with respect norm)if 4K > 0 such that

O3, X2, -, XM < KX« [IXM, forevery x%,x%---,x"eX.

Similarly, a multilinear n-functional f defined on an n-normed space (X, |I.,...,.|)
is said to be bounded (i.e. bounded with respect n-norm)if 3K > 0 such that

[F(x, %2, -, XM < KX, %3, -, X7, forevery xi,x%---,x"eX.

As we know that, the set B(X, K) of all bounded linear functional f defined on
the normed space (X, ||.]]) forms a normed space with norm defined by

Il =sup {IT()I: x € X, [Ix]| = 1}.
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The normed space B(X, K) is called dual space of the normed space (X, |.|[) and is
usually denoted by X*.

Similarly, the space of bounded multilinear n-functionalson (X, ||.|) [on (X, |I., - . -, -]
is called the n-dual space of the normed space (X, ||.||) [the n-dual space of the n-normed
space (X, |I., ..., .||) respectively] see [9, 10], with norms

|f(Xl/X2/" ) /Xn)l_

[Ifllna:= sup ;
pixrgzo L=< X
|f(Xl/X2/"' /Xn)| .
fllnn = su —————  respectively].
4 1 2 n y
[IX2, %2, ,x||£0 ”X S X, X ”

Here, we shall consider the well-known sequence space I° ,1 < p < co; where

I ={x=(xi)i"fo|Z“|xi|p < oo and x; elK;i:O,l,Z,...}

i=0

with norms
o 1/p
(11) Illp = [Z |xi|p]
i=0
and
(1.2) IXlloo = sup [xil.

O<i<oo

We know that (Ip, ||.||p) is a Banach space whereas (I, ||.||) is not a Banach space.

In [5], for our convenience and need, we have denoted the set of whole numbers
asIN ={0,1,2,3,...} will also be written in the form of asequence N = (0,1, 2,3, ...)
as well as in the form of n-consecutive terms notation as:

N=(nlnl+1,...,nl+(n-1)2,

where “n” is fixed positive integer and refer to the integer “n” of n-normed space.

(o)

Taking N = (ﬁnk,ﬁnm, .. .,ﬁnkﬂn_l)) ,a5a rearrangement of the sequence IN.

k=
In [5], we have seen that (Ip,||.,...,.||p ),1 < p < oo is an n-normed space, but not
complete where

=1 =2

_—— —n
[[X, %2, .. XMy = sup{ :X ,X,...,X are parallel rearrangements of

(1.3) xt X2, XM respectively} ,

and
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1/p
)L oxl L P
Mpk - Mpg1 Mpk+(n-1)
-1 =2 —n — XZ: XZ: c X2:
(1.4) X, X,....X|= Z det| Mnc Mk Mkt (n-1) :
=l | e
XL oxoo..xn
Mpk - Mnk1 Mpk+(n-1)
=t °°
X :(xt: X X ) ;
Mpg Mpic+1 Mnk+(n-1) k=0

t to t t ©
X = (an’xnl+1’ .. .,xn|+(n_l))|=0, t=12,...,n

Besides it, the function

xkoxbooxt

1y2 ny - Xi21 Xif xif
”X ,X/...,X ”oo = Sup det 1 ) R
il/-u/in e cee P e

xXToxnooxt

i1 [P in

also defines an n-norm on IP , where iy, ..., i, € IN.

In [5, 7], we have already proved that these two n-norms||.,..., .|l and ... ., [l
are non-equivalent. Where as their derived norms with respect to the linearly

independent set {el, e, e“} are equivalent to ||.||., Where ' = (6})?;0. For details see
[5, 6, 7].

Here we shall consider the normed space (I°, ||.||) and n-normed space( L PN ) .

It is well known that, I° ¢ Cp and |||l < II.llp , by applying usual methods for
finding dual spaces of sequence spaces we have the following Lemma:

Lemma 1.2. The dual space of (I?, ||.||«) 1 < p < oo is identified by (Il, ||.||1). Moreover,

the mapping f — (f (e‘))i0 is a linear isometric bijection.

Proof. It is easy to check that the sequence (e‘):jo constitutes a Schauder basis

for the space (I, ]| - ||l.) also where e' = (6'1);1) :i=0,1,2,.... Therefore, every

X = (Xi)izp € IP can be uniquely expressed as

ie. [Isn =Xl —0 as n—oco,wheres, =Y xge . Letf be bounded linear
functional on (I?, || - ||) [It should be noted that f is bounded with respect to || - ||c



The n-dual Structure of the Space of p-summable Sequence Spaces 711

]. Since f is continuous and s, — x it follows that f(sy) — f(x) . Hence, f(x) can be
uniquely expressed as

f(x) = ixif(e‘).
i=0

Now, we shall show that (f (ei))zo € (I1,|| . ||1) . Let n € IN be arbitrary, define
y" = (i) € IP as follows

HO

i e © f(e)#0 and 0<i<n
' 0 ;. otherwise .

Obviously y" € IP and
Iy"lleo = sup lyil <1

0<i<co

(But [ly"ll, < (n+1)*P.) Now,
fy") = ) vife) = Y IFE < Il 1Yl < NI
i=0 i=0

Thus, for all n € N we have Y |f(¢')] < || || therefore

i|f(ei)| < Il
QI GIRE

Now, define a mapping T : (I°, || - [|)” — (Il, [| - |I1) as follows
T(H = (F(¢)):,

where (I°, ]| - ||lo)” is dual space of (I, || - ||) . Clearly T is well-defined and linear
and from above it follows that T(f) = 0 = f = 0 therefore T is one-one.

and hence

To prove T is onto, let A = (1), € (Il,ll . ||1) and x = (Xi)i2, € I° be arbitrary,
clearly x is bounded in KK, therefore

Z [Xidil <0 = in)\i <00,
i=0 i=0
Define f : IP - K as

f(x) = ixi/\i <00,
i=0
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Obviously, f is linear and for every x € IP :

7001 < ) il < [Z IAiIJIIXIIm <o
i=0 i=0

i.e. f is bounded and T(f) = (f(¢')_ = (A and

o]
i=0

HED MG
i=0

Moreover, above inequalities give

HEDWUGHE
i=0

Thus T is a linear isometric bijection. O

Remark : Moreover, above Lemmal.2 says that if 1 < p < g < oo then

(AT (%11 lleo)”

1R

and

IR
IR

(Co, - [le)’ (© 11 llo)’ -y = (M- 1) -
But it need not be true for (I°, || - [l,))" and (1, |- [ly))" -
From [9, 10], we have the following results:

Lemma 1.3. Every bounded multilinear n-functional f defined on the n-normed space
X 1., .. .,.l) satisfies

1. f(x5,x3,---,x")=0; whenever x%,x%,---,x"are linearly dependent
2. f(xt, %2, ,x") = sgn(o) f(x7W, ..., x?™) forevery x*,x%,---,x" e X

for every permutation o of (1,2,...,n) where  sgn(c) = 1if o is an even permutation and
sgn(o) = —=1ifo isan odd permutation.

Lemma 1.4. The norm of every bounded multilinear n-functional f defined on an n-
normed space (X, |I.,...,.l]) is given by:

[, %2, X))

[Ifllnn = sup
”Xl/ XZ/ tty Xn”

[Ixt %2, x0||£0

or equivalently
. 1,2
Iflln = sup  [f(x’, x5, X")
[Ixt %2, xn||=1
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or equivalently
[flln = sup  [FOE, %2, x|
XL, %2, xN||<1
or equivalently

fllnn :=inf {K FOC, X, XD S KIXE ), x|, forevery  x,x2,--+, X" € X}

A similar result can be obtained for bounded multilinear n-functional defined on a
normed space.

2. Results

In [5, 7], we have already investigated the equivalence relations between different
norms and n-norms defined on IP as

LA, 2, X0l < Xl - - - X"l

2. ”Xl/ XZ/ .o /Xn”p < (n!)l/p”Xl/ X2/ e /Xn”p-

for every x%,x?,--- ,x" € IP ; where the n-norm |...., Jlp is defined by Gunawan [4]
as
L 1/p
L2 oo x, == typ —
I, = | Z Zldet(xik)| t=12,...,n
J1 In

The above relations give the following propositions:

Proposition 2.1. A bounded multilinear n-functional defined on (Ip,||.,...,.||p) is a
bounded multilinear n-functional on (I°, |[.||).

Proposition 2.2. A bounded multilinear n-functional defined on (IP,||.,...,.||p) is a
bounded multilinear n-functional on (I*, ][, ..., .||p).

In [10], Gunawan investigated the n-dual structure of the Banach space (I, ||.|I,)
and n-Banach space (IP, ., ..., .||p), respectively. In [7] we have investigated that the
two n-normed spaces (Ip, ||.,...,.||p) and (I°,I.,..., [l, ) are non-equivalent. Inspired
by Gunawan [10] here, we shall investigate the n-dual spaces of the normed space
(P, ||.]lo) and n-normed space ( Pl ) respectively.
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We shall begin our investigations by finding the 2-dual structure of IP with respect
to norm |||l and 2-norm ||., .[|,, respectively.

First of all, let us define the normed space (Il ||.||§) of double indexed sequences

INXIN/
as follows:
© = (i) € kxn: 6 €K ifand only if
(2.1) eIl = sup [Z ineij]< co,  where X = (x)Z.
[IXlleo=1 j=0 |i=0

and the normed space (IHA\IXN, ||.||§) as follows:
© = (0i)j= € Rxn:  Gij €K ifand only if
Yo LiZo XiY0ij
(22) ||®”A :ﬂp ) j=0 Lui=0 MY |]|

I ll,#0 11X Yl

and Qij = —0ji

where x = (Xi);>, and y = (y;j }"’:O.

Theorem 2.1. The 2-dual space of (I, [Llo); 1 < p < oo is identified by (1L, II12)-

Moreover, the mapping f — © = (f(e‘,el'));"}:o is an isometric linear bijection.

Proof. Let f is a bounded bilinear 2-functional on (I°, ||.|l«) , then for every x = (xi);?,
andy = (yj)}"’=0 f(x, y) can be expressed as

(2.3) f(x,y) = _Z i Z xif(e', )

We shall first show that (f(e‘,ei))i"‘}=0 € Iy Since for any arbitrary x € IP with

[IX|l = 1 the function f, defined on I’ as f,(y) = f(X, y) is bounded linear functional
on (I, ||.llo) ,that is

(2.4) W= 1F W< Nl alXl oo IYlleo = I ll2,1 1Yl

Therefore by lemma 1.2, fx can be identified as fx = (fx(ei))}’i0 with norm || fy|| =
Yol fu@) = X0 If(x, el = X520 | XiZo xi f (¢!, e))], aswellas| fll = sup {| f(y)! : lIylleo = 1}
, therefore from (2.4), we have

o) o)

Z | inf(ei,ej)l <|[fll1; forevery arbitrary ||x||e = 1.
=0 ‘0

Which shows that, © := (f(e‘,ei))i“}:0 € Iy With

(2.5) Il = I, )iy < IIfll21.
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Next, let us define a function T on the 2-dual space of (I°,||.||) to I]}\IXN such that

T(f) = (f(e‘,ej))i‘}=O then obviously, T is well defined and linear. From (2.3), it is
clear that f is zero function, whenever T(f) = O, thus T is one-one.

Next, let © := (Gij)?j}:o € I%\IXN is arbitrary, for x = (xj);°; and y = (yj)].’io define
f: IPXIP — K as follows:

o)

f(x,y) = Z Yi ) Xibij;

=0 i=0

obviously f(e',el) = 6. For x,y € IP with |||~ = 1 and ||y|l = 1, we have

FoOWI< Y vy Y xi01 < liylle Y1) %031 < IO,
j=0 i=0 j=0 =0

Therefore for every |||l # 0 and ||y|l # 0

Fx )l

<l®l;
[IXllcol[Y1leo 2

or equivalently,

(2.6) 106 Y1 < 1B151IXIleo 1Y llco,

which exhibits that f is bounded bilinear 2-functional on (I?, ||.|lw) and T(f) = ® with
(2.7) Ifll22 < 113 = IIf(e", &))II3-

From (2.5) and (2.7) it is clear that, T is isometric linear bijection. O

Theorem 2.2. The 2-dual space of the 2-normed space (Ip, ﬂp) is identified as (I&XN, ||.||'2“) )

Moreover, the mapping f — © := (f(e‘,ej));"}=0 is an isometric linear bijection.

Proof. Since ||x, y||p < 2|Ixllpllllyllp see[5], therefore f(x, y) can be expressed as

o)

(28) foy) =) ) yixif(ele).

j=0 i=

Since f is bounded therefore

oo 0

FooyI =1 Y yixif e el < [1fll2lx, Vi,

=0 =0

Defining @:=(f(¢', eJ'));’,‘}:0 above equation exhibits that @:=(f(e', ej))i‘}zoe IRy @Nd

(2.9) el = I, eIy <1Ifll22
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Now for any arbitrary © := (6ij)_, € IRy define bilinear functional

i,j=0 INXIN
f(x,y) = Z Z yiXiOij ;
=0 i=0

it is easy to show that f is bounded bilinear 2-functional on (Ip, Il., .||p)with f(e',e)) = 0j
and [|fll2 < 11©115 = [If(e', eIy
Now proceeding as in theorem?2.1, we have the result. O

To achieve the n-dual spaces of (I°,|].]|«);1 < p < o0 and ( ,|| ol ) Let us

generalizes the definitions of ( o ] ) and (IA

o I ||'§) to following normed space
of n-indexed sequence spaces as follows:

The normed space ( with

0i,,..i, € Kas follows:

) of n-indexed sequences © := (Oi,..i,);

an” ” in=0

© = (6i,,..i,) € Inpn s if and only if
el = sup [Z Z lel 16, J < o0,
X oo - AX" oo =2 \ §7=0 |ip_1 =0 i1=0
(2.10) where x* (x cot=1,...,n-1.

and the normed space (NH,H ||A) of n-indexed sequences © := (6i,,..i,); ; o With
6i,,..i, € K as follows:

O .= (Qil ) € IIN" X if and only if 6i1,-~-,in = Sgn(a)G(,(il)Mg(in) and
(|Z?::02?:_1:o,"' Yo X, X0 6, )
ey = sup — < 0o,
(It %2,...,x"|[,#0 ”Xl/ XZ/ RV Xn”p
(2.11) where x'=(x)>,t=1,...,n.

and for every permutation ¢ of (i1, iz,...,in) where sgn(c) =1 if o isan
even permutationand sgn(c) =-1 if ¢ isanodd permutation.

Theorem 2.3. The n-dual space of (I?,|.]l~) is identified by (I%\In,ll.llﬁ). Moreover, the
mapping f — © := (f(e", ..., &) | _ is an isometric linear bijection.

Proof. The proof is similar to case n=2. For any x*,x?,--- ,x" e IP;x* = (), ;1<
t < n the bounded multilinear n-functional f(x!,x?,---, x”) can be expressed as

o0 o0 o0
fOcd, %2, -+, x") :Z Z,...,inll,...,x?nf(e'l,...,e'").

in=01i,-1=0 i1=0
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First of all we shall show that (f(e",€%,...,e")> | _ € Iy,. To do this we shall use
mathematical induction on n. For n=2, we have already showed it. Let us assume
that it is true for n-1, we have to prove it for n. Let f is bounded multilinear n-
functional and x* € IP with ||x}|| = 1, if we define f,i : IPxIP---xIP  (n—1times) — K
as

£, ..., x") = f(x, %%, -, x"),

then f,: is bounded multilinear (n-1)-functional on IP and
£ (O, . XM = [FOE, X, -, X< 1l X leo - -+ 11X foo;
which implies that
Ifxtlln-1,12 < [Ifllna
therefore it can be identified by (f,:(e"?,...,e")) € I]Nn , and

[oe] (o]
Ifelln-s1 = sup {Z e Y R X e, )

(e8]

|

(X2 lloo -, X" loo =2, =0 |iy,_, =0 i,=0
(o] (o] o0
1,2 i i i
= sup Z Z ,inlxiz, X “Li(eh, ez, ..., e ].
X2 loo - /X"l =1 \j 20 |ip_s = i1=0

That is,

w_ [>
1D o X"l =1\fm0

for every arbitrary ||x!|| = 1 therefore

Z Zx R {CO L)

in.1=0 i1=0

]Sllflln,l

(2.12) I(fe"™, e,...,e"NIE < [Iflln1.

Thus (f(e', e, .. .,e‘n))fl"m i o € In- Rest part is similar to the case n=2. [

Theorem 2.4. The n-dual space of the n-normed space (Ip ll., . ||p) is identified by
(Nn, [I. ||A) Moreover, the mapping f — © := (f(e‘l,...,e‘"));’fwin:0 is an isometric linear
bijection.

Proof. The proof is similar to the proof of theorem 2.2. O
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