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Abstract. We establish the equivalence of the Riemann-Stieltjes A-integral as defined
in [13, 14] in terms of the Darboux sum definition and the Riemann sum definition, and
provide the definition of the Riemann-Stieltjes V-integral in terms of the Riemann sum
definition and prove its equivalence with the Riemann-Stieltjes V-integral as defined
in [13] in terms of the Darboux sum definition. We establish a few results concerning
finite discontinuity.
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1. Introduction

The theory of time scale calculus was first introduced in 1988 by the German math-
ematician Stefan Hilger [9)].

As seen in his paper, Hilger’s main motivation was the analogy between dis-
crete and continuous analysis and the aim to unify them. The delta derivative
was introduced here [9], and a descriptive sense of the integral (named the Cauchy
Integral) was given. More than a decade after the so-called delta derivative was
formulated, another derivative called the nabla derivative was introduced by Atici
and Guseinov [3], which was previously hinted in the works of Calvin and Bohner
[2], who introduced a so-called alpha derivative which consisted both the delta and
nabla derivative as special cases.

For an excellent introduction to this subject with theoretical developmental sum-
mary and rich history, the reader is referred to the following [5, 6, 9, 10, 12].
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Various integration notions, in their constructive sense, is discussed in literature
including the Riemann-Stieltjes integral on time scales.

The Riemann integral on time scales was formulated by S. Sailer [5, 7], using
the concept of Darboux sum definition of the integral; and by G. Sh. Guseinov and
B. Kaymakgalan [7], using the concept of Riemann sum definition of the integral.
The latter also proved that the two different approaches of the Riemann integral on
time scales are in essence equal [7].

The Riemann-Stieltjes integral on time scales was formulated by S. Sailer [5, 6,

13], using the concept of Darboux sum definition of the integral; and re-investigated
by Dorota Mozyrska et al. [13]. The Riemann sum definition of Riemann-Stieltjes
A-integral is given in [14] by the same authors.
Other studies related to the Riemann-Stieltjes integral on time scales include in-
equalities and majorization [14], generalization of the integral to deal with discon-
tinuous dynamical equations [4], prove of the Riesz representation theorem on time
scales [11].

In this article, we establish the equivalence of the Riemann-Stieltjes integral de-
fined in terms of the Darboux sum definition and the Riemann sum definition, and
discuss the Riemann-Stieltjes integrability of finite discontinuous functions, consid-
ering three cases. The first case is when the monotone increasing function @ has
finite points of discontinuity while the bounded function f is continuous at those
points. The second case is when the bounded function f has finite points of discon-
tinuity while the monotone increasing function v is continuous at those points. And
finally, the third case is when both bounded function f and monotone increasing
function ¥ has a common point of discontinuity.

2. Preliminaries
In this section, we recall a few definitions and results on the theory of time scale
calculus (one may refer [5, 6, 9] for more insight).

A time scale T is any non-empty closed subset of R.

Definition 2.1. [9] Forward Jump Operator: The forward jump operator denoted
by o is a mapping, o : T — T defined by o(t) = inf {r € T : 7 > t}.

Definition 2.2. [9] Backward Jump Operator: The backward jump operator de-
noted by p is a mapping, p: T — T defined by p(t) = sup {r eT:r< t}.

Assuming p < ¢, intervals in T are defined as [5]-
gl =pdr={teT:p<t<q}; (p,g) =P,g)r={t€T:p<t<q};
o) =Ipg)r={teT:p<t<q}; (g = (pdr={teT:p<t<q}

Throughout the article [p,q], [p,q), (p,q] and (p, q) will denote intervals on T.

Let [p, g] be a closed interval on T such that p < ¢q. Let 8 be the collection of
all possible partitions of [p, g].
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Below we provide the definition of the Riemann A-integral and Riemann V-integral.
Before proceeding we first establish a few preliminary information required for the
definition. For the sake of clarity, V € 8 will denote the partition for the A-integral
and W € B will denote the partition for the V-integral.

Let VeR, V= {p=to<ti<...<t,=q}, with o, t1, ..., t, being the finite
points of division. We consider subintervals of the form [t;_1,t), for 1 < h < n,
and from each subinterval we choose ¥, arbitrarily, defined as ¥ € [tn—1,1p), and
call it the tag point of the respective subinterval.

For V € B, we define a point-interval collection as V = {(19;,,, [th—l’th))}zzl’ and
call it the tagged partition.

We define the mesh of V as mesh-(V) = maxi<p<n(tp, —th—1) > 0. For some § > 0,
Vs will represent a partition of [p, ¢] with mesh § satisfying the property: For each
h=1,2,...,n we have either- (t;, —tp_1) < d or (tn — th—1) > 0 A p(tp) = th_1.
Hence, Vs will mean a tagged partition with mesh ¢ satisfying the above property.

We proceed to give the definition of Riemann A-integral on time scales according
to G. Sh. Guseinov and B. Kaymakgalan [7, 8].

Definition 2.3. [8] Riemann A-integral: A function f : [p,¢JT — R is Riemann
A-integrable if there exists a number I € R such that, for any ¢ > 0 there exists a
& > 0 such that for any tagged partition V5 we have | Sohy fOR)(th—th-1)—1| <.
Here I = Ef; ft)At.

Now, let W e B, W = {p =ty < t1 < ... < tp, = q}, with o, t1, ..., t,
being the finite points of division. We consider subintervals of the form (¢5_1, 1],
for 1 < h < n, and from each subinterval we choose &, arbitrarily, defined as
&n € (th—1,tn], and call it the tag point of the respective subinterval. For W € ‘B,
we define a point-interval collection as W = {(fh, (th-1, th])}zzp and call it the
tagged partition.

We define the mesh of W as mesh-(W) = }W| = maxi<p<n(th—tr—1) > 0. For some
d > 0, Ws will represent a partition of [p, ¢] with mesh ¢§ satisfying the property: For
each h =1,2,...,n we have either- (t, —tp_1) < dor (tp—th—1) > Aty = o(th—1).
Hence, W will mean a tagged partition with mesh ¢ satisfying the above property.

We proceed to give the definition of Riemann V-integral on time scales according
to G. Sh. Guseinov and B. Kaymakgalan [7, 8].

Definition 2.4. [8] Riemann V-integral: A function f : [p,¢JT — R is Riemann
V-integrable if there exists a number I € R such that, for any € > 0 there exists a
& > 0 such that for any tagged partition Ws we have | Sy F&n) tn—th-1)—I| <e.
Here [ = Ef; f(t)Ve.

3. Riemann-Stieltjes integral on time scales

We, again, establish a few preliminary information followed by the definition of the
Riemann-Stieltjes A-integral and the Riemann-Stieltjes V-integral.
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Given Ve P, V={p=ty<t1 <...<t, =q}, with to, ¢y, ..., t, being the
finite points of division. Let v be a real-valued monotone increasing function on
[p, q]. Then for partition V of [p, q] we define ¢(V) = {¢(p) = ¥(to) < ¥(t1) < ... <
U(tn) = ¥(q)} and Ay, = ¢(tn) — ¥ (th—1). (Note that unless mentioned otherwise,
f will be considered a bounded function and ¢ will be considered a monotone
increasing function on [p,q]). Also for the A-integral we consider subintervals of
the form [tn_1,tr).

We now proceed to give the definition of the Riemann-Stieltjes A-integral using
the Darboux sum definition (which we will call the Darboux-Stieltjes A-integral);
and using the Riemann sum definition (which we will call the Riemann-Stieltjes
A-integral) on time scales according to Dorota Mozyrska et al. [13, 14], and we
prove the equivalence of these two definitions.

Considering subintervals of the form [t,_1,11), we define-

D =sup{f(t) : t € [pa)}; d = inf{f(t) : t € [p.a)}; Dp = sup{f(t) : t €
[th_l,th)}; and dj, = mf{f(t) :t e [th—lath)}-

The upper Darboux-Stieltjes A-sum of f with respect to partition V, denoted by

Ua(V, f, ) is defined by Ua(V, f,%) = S0_, Dy [(th) — $(ta—1)]-
The lower Darboux-Stieltjes A-sum of f with respect to partition V, denoted by

La (Va f7 1/)) is defined by LA(V7 f7 '(/)) = ZZ:l % W(th) - w(th—l)] .
The upper Darboux-Stieltjes A-integral from p to ¢ with respect to  is defined as

a
U/ fOAY(t) = inf {UA(V, f, ) : V € B}.
P
The lower Darboux-Stieltjes A-integral from p to ¢ with respect to v is defined as
q
L/ F(@®)Ap(t) = sup {LA(V,f, P): Ve ’I?}
P

Definition 3.1. [13] Darboux-Stieltjes A-integral : Let function f : [p,¢JT — R
be a bounded function and let ¢ : [p,¢JT — R be a monotone increasing func-
tion, then f is said to be Darboux-Stieltjes A-integral with respect to ¥ on [p, q]
provided Uf; FAY(t) = Lf; f(t)Ay(t), and the common value denoted by

DS f; Ff)AY(t) is called the Darboux-Stieltjes A-integral of f with respect to
¥ on [p, q].

Now for the Riemann sum definition- for each subinterval of the form [t5_1,ts), for
1 < h < n, we choose ¥, arbitrarily, defined as ¢;, € [tj—1,t1), and call it the tag
point of the respective subinterval. As defined above, for V € B8, we define a point-
interval collection as ¥V = {(ﬁh, [th—1, th)) }Zzl, and call it the tagged partition.

We define the mesh of V as mesh-(V) = maxi<p<n(tp, —th—1) > 0. For some § > 0,
Vs will represent a partition of [p, g] with mesh ¢ satisfying the property: For each
h =1,2,...,n we have either- (¢, — tp_1) < d or (tn — th—1) > 0 A p(tn) = th—1.
Hence, Vs will mean a tagged partition with mesh ¢ satisfying the above property.

Definition 3.2. [14] Riemann-Stieltjes A-integral : Let function f : [p,¢JT — R
be a bounded function and let v : [p, g]T — R be a monotone increasing function.
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Then function f with respect to ¢ on [p,q] is said to be Riemann-Stieltjes A-
integrable if there exists a number [ € R such that, for any € > 0 there exists a
d > 0, such that for any tagged partition Vs € P we have ‘RS — I‘ < €. Here

I=RS [ f(t)A¢(t) and RS = 375, f(9)[v(tn) — ¥(th-1)]-

The set of all Riemann-Stieltjes A-integrable functions on [p, ¢] will be denoted by
%6A[ ) Q] .

Remark 3.1. Taking ¥(t) = t we see that the Riemann-Steiltjes A-integral coincides
with the Riemann A-integral.

Cases when T = R and when T = Z-

1. When T = R, the Riemann-Stieltjes A-integral coincides with the usual
Riemann-Stieltjes integral in R.

2. When T =Z,
DS/ F(H)AY(L) RS/ FHAY(E) = h_lf(th)(w(th)w(th_l))
= > s (wlm) —im - 1))
m=p+1

Theorem 3.1. If f € RSA[p, q], then the value of integral, I, is unique.

Proof. Let us assume that f with respect to v has two integral values, say T and

=1

I, both satisfy the definition and let € > 0.

Then, there exists 5’% > 0 such that for any tagged partition Vs _, the respective
2

Riemann-Stieltjes A-sum, RS satisfies ]ﬁ’ — 7/’ < 3.

Also, there exists (5’%’ > 0 such that for any tagged partition V(;% , the respective
Riemann-Stieltjes A-sum, RS satisfies \ﬁ” — T/I’ <3

Now, let § = min {6’5 , 5”} > 0 and let Vs, be the tagged partition. Since length of
the partition of V(; is lesser or equal to the length of the partitions of V(s/ and V(;n

thus taking RS to be the respective Riemann-Stieltjes A-sum we have ’RS 1 ‘ <3
and ’RS T ’ < 5, whence it follows from triangle inequality that,

|7/ —T//| _ \T'—ﬁ+ﬁ—f”|
7 —RS|+|RS-T'| <.

IN

Since € > 0 is arbitrary, we conclude that 7=7". 0O
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Theorem 3.2. A bounded function f with respect to a monotone increasing func-
tion v over [p,q| is Riemann-Stieltjes A-integrable if and only if it is Darboua-
Stieltjes A-integrable.

Proof. First, we suppose that f with respect to 1 is Darboux-Stieltjes A-integrable
from p to g ie., U [T f(t)Ad(t) = DS [T f(H)A¢(t) = L [T (1) A (2).

Let us choose an arbitrary € > 0 and a respective § > 0 such that the Cauchy
Criterion of integrability holds i.e., V Vs € P implies,

(31) UA(Véafaw)_LA(V5af7w) <€
We are to show that,
q
(3.2) ‘RS —D75/ f(t)Aw(t)‘ <e,
P

for every Riemann-Stieltjes A-sum ,RS, with partition Vs € B.
From Eq. (3.1) we have,

UsWaft) < c+LaOsfi) < e+l " F(H)AG() = ¢ + DS / " ) AG ().
P p
Similarly,
q _raq
LaWsfov) = Us®sfw)—e=U [ 10000 - =D5 [ s -«

It is clear that La(V, f,%) < RS < UA(V, f, ).
Hence taking-

RS < Ua(Vs, f,%)
0 > BS-Uss ) > B8~ (e+D5 [ r0av)
(3.3) e > ﬁfDiS/qf(t)Aq,w(t).
Also taking-
LA(VtS;faw) S m
0 < RS- Lo fw) <RS- (D5 [ fnau -
p
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From Eq. (3.3) and Eq. (3.4) we conclude that Eq. (3.2) is true, i.e.,
___qa
’RS - DS/ f()Aw(t)’ <e.
P

This shows that ﬁf; fOAY(E)=1= D75qu F(H)AY(t).
Thus, if f with respect to 1 is Darboux-Stieltjes A-integrable then it is also Riemann-
Stieltjes A-integrable.

Secondly, we suppose that f with respect to v is Riemann-Stieltjes A-integrable
from p to ¢, and show that it is also Darboux-Stieltjes A-integrable for the same.
Let V= {p =1ty <t <...<t, = q} be a partition of [p,qg], then for any
€ > 0 there exists a 6 > 0 such that we consider partitions Vs € PB. For each
h = {1,2,..,n} we choose the tag point ¥; €,[tn_1,tn) so that, f(I,) < dp + €,
where dj, = inf { f(t) : t € [th—1,tn)}.

The Riemann-Stieltjes A-sum, RS, for these choice of ¥}’s gives,

RS = Z f(ﬂh)<¢(th) - w(th—ﬂ) < Z(ﬁ—i— €) (w(th) — 1/J(th—1))
h=1

h=1

La(Vs, f.) > RS —e€(v(q) —v(p)).

By definition, we have |[RS — 1| <e¢ = —e+I<RS<I+e
Hence,

L[ 50860 = La0sf0)> TS - (u(a) - vl0)
> (—et+ ) —e((a) =) =1 —e—e(wa) —vp)
Since € > 0 is arbitrarily chosen, we conclude that,

(3.5) Y N(OINCORS

Similarly, for each h = {1,2,..,n} we choose the tag point (5 € [tn—1,tn) so that,
f(¢n) > Dy, — €, where Dy, = SuL{f(t) it e [th,l,th)}.
The Riemann-Stieltjes A-sum, RS, for these choice of (},’s gives,

RS = Zn: f(Cn) (1/)(th) - 1/’(%4)) > i(ﬁh —€) (w(th) — w(th,l))
h=1

h=1

Ua(Vs, [,0) < RS+e(¥(q) —v(p)).

By definition, we have |ﬁ — T’ <e = —€e+I<RS<I+e.
Hence,

v CiOaG) < Ua(Ws f) < S + e((a) — ()
< (IT+e) —e(vlq) —vp) =1+e€—e((q) —v(p)).
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Since € > 0 is arbitrarily chosen, we conclude that,

(3.6) A NUINTOES,

P
Thus from Eq. (35)anqu (36)WegetI<qu A(t) <qu w()
1, which 1rnphes qu A(t) qu YAY(t) = 1. Th1s proves that DS fq

I=RS f () A(t).
Thus if f Wlth respect to ¥ is Riemann-Stieltjes A-integrable then it is also Darboux-
Stieltjes A-integrable. [

This concludes that the Riemann-Stieltjes A-integral defined in terms of the Rie-
mann sum and the Darboux sum are equivalent, given f is bounded and ) is
monotonically increasing on a closed interval.

Now let W € B, W = {pzto <t <...<t, :q}, with tg, t1, ..., t, being
the finite points of division. Let 1) be a real-valued monotone increasing function
on [p, q]. Then for partition W of [p, q] we define (W) = {th(p) = ¥(to) < ¥(t1) <

< p(tn) = ¥(q)} and Avpy, = Y (tr) — Y (th—1). (Note that unless mentioned oth-
erwise, f will be considered a bounded function and 1 will be considered a monotone
increasing function on [p,q]). Also for the V-integral we consider subintervals of
the form (th—lath}-

We now proceed to give the definition of the Riemann-Stieltjes V-integral using
the Darboux sum definition (which we will call the Darboux-Stieltjes V-integral)
according to Dorota Mozyrska et al. [13], and define the Riemann-Stieltjes V-
integral using the Riemann sum definition (which we will call the Riemann-Stieltjes
V-integral), and we prove the equivalence of these two definitions.

Considering subintervals of the form (¢,_1, ], we define-

D = sup{f(t) : t € (pgl}; d = inf{f(t) : t € (p,ql}; Dn = sup{f(t) : t €
(th—1,tn]}; and dp = inf { f(t) : t € (tn—1,tn]}-

The upper Darboux-Stieltjes V-sum of f with respect to partition W, denoted by

Uy (W, f,) is defined by Ug (W, f,4) = 325 Du [#(tn) =9 (tn-1)].
The lower Darboux-Stieltjes V-sum of f with respect to partition W, denoted by

Ly (W, f,) is defined by Ly (W, f,4) = 35 dn [¢(tn) = ¥(ta-1)].
The upper Darboux-Stieltjes V-integral from p to ¢ with respect to v is defined as

vf " FOTU() = inf (U O, £,6) : W € B}

The lower Darboux-Stieltjes V-integral from p to ¢ with respect to v is defined as
L " FOV(e) = sup {Le OV, £,0) : W € B},

Definition 3.3. [13] Darboux-Stieltjes A-integral : Let function f : [p,¢jlT — R

be a bounded function and let ¢ : [p,q]r — R be a monotone increasing func-
tion, then f is said to be Darboux-Stieltjes V-integral with respect to ¢ on [p, g]

JAY(t) =
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provided Uf; F)Vy(t) = prq f(t)Vy(t), and the common value denoted by
DS f; F(@)V(t) is called the Darboux-Stieltjes V-integral of f with respect to
¢ on [p, ql.

Now for the Riemann sum definition- for each subinterval of the form (¢5_1, 3], for
1 < h < n, we choose &, arbitrarily, defined as &, € (tn—1,ts], and call it the tag
point of the respective subinterval. As defined above, for W € 3, we define a point-
interval collection as W = {({h, (th-1, th]) }Zzl, and call it the tagged partition.

We define the mesh of W as mesh-(W) = maxi<p<n (tn —tp—1) > 0. For some § > 0,
Ws will represent a partition of [p, ¢] with mesh § satisfying the property: For each
h =1,2,...,n we have either- (t;, —tp_1) < & or (¢, —th_1) > 8 A p(tn) = th_1-
Hence, W;s will mean a tagged partition with mesh ¢ satisfying the above property.

Definition 3.4. [14] Riemann-Stieltjes V-integral: Let function f : [p,¢lT — R be
a bounded function and let ¢ : [p, ¢JT — R be a monotone increasing function. Then
function f with respect to % on [p, ¢| is said to be Riemann-Stieltjes V-integrable if
there exists a number I € R such that, for any € > 0 there exists a § > 0, such that
for any tagged partition W5 € P we have |RS — I| < e. Here I = iSf; F&)V(t)

and RS = Y7p_; f(&n) [00(tn) — ¢ (th-1)].

The set of all Riemann-Stieltjes V-integrable functions on [p, ¢] will be denoted by
REv[p, q].

Remark 3.2. Taking ¥(t) = t we see that the Riemann-Steiltjes V-integral coincides
with the Riemann V-integral.

Cases when T = R and when T = Z-

1. When T = R, the Riemann-Stieltjes V-integral coincides with the usual
Riemann-Stieltjes integral in R.

2. When T = Z,

Theorem 3.3. If f € RSy |[p, g, then the value of integral, I, is unique.

Theorem 3.4. A bounded function f with respect to a monotone increasing func-
tion v over [p,q| is Riemann-Stieltjes V-integrable if and only if it is Darboua-
Stieltjes V-integrable.
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This concludes that the Riemann-Stieltjes V-integral defined in terms of the Rie-
mann sum and the Darboux sum are equivalent, given f is bounded and 7 is
monotonically increasing on a closed interval.

Henceforth, all definitions and results will be in terms of the A-integral. The case
of the V-integral can be obtained in a similar manner using the above V-integral
definition.

Below we discuss the Riemann-Stieltjes integrability of finite discontinuous func-
tions, considering three cases. Case when the monotone increasing function v has
finite points of discontinuity while the bounded function f is continuous at those
points. Case when the bounded function f has finite points of discontinuity while
the monotone increasing function ¥ is continuous at those points. And finally the
case when both bounded function f and monotone increasing function v has a
common point of discontinuity.

4. Results

Theorem 4.1. Let v : [p,q] = R be a step function with discontinuities at r1 <
... <7Ts, in[p,q]. Let f:[p,q) = R be continuous at each r;, 1 < j < s. Then
f € RGAp,q] and,

Rs/qu@)m(t) - Zsjf(rj) w6 = 7)),

where Y(r}) = lim,, .+ (t) and d(ry) = lim,, o $(t). Also (p~) = 9(p) and
V(gh) = (q).

Proof. Let € > 0. Choose partition Vs = {p =to<ti<...<tm= q} such that
{rl,rg,...,rs} C Vs and § = min{|r2 =71,y rs — rs,1|,60}, do given by (x).
(The explanation of (x) is mentioned below).

Now let V = {p =t <t <...<t, = q} D Vs and from each subinterval we
choose ¥y, € [tn—1,tr) arbitrarily, then RS is given by,

n

RS =Y () [(th) = w(tn-1)]-

h=1

Clearly no r; can be strictly between t,_; and t;. Furthermore, since V O Vs

where § = min{\rg — 1]y ey s — rs_l\,ég} we cannot have both ¢,_; and t; in
{7’1,7"2, . ,rs}. So either,
1. neither ¢y nor t,_q is in {ry,r2,...,rs}, in which case, as no point of discon-

tinuity r; can lie between ¢,_1 and ¢, we have ¥(tp) — ¥ (tp—1) =0,

Or
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2. t, = r; for some 1 < j < s. In this case ¢,—1 cannot be ré» and no r; can be
between t5,_1 and 7; so that,

Y(tn) = Y(th-1) = P(r;) —d(ry),
Or

3. tp—1 =r; for some 1 < j <'s. In this case t; cannot be r} and no r} can be
between r; and ¢, so that,

P(tn) = P(tn-r) = Y(r)) = b(r)).
So,

o)
N
I

Xn: f(h) [Z/J(th) - ¢(th—1)}
h=1

S

S { P00 [0) = w67 + £ [007) = )] |-

j=1

Here ¥, lies in the subinterval of V whose right hand end point is r; and so is
within a distance less than d or r;.
Similarly, 19hj, lies in the subinterval of V whose left hand end point is 7; and so is
within a distance less than § or r;.
Now

)

S

> fr) ) = wtr)] = 3 {Fe) [w) = v )] + £ [0 - v}
Hence,

S

7= 3 st o)) 007 < 32 {1500 - £ w07

j=1 j=1

HFWn,) = )l [ef) = ()]}

Now (%) for each 1 < j < s, f is continuous at 7; so that there is a §; > 0 such that,

F@) = 1(y)]

S S {0l — o) + [0 — e}

for all ¥ with |9 — r;| < §;.
Choose §p = min {51,52, ...,65}. Then,

s - z_j s utet) = o) <

as desired. O
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Theorem 4.2. Suppose that [ is bounded on [p,q|, and has only finitely many
points of discontinuity in [p,q], and that the monotonically increasing function v is
continuous at each point of discontinuity of f. Then f € RGalp,q].

Proof. Let € > 0. Suppose that f is bounded on [p, ¢] and continuous on [p,q] — A
where A = {7“1, ro,... ,rs} is the non-empty finite set of points of discontinuity of
f in [p,q], and suppose 1) is a monotonically increasing function on [p, ¢] that is
continuous at each element of A.

Given A is finite and 1 is continuous at each r; € A, we find s pairwise disjoint
intervals [x;,y;], 7 = 1,2,..., s such that,

Ac Ulrsu) € Ipoal and Y [0ly) - vley)] < €,
j=1

Jj=1

for any €* > 0; furthermore, the intervals can be chosen in such a way that r,, €
AN (p,q) is an element of the interior of the corresponding interval, [, Ym]. Let

S

K=p.qd - =yl

J=1

Then K is compact and f is continuous on K implies that f is uniformly continuous
there. Thus, corresponding to €* > 0, 3 6 > 0 such that,

Vfl,fg e, |f1 —£2| <d= |f(£1) — f(t2)| < €.

Now let V = {p =to,t1,. ..ty = q} be a partition of [p, g satisfying the following
conditions:

o zjy; €VVjie{l,2,..., s}
o (zj,y;) NV = ¢.
o tn_1 # x; where h € {1,2,...,n} and j € {1,2,...,3} = Aty < 4.

Note that under the conditions established, t,,_1 = z; = t,, = y;.
If,

D= sup |f(t)],
t€[p,q]
Dn= sup f(t) and d, = sup f(t),
tho1<t<tp th—1<t<tp

then for each h, Dy —dj < 2D.
Furthermore, Dy, —d}, < € as long as t,,—1 # x;. Hence,

S

UsV, ) = LaOs f0) = 3 (D5 = ) (w(ty) = $(t;1))

j=1

< () — ¥(p)]e" + 2De* <,
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where,
€

2D + [¢(q) — ¥(p)]

*

e <

Since € > 0 is arbitrary, we conclude f € RGa[p,q]. O

Theorem 4.3. If f and ¥ have a common discontinuity, say r € [p,q| then f is
not Riemann-Stieltjes A-integrable with respect to ¢ on [p,q|.

Proof. By contradiction. Suppose f € RSa[p,q], then given e > 03§ > 0 for
partition Vs € 9B of [p, ¢] such that,

(41) \RSVJ -7 | ' f(t)AW)] <e

where, ﬁw = ZZ:l f(ﬁh)(ﬂ)(th) — @[J(thfl)) and ¥, € [thfl,th). Let,
(4.2) V=VsUr =V;CV.
Choose, €5 > 0 such that for all 65 > 0 3 9 such that,

[0p —r| < &5 and [f(V5) = f(r)| > Ve

Choose €, > 0 such that for all 6, > 0 3 9y such that,
|19¢, — 7‘| < 511’ and ’w(19¢) - ’(ﬁ(r)‘ > VEp-
Since p < r < q, there exists k, 1 < k < n, such that t;_1 <r <.

Let € = inf {ef, ew}. Choose ¢ = ¢* for §* = min (tk —r,r— tk,l) so there exists
¥* such that,

19}—7“‘ < 6" and ‘f(ﬂ}) —f(r)’ > Ve and,

|95, —r| <& and |$(9) — f(r)| = Ve .
Therefore,

__ra
(4.3) ‘RSV _ RS / f(t)Aw(t)‘ <e
P
From Eq. 4.1, 4.3, and Eq. 4.2 and Theorem 3.1 we get,
(mvé _mv\ > Ve > e,

which is a contradiction, thus f is not integrable with respect to 1 in case of common
discontinuity. O
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5. Example

Example 5.1. Let T = [%, | > 1, f(t) = t, (t) = t, [p,q] = [0,1]r and P be the
collection of all possible partitions of [p,q]. Let V € B, considering the partition V =
{00 ™ . 1t =0< I << I << 17 <1 =ty wherety, =
17" forh =1,---,n}, we have Ay, = Y(tn) —Y(tn_1) =3 —t3_, = 2CnHh=D(2 1)
for h=2,---,n, and A¢y =3 — 0 = 12"+ According to [13], we have

Dy, = sup {f(t) (te [th—lyth)} = p(tn);

dp, = inf {f(t) (e [thq,th)} =tph—1.

For our partition, we have Dy, = tn_1 = dp, forh=2,---,nand Dy = p(t;) =1"", d1 =
0. Then,

I+1  3(—nt1)
aW, fo) = Zdh( p(tn- 1) Zth 189y = l2+l+1(1 l ),
and
_ - [4+147273"
D — 2—3n _ A _cr-Ts
aV, f,4) = Z h( P(tn- 1)) ! +hZ:2th1 Yn Erirl
Thus, the lower Darboux-Stieltjes A-integral from p to ¢ with respect to ¢ is
q I+1 3(—n+t1) l+1
L A = L : = lim ———— -
[ 0200 = s {£a. £.0) v e} = tim o000 = G

and the upper Darboux-Stieltjes A-integral from p to ¢ with respect to 1 is

/f )AY(t) 1nf{UAVf1ZJ Vem}_lool;l:lilsn /f YA (t)

Consequently, DS fq JAY(t) = lzﬁfﬁ V9, € [th—1,tn), we have Riemann-Stieltjes

A-sum, RS, of the function f with respect to v as

RS =" f(Wn) (w(th) - w(th_1)> = (@) At

h=1 h=1

As the length of the subinterval [tn_1,ts) tends to 0, we have ¥, — tp—1 and

; f(9n) <'l/1(th) - ¢(th71)) - %7

i.e., the Riemann-Stieltjes A-integral I = RS fq HAY(t) = 121:-11“ = Di.S'qu F)AP(2).

Example 5.2. Let T = [Z, | > 1, f(t) = t, %(t) = t, [p,q] = [0,1]r and P be the
collection of all possible partitions of [p,q]. Let W € B, considering the partition W =
{0,071 1 ito=0< I <o < IV << 1T < 1 =ty wherety, =
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17" forh =1,---,n}, we have Ay, = (tn) —(th_r) = t7 —th_, = P H=D (2 1)
for h=2,---,n, and A¢y = t3 — 0 = 12" According to [13], we have

Dy = sup { F(0) L€ (tar, ]} =t

dj, = inf {f(t) te (th,l,th]} = o(th_r).

For our partition, we have Dy = tp = dn, forh =2,---,n and D1 = t; = [t di =
o(0) = 0. Then,
[+1 3(—n+1)
h— A = - )
vV, f9 Zd”( vt 1) hZch U=l )
and

l+1+l273n
P+i+1

h=1

Uy W, £,9) = 3 D (W(th) = ¥(tn-1)) = 7" + 3 th sy =1
h=2

Thus, the lower Darboux-Stieltjes V-integral from p to ¢ with respect to ¢ is

a I+1 3(—nt1) 1?41
L = L : =1 — — (1— L
[ 10900 = sup {Le 0w, 90 W B} = i 1R (P = i
and the upper Darboux-Stieltjes V-integral from p to ¢ with respect to 1 is
! : R R IR S a
U/p FOVY(t) = mf{Uv(W,f,zp) W e q@} = lim 1= = L/p FOVH(Y).
Consequently, DS fq (OV(t) = z2ljrl++ll‘ Vén, € (th—1,tn], we have Riemann-Stieltjes

V-sum, RS, of the functlon f with respect to ¢ as

15 =3 160 (0(6) - w(ti) )
h=1

As length of the subinterval (t,—_1,t4] tends to 0, then we have &, — t5 and

Zjlf(ah)(w(th) - wuh,l)) -

i.e., the Riemann-Stieltjes V-Integral I = RS fq IVi(t) = 12117-;-_'—11 = Lsf; fOv

6. Conclusion

We establish the equivalence of the Riemann-Stieltjes A-(resp. V-) integral on
time scales as defined in [13, 14] in terms of the Darboux sum definition and the
Riemann sum definition, and discuss the Riemann-Stieltjes integrability of finite
discontinuous functions, considering three cases. Case one is when the monotone
increasing function v has finite points of discontinuity while the bounded function
f is continuous at those points. Case two is when the bounded function f has finite
points of discontinuity while the monotone increasing function 1 is continuous at
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those points. And finally the case three is when both bounded function f and
monotone increasing function ¢ has a common point of discontinuity. We establish
that the integrability holds for two of the above three cases, failing when both
bounded function f and monotone increasing function ¢ has a common point of
discontinuity.
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