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CURVATURE TENSORS AND PSEUDOTENSORS IN A GENERALIZED
FINSLER SPACE®

Milan Lj. Zlatanovié, Svetislav M. Minéié¢, Milos Z. Petrovié

Abstract. We examine relations between the curvature tensor of the associated symmet-
ric connection and curvature tensors, curvature pseudotensors and derived curvature
tensors of non-symmetric affine connection in Rund’s sense.
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1. Introduction and preliminaries

Eisenhart [3] gave a generalization of Riemannian spaces by using (in general)
the non-symmetric basic tensor. In the same way Shamihoke [11]-[14] gave a
generalization of Finsler spaces. He introduced two kinds of generalized Finsler
spaces. The first kind was a generalization of Finsler spaces in Rund’s [10] sense
and the second kind was a generalization of Cartan’s [1] Finsler spaces. In the
present paper, we follow Shamihoke’s definition of generalized Finsler spaces of
the first kind. We continue the results derived in several previously published
papers [2,7,8,9, 15].

A generalized Finsler space GFy is a differentiable manifold equipped with a
basic tensor g;j(x!, ..., xV,%!,...,¥N) = gij(x, X), where

(1.1) gij(x, %) # gji(x, X), in generally, (g = det(gi;) # 0, x = dx/dt).

Based on (1.1), one can define the symmetric and the anti-symmetric part of g;;,
respectively, by

1 1
gij = E(!]ij + i), gij = E(!]ij —gji),
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where, following [13], it is

Agij
_ 19°F(x, %) !
(1.2) a) gij (x, %) = 2 odon b) ok 0
The function F(x, %) is a metric function in GFy, having the properties known from
the theory of usual Finsler spaces (Fy). The following conditions are valid:

1. F(x, x) is continuously differentiable at least four times in its 2N arguments.
2. F(x,x) > 0 providing all dx’ are not 0.

3. F(x, x) is positively homogeneous of the 1% degree in %, i.e.

F(x, kx) = kF(x,x), k> 0.

4. a;f:f((;g) &&l > 0 for any given %, and Y (&) > 0, & € R.
i

The lowering and the raising of indices are defined by the tensors g;; and h”,

respectively, where /i'/ is defined as follows
gzhfk = 6?, (g = det(gﬂ) #0).
Generalized Cristoffel symbols of the 1°* and the 2" kind are defined by
1
Vijk = 5(9 jik = Gjki T Gikj) # Vikjs
Vie ="y = %hi’”(y;p,k = Gjkp + Gpt) # Vs

where, gjix = dg;i/Ix*.
Then we have
Vi = Vs ip = Ve k0] = Vije-

Introducing the tensor C;j analogously as in Fy, we have

def 1 a2 1 2aq) 1
(1.3) Cijr(x, %) = Egij,fc" = Egg,fck -1 lexka’

429, signifies “equal based on (1.2b)".

where ”
From (1.3) we can conclude that C;j is symmetric with respect to each pair of
indices. Also, we have

Cdef . . .
Cie & HPCyj = WP Cii = ¥ Cy
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With the help of coefficients P;k, given by
i i P s i
Pie = Vi = Cprat # Py
one obtains coefficients of non-symmetric affine connection in Rund’s sense [14]:

P , , . y
Py =V = W(CigpPys + CigpP’ = CiipPg) X # P,

P = P P Py -
Plﬂjk —Pj1:9i1 =VYijk — (Ciiﬁpks + ka?’Pjs - Cﬂwpis)xs # Pi.kj‘

In GFy we denote the double anti-symmetric and the double symmetric part of
connection P;]’(, respectively, by:

a) Ti(x, %) = Pihy = P = Pl b) Py = P + Py,

where T;]’C is the torsion tensor.

2. Curvature tensors and pseudotensors of non-symmetric connection in
Rund’s sense

In the generalized Finsler space GFy based on the non-symmetry of connection
coefficients P;;{ there exist four kinds of covariant derivative of a tensor (see, e.g.[7]-

[9]). For a tensor a’}.(x, %) it is

i o i “i P P i
(2.1) aqm(x, X) = 6,,1a]. + Ppma]. P].map,
mp m
:
1 mp e
where
J oxP 0

On = 3 ¥ Sem ox
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By using the first and the second kind of covariant derivative, given in (2.1), we
examine ten Ricci type identities [8]

i _ _ i i *P
a]']\mn ]\nm Rpmn j R]mnap Tmn ]\P
i *i P *P
aj\mn a jlnm Rpmn R]mnﬂp + Tmn ]\}7
2 5
i _ Al P P
]\mln a;\nlm pmn é]mnap + a]<[nm]> + a;<[mn + Tmn ]\p’
A Y PP i P
a]l"ﬂ” ]\nlm Apm” é]nmal’ aj<[mn]> a]'g[mn] Tmn ]\}7
1
i _ _ Al p _ _
aflm” af\"m AP”"’ A;mnap + a]<(mn)> + a]<(mn)> Pmn(aqp a]lp)r
i _ i P i i i
jmn @ \n\m - Al’m” Ig‘jmnaP + A cmn> + ajgmn>’
1
i _4 — Al p P i P
aﬂm” aﬂ"\m - ’gpmna;‘ {%jmnap + a]'<nm> +a ]<nm> (Pmn ]|p Py ]|P)
1 21
i i A P AP i i p »
a]l""’ a]'\ﬂgm N él’mnaj éjmnap Bjcpm> Tt @ ]<mn> + Pyt ]\p - P ]|p
1
i i _ Al P AP i i i
Amn = Bjjnjm = épmna;‘ ﬁjmnap A cmn> + Aicnmsr
2 21
i ] _ Al 14 *p ,' .
a]']\an a]lnlm - épmn j iq]mnap an(a]|p ]lp)/ Le.
i _ * *p i
a]']\mgn ]\nlm 1;}””” j 1§]'mnap’
where
i _ *P
aj<mn> =T, ména T]ména
i _ “i DS i S
a]’émr@ - (PmPP]n Ppmpn])asr
i _ ] *S %1 *S P
ajzmns - (Pmppn] Pme]n)aw
i _ * *S %] %S P
Ticpns = (TmpP]n PpnTm])as,
i _ # s W 4
a]’émn} - (PmpT]n Tpnpm]')aw
the magnitudes R* t=1,2,3, are curvature tensors and the magnitudes At
¢ jmn 2 jmn

t=1,...,15, are not tensors (we will verify this fact in what follows), we call
them curvature pseudotensors of the first, the second,. .., and the fifteenth kind,
respectively.

Using the third and the fourth kind of the covariant derivative given in (2.1),
one gets ten new Ricci type identities (see, [7]). In these identities appear the same
quantities IS*; t=1,2,3 A" s=1,...,15, but in different distribution. Only

g jmn’
in the last case appears a new curvature tensor, the curvature tensor of the fourth
kind R [7]:

4 jmn

=R% o +R? 4

i
a]gml ]|n|m Pm” ] g jnm’ P "
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The curvature tensors R t=1,...,4,are given by [7]-[9]

¢ jmn’
(2.2) Riy = OuPj, = OuPy + P Py~ PIPy,
= (0P, + P} Py,
(23) Rim = OuPpy+ PiPry)om)
(24) Riuw = 0Py = 0P+ PP, = PP+ PPy,
2.5) Riwn = 0P, = 0uPy+ PLP, = PUPL + PP,

In [15] are given some properties of the mentioned curvature tensors (the antisym-
metry with respect to two indices, the cyclic symmetry, the symmetry with respect
to pairs of indices).

The curvature pseudotensors AT p=1,...,15, are given by [8]

¢ jmn’

(26) A = OuP + P Po ),
27) Al = OnP, + PP Y,
(2.8) A = Ol + PP o,

2.9) A% = OnPrys + P P,

2.10) 1;1*;'% = 6P, = 6uP;; + PPy = PP,
(2.11) zgx*;’mn = 6P, = OuPyl + PPy, =PI,
(212) A = O )0 + Py Py = PPy,
(2.13) Al = ©uP )i + PP, = PP,
(2.14) 1;17'% = 6P, = 6uP; + PPy = PP,
(2.15) %7mn = 6P, = 6uPyl + P Pt =PI,
(2.16) ﬂ]lmn = 6”P:1ij - 57'113;'; + PZ].P;;, - P;ZPZP’
(217) é]lmn = 6”P:1ij - 5"113;'; + P:fjp;?; - P:Z‘PZP’
(2.18) {g*}mn = 6uP); = OwPyls + PPy, = PP,
(219) Al = OuPyyy = O,y + PP, = PP,
(2.20) A = 0P, = 0Pyl + P P — PUPY

The signature ( )(un) denotes an antisymmetrization without division with respect
to m, n, of the expression in the bracket. Analogously, the signature ( )j,] signifies
a symmetrization without division with respect to m, n.
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We should mention that Ricci type identities, curvature tensors and pseudoten-
sors, given in [7, 8] are analogous to Ricci type identities, curvature tensors and
pseudotensors in the space of non-symmetric affine connection, given in [4, 6].

The non-symmetric connection P;;{ can be represented as follows:

o1 1.
i _ — pH !
(2.21) Pii = 5Py + 5T

Let us denote by R? the curvature tensor of symmetric connection 3Pt i.e.
jmn (jm)

100 o 1
(x,x)=§(6nP*’ + =P pi

*1
(222) R (jm) 27 (jm) (P”))[mn] :

jmn

According to (2.21) the curvature tensor of the first kind can be represented in the
following manner:

: 1 , 1 . )
*] _ - %] *] - *p *] P *i
(2.23) R = 3{00Pn+ 0T+ 5(PGy Py * TPl
*p *] AP sl
S A T].mTp;)}[mn].

If one denotes by semicolon (;) the covariant derivative with respect to sym-

metric connection %Pz;.k), equation (2.23) becomes

, , 1, .. 1 j
i _ — (7 _TP
(2.24) 1§ij = ijn + 2(ij;n + 2ijTP”)[mn]/

that is, we obtained the relation between 112;; - R;; . and the torsion tensor T;]’(

Following this procedure for the curvature tensors R t=2,...,4,in GFy,

¢ jmn’

we get:

) R VA B
(2.25) 12{]'1mn = R]';”" + E(T"llf;” + ETm]'T”lp)[mn]/

*] *] 1 %] 1 * %] [
@26) R = Ryt o (Thdom + 5T T)um + ThaTy),

%] *] 1 o] 1 * %] o ]
(2.27) 14{;”1” = R]-;,m + §<(T]';";ﬂ)(m”) + E(T]‘ZTnlp)[m"] - TmnT]’;;)'

Based on the discussion given above, we can formulate the next theorem.

Theorem 2.1. The curvature tensors §7mn (6 =1,...,4), corresponding to the non-
symmetric connection P;;{, given by (2.2)-(2.5), and the curvature tensor R;.inn, correspond-

ing to the symmetric connection %P’(‘;k) = %(Pﬂi + P,’j].), given by (2.22), satisfy relations

(2.24)—(2.27), where T];( is the torsion tensor of connection P];(
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In a similar manner, we can prove the following theorem.

Theorem 2.2. The curvature pseudotensors A* t = 1,...,15, given by equations
¢ jmn

(2.6)—(2.20) and the curvature tensor R;.;nn, given by Eq. (2.22), satisfy the following
relations

1 ?mn = R, + (%6 T“ * T;ZPZ;IP) * }LT;ZT’?” * 4PZ)’”) "p)[m”
27n1n = Ry, + ( ;6”17;'1 + 4T:5]Pz;7") ETZ]T; n _PZZ”) pln)[m”
L = R % onTon 4 TP $T T+ 3o Ty
47n1n = ]mn + ( P m; T;ZP z:w) }LT;'ZTH * 4PZ7"’) P )[mn
i = R4 6T’” ——6 T*1+1P*” T+ ST P
A jmn 4 (my=pn"og " jme (pn)
+411T;51T;” - iPZZJ)T’:;P iT:'lean) AllT*pT:'ll” ’
6?’"” = ijn + ;6 Tﬂ - %6’“?1 - éllpz;”/)T’:lp - ﬁllT:'i]/Pz;”’ )
flpvpi Lpr i Lpwpa o Lpwg

4 mit T gt (jmyem T g s (pm) g jn pme
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1;17},"4 = Ry, + %5,1T;; - %5mT;; - }IPZ.’MT;; + %T;g Py
+3TT = $P 0T = 1P = §TH T

zngmn = Ry, + %5,1T;; - %5mT;; - ipg; oTon + ET;ZP;;”)
T = 3T § T~ AT

A = R+ %5,1T;; - %6,11T;i]. + }IP%T;; + %T;g Py

1 AP i 1 *p ] ]. AP *i 1 *P
+ 3 TimTon = 7PapTom = g TuiPm — 7 TajTome

1 1

. . 1 . 1 . . .
* _ * %, o, *P %, *P p*
i%jlmn - R]:nn + EénT];n - Eéanl] + Zp(jm)Tnlp + ZijP(;P)
1 . 1 . 1 . 1 .
P i P o P i P
+ 4ijTnp 4P(]',,)Tpm 4T].HP(pm) 4TjnTpm’
At o i oyt Ly i Ipw i Lpwp
fjmn T jmn T F S m Ay EME i T AT uj) g T4 mj (np)
1 ,(.p *i 1 "‘}7 *i ]. *p *i 1 x-p *l‘
+ZijTnp - ZP(]n)TmP - ZT]HP("TP) - ZTjnTml”
. . 1 . 1 . 1 . 1 :
i _ i = - i - p*P ] 7P pH
éjmn = ijn + 26,,Tm]. ZémTjﬂ + 4P(m,‘)Tpn + 4ijP(pn)
1 . 1 . 1 . 1 .
*P ] *p %] *P y*i ¥ ]
+ZijTrm B Zp(nj)TmP h ZTan(mp) a ZTanmw
ai = gy L i Ls i Lpw pi Loy pa
3jmn T jmn + E ntmj E m=nj + Z (mj)~ np + Z mj~ (np)
1 * ; 1 X ; ]. o+ ; 1 * 7
+=TPTi — —pP T PP~ =TPT

4 mit T g ) pm T g (pm) T4 njtpme
1 1 1 1

* _ * - T % —pP ] — 7P pH
At = R+ 50T = 500+ 2P0 T+ 7T PG
1 1 T
P i St _ P pH P
3T T = 3P Top = 3 TwiPoy = 3 T T
At o i oy Lyt Ls iy Ipw i Lpwp
15 /mn jmn T o P g E S AT (jm) TP 4w (np)
1 *D i 1 P -l ]. *D 1yri 1 * %]
+1ijTnp B Zp(nj)TPm B ZTan(pm) h ZTanpm'

where T;;{ is the torsion tensor of connection P;}(

From the obtained expressions of magnitudes z?*]."mn, t =1,...,15, given in

Theorem 2.2, we see that these magnitudes are not tensors because T;]’C is a torsion

tensor and PZ’k) is not a tensor. Also, we can obtain the transformation laws for

curvature pseudotensors. For example, for é\*}mn, we see that the last addend is not
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a tensor, in coordinates x' it is

(2.28) Pl Tty = (P X0 +,,%) )T':ipxl Xy =
P 77’)T;;pxl x? Xy Xy ]n, T:,’lpxl X,
because
T % = Ty = T
Now, from (2.28) we obtain
A*]’ = A*;mnxl x] XX, — 2x] n,T,’;ipxl Xy

Remark 2.1. Ifg;; = Oi.e. gij(x, %) = gij(x, X), then the generalized Finsler space reduces to
the usual Finsler space. In this case the curvature tensors R ... R" and the curvature
1 jmn 4 Jmn

*] *1 %i .
pseudotensors A]mn, . ,{éjmn reduce to the curvature tensor RZ., of usual Finsler space.

3. Derived curvature tensors of non-symmetric connection in Rund’s sense

In the paper [9] we examined combined Ricci type identities and derived eight new
curvature tensors R"]’mn, t =1,...,8, in the generalized Finsler space, it is analo-
gous to related results in the non-symmetric affine connection space [5]. Derived

curvature tensors 1$7mn, t=1,...,8, are given by

— . 1 . . 1 1 .
#] _ A *i _ *] _ oA
(31) If]mn - 2 I?Jmn +1§jmn) - 2 é]mn A]mn) Zéj[mn]’
(3-2) 12{*11’"” -2 7*1'1’"’1 13*1'1’"”) - _(9 jmn 11]’"”)
=y 1 % i 1 * *1
(33) 1§;”1” = E Igj]mn + ﬁ]’lmn) = E iqojlmn + é]’lmn)’
S 1 .
%] _ - * _ *1
(34) ljjmn - 6 (1§ + {41 + A )][mn] é]nm
1 . .
= 8(1§ + A + A )][mn] é]{nmr
(3.5) Ry = (A =AY, =A%, =—(A"+A),, AT,
(3.6) Flg}inm = (A* *)]mn - ﬁ*]lnm = _(A* *)]nm T 711171’
D _ * _ * *[
(3.7) Ri, = (A +A),, + A%, =@ -A), +A7,
(3.8) Rl = A 4A), A0, =@ - A, + A7

g jmn jmn "4 g jnm 14 15 /jnm " g jmn’
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where 13{* is the third curvature tensor and zi\* t =1,...,15, are the curvature
pseudotensors of non-symmetric connection in Rund’s sense.

As an easy corollary of Theorem 2.1 and Theorem 2.2 we obtain relations be-

t=1,...,8, and the curvature tensor R*

tween derived curvature tensors R* -

¢ jmn’
of associated symmetric connection.

Corollary 3.1. Derived curvature tensors g* (0 =1,...,8), corresponding to the non-

symmetric connection P*, given by (3.1)—~(3.8) and the curvature tensor R;.i corresponding

mn’

to the symmetric connection %P’(‘;k) = %(Pﬂi + P;;), satisfy the following relations

— y 1owp i Loapi
11{ ]!mn :R].;m - ZT/"“T’”I” + ZTjnTp’m,
1 e 5 1 ] :
+ TP 4 2P

1§7n1n :R;’:nn 47 jmipn T oq T jnpm
R =R —irPri  lpep

3 jmn jmn g jme P g

. 1, 1 . ,
o _px ] — 7P i P
R =Ry 6((T;‘m;n + 7T T + T )

3wy i Lo ap i
[ ZTjilTpln - ZT]'ZTplmr

—~. , , 1 G ;

* P %, *P *P
1§;n1n _Rj;nn - (ijln;n)[m”] + ZijTPl" + ZTjnTle’
— . . . 1 . 3 .

*, —_P* %, *p % *p "
1§;mn _Rj;nn + (Tj;n;n)[m"] + ZijTPln + ZTjnTle’

3

1
Z jmpp 7 jnpn

E*l’ - R*i

5 jmn jmn

—(T%

jmn

E*i =R*»i + (T;,ln,n)[mn] _2T T*i _ _T’fPT*i

g Jmn jmn

where T;}’( is the torsion tensor of connection P;;{

Remark 3.1. If T;,’( = 0, then derived curvature tensors Flg*]f;pln, t=1,...,8, reduce to the

curvature tensor R% . This fact evidently follows from Corollary 3.1.

4. Concluding remarks

The presented results are generalizations of related results in the generalized (non-
symmetric) Riemannian spaces.

If gij(x, %) = gij(x) # gji(x), in general, GFy reduces to GRy (generalized Rie-
mannian space), if g;j(x, ¥) = gij(x) = g;i(x) we obtain the usual Riemannian space
Ry.
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