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(n,7)-FOURIER-BESSEL LIPSCHITZ FUNCTIONS
IN THE SPACE L%,

Radouan Daher, Salah El Ouadih and Mohamed El Hamma

Abstract. In this paper, we obtain an analog of Theorem 5.2 in Younis [5] for the
generalized Fourier-Bessel transform on the real line for functions satisfying the (7, v)-
Fourier-Bessel Lipschitz condition in the space L%, ,,,1 < p < 2.
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1. Introduction and Preliminaries

Various investigators such as Mittal and Mishra [7], Mishra et al. [8]-[12] and
Mishra and Mishra [3] have determined the degree of approximation of 2m-periodic
signals (functions) belonging to various classes Lipa, Lip(«,r), Lip(&(t),r) and
W(Ly,&(t)), (r > 1), of functions through trigonometric Fourier approximation us-
ing different summability matrices with monotone rows. In this direction, Theorem
5.2 of Younis [5] characterized the set of functions in L?(R) satisfying the Dini Lip-
schitz condition by means of an asymptotic estimate growth of the norm of their
Fourier transforms, namely, we have

Theorem 1.1. (/5]) Let f € L*(R). Then, the following statements are equivalent
(@) If@+h)—f@)]=0(gky), as h=0,0<n<1,720,

(log £)7 )7
) IﬂMﬁM—O<

r2n
, as T — 00,
[A[>r

(logr)*”

where f stands for the Fourier transform of f.

In this paper, we consider a second-order singular differential operator B on the half-
line which generalizes the Bessel operator B,,, we obtain an analog of Theorem 1.1 for
the generalized Fourier-Bessel transform associated to Bin Lf ;1 < p < 2. For this

purpose, we use a generalized translation operator. Some interesting applications
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of manuscript can be seen in ([3],[9]-[14]).

We briefly overview the theory of generalized Fourier-Bessel transform and related
harmonic analysis (see [1],[6]):

Consider the second-order singular differential operator on the half line defined by

_dPf(x) | Ra+1)df(z)  4n(a+n)

B -
flay= L 22t E R p),
where o > _71 and n =0,1,2,.... For n = 0, we obtain the classical Bessel operator
df(x)  (a+1)df(x)
Baf(z) = dx? + T de

Let M be the map defined by
Mf(z)=2*"f(z), n=0,1,.

Let L% ,,, 1 < p <2, be the class of measurable functions f on [0, oo[ for which
1 llp.cc = 1M~ fllp,as2n < 00,
where

0 1/p
1l = ( / If(fv)l”w2a+1d:v> |

If p = 2, then we have L2 ,, = L*([0, oo, 22> dx).
For o > %1, we introduce the Bessel normalized function of the first kind j, defined
by

(1.1) ja(2)=1“(a+1)2%=

n=0

z €C,

where I'(z) is the gamma-function (see [4]). The function y = j,(z) satisfies the
differential equation
Bay +y=0,

with the initial conditions y(0) = 0 and y’(0) = 0. The function j,(z) is infinitely
differentiable, even, and, moreover entire analytic.
From (1.1) we see that

(1.2) li 22() =1 0,

20 22
hence, there exists ¢ > 0 and v > 0 satisfying
(1.3) |2l v = [ja(z) = 1] = cl22
For A € C, and = € R, put
(1.4) oA(@) = 22 a2 (A).

From [1], [6] recall the following properties.
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Proposition 1.1. (¢) ¢, satisfies the differential equation
By = —A%py.
(d) For all A € C, and z € R

|90>\(:E)| < x2n6|lm>\||m|'

The generalized Fourier-Bessel transform that we call it the integral transform de-
fined by

Faf() = [ f@erlela® e A2 0.5 € L,
0
From [1], we have
(15) FB = ]:a+2n0M717

where F, is the Bessel transform defined by formula (see [4], [2])

FulH)N) = /0 " F@)je ) e

Let f € L}, ,, such that Fg(f) € L} 5, = L*([0,00[, 22*T*"*1dz). Then the inverse
generalized Fourier-Bessel transform is given by the formula (see [1])

f(@) = / " Fsf(Nea()dpasan (),

where

1

d a+2n — Ua+2n 2a+4n+1d a — .
fat+2n(A) = Gat2anA A oa F(a 1))

From [1], [6] we have

Proposition 1.2. (e) For every f € L}, , N L2, we have the Plancherel formula

+o0 +oo
/ (@) P de = / | Fisf O Pdptaszn (V-
0 0

(f) The generalized Fourier-Bessel transform Fp extends uniquely to an isometric
isomorphism from L2, onto L?([0, +00[, faron)-

We have the Young inequality
(1.6) 1Fa(Hllgo < K[ fllpa

where % + % =1 and K is positive constant.
From (1.5) and (1.6) we have

(1.7) 1F8(Hllg.aten < Kl fllp.an
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Define the generalized translation operator T", h > 0 by the relation
T" f(x) = (€h)*" 70 5, (M1 f)(2), 2 2 0,

where 7/ 2 is the Bessel translation operators of order « + 2n defined by

hf(z) = ca / F(Va2 + h?2 — 2zh cost) sin®® tdt,
0

Ca = (/Oﬂsin%‘tdt)_l = %

For f € LP | we have

a,n’

where

(1.8) Fs(T" )N ex(h)Fs(f)(N),
(1.9) Fe(BIN) = —NFs(f)N),
(see [1],[6] for details).

Let f € L% ,. We define the differences of the orders k(k = 1,2,..) with a step
h > 0 by

(1.10) Ajf(z) = (T" = h*"1)* f (@),

where [ is the unit operator in Lf .

Let W; an» 1 <P <2, be the Sobolev space constructed by the singular differential

operator B, i.e.,

Wron=A{f€Ll,  B"feLl,  m=12..k}.

2. Fourier-Bessel Dini Lipschitz Condition

Definition 2.1. Let f € Wz]f,oz,m and define

hn+2nk
(log )"

HékBm (‘1)” — O < h7 2nk >
) a,n — )
h p; (1 h)v

for all  in R* and for all sufficiently small h, C' being a positive constant. Then
we say that f satisfies a Fourier-Bessel Dini Lipschitz of order 7, or f belongs to

Lip(n,,p).

JAFB™ £ (2)|lp.am < C >0

i.e.
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Definition 2.2. If however
|AEB™ f ()|

hn+2nk
(log )7

H k mf( )” ( h" 2nk )
AYB x an — O — ;
h 2 (1 ]];)'Y

then f is said to be belong to the little Fourier-Bessel Dini Lipschitz class lip(n, v, p).

b,x,n

-0, as h—0,y>0

ie.,

Remark. It follows immediately from these definitions that

lip(n,,p) C Lip(n,,p)-
Theorem 2.1. Let n> 1. If f € Lip(n,~,p), then f € lip(1,7,p).

Proof. For x € R* and h small, f € Lip(n, v, p) we have

k h77+2nk
A Bm a,n < e
IARE" S@) i < C s
Then .
(log ) [AEB™ f(2) p.cn < CRTF".
Therefore log 1)
h1+2hnk HAZB f('r)”p.,oc,n S Ohn 1,
which tends to zero with h — 0. Thus
(log 7)”

p1t2nk HAZBmf(x)”p,a,n -0, h—0.

Then f € lip(1,v,p). O
Theorem 2.2. Ifn < v, then Lip(n,0,p) D Lip(v,0,p) and lip(n,0,p) D lip(v,0,p).

Proof. We have 0 < h <1 and 1 < v, then h¥ < h'.
Then the proof of the theorem is immediate. [

3. New Results on Fourier-Bessel Dini Lipschitz Class

Lemma 3.1. For f € W]f we have

,a,mn

1

(2% [ R o ) = A1 ) () )  KIAEE™ @)
0

where 1—17 + % =1and m=0,1,2...,k.
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Proof. From formula (1.8), we obtain

(3.1) Fs(B"f)N) = (=) N Fgf(A);m =0,1,...
By using the formulas (1.4), (1.8) and (3.1), we conclude that
(3.2) Fo(T"B"F)(A) = (=1)"h*" jason M)A F f(N).

From the definition of finite difference (1.10) and formula (3.2), the image AFB" f(z)
under the generalized Fourier-Bessel transform has the form

Fo(ALB™ ) (N) = (=1)" B> (jaran (M) — DFN*" Fi f(N).
Now by formula (1.7), we have the result. O

Theorem 3.1. Letn > 2k. If f belongs to the Fourier-Bessel Dini Lipschitz class,
i.e.,

f e Lip(n,v,p), 1> 2k~ =0.
Then f is equal to the null function in RY.

Proof. Assume that f € Lip(n,~,p). Then we have

hn+2nk

AkBm a,n < 075
H h f(I)HZDv = (lOg%)V

v 2> 0.

From Lemma 3.1, we get
o0 Ran+2qnk
th”k/ A2qm|ja+2n(/\h) - 1|qk|f3f(/\)|qdua+2n(/\) < KICT———.
0 (log 3 )7
Therefore
o i han
| s W) = 11717 ) 120 () < KO
0 (log 7 )47
Then
/ )\2qm|ja+2n()\h) - 1|‘17€|]:Bf()\)|qdua+2n()\) pan—2qk
0 < K0! —un—
N (log )7’

h2qk

Since n > 2k we have
han—2qk
lim ——— =0
h—0 (log E)‘W

Thus

h—0 A2h2

and also from the formula (1.2) and Fatou theorem, we obtain

o] 1— -a h qk
lim (M> N0 Fy () [ 2m (A) = 0.
0

/ NPAEE2AM Fig f ()] Pdta2n (A) = 0.
0

Hence A2*+2m F f(A\) = 0 for all A € R, and so f(z) is the null function. [
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Analog of the Theorem 3.1, we obtain this theorem.
Theorem 3.2. Let f € Wﬁam. If f belong to lip(2,0,p), i.e.,
|AFB™ f(2)|lp,an = O(R?), as h—0,
Then f is equal to null function in RT.
Now, we give another main result of this paper analog of Theorem 1.1.

Theorem 3.3. Let [ belong to Lip(n,~,p). Then

/00 )\2qm|f5f()\)|qdua+2n()\) =0 ((Tl> , as T — 00

i log r)71

where % + % =1land m=0,1,2,..., k.
Proof. Let f € Lip(n,v,p) . Then

hn+2nk
JAEB™ F (@)l = (

7(10g%)7)’ as h—0

From Lemma 3.1, we have

K1
P IALB™ f ()l

h2an p,a,n’

/ NI o (NB) = 11| Fs )t s an (M) <
0

By formula (1.3), we get

v

I — . ¢tk ke
AT Jar2n M) =T Fs (N[ dpas2n () 2 227/ A Ff (M| dpatan(X).

2h 2h

Note that there exists a positive constant C' such that

/V )‘qul-}—Bf()‘)lqua+2n()‘) < C/V )\2qm |jo¢+2n()‘h) - 1|qk|]:15’f()‘)|qdﬂa+2n()‘)
CKY .
S W”AZB f”q,a,n
han
= O|————).
((log %)‘”)

So we obtain
Fan

2r
2gm a4 <
| E O it (3) < O



370 R. Daher, S. El Ouadih and M. El Hamma

where C’ is a positive constant. Now, we have

2'L+1

[ ) s = Z / N i () s (V)

= /((lgg:;ﬁ (1(3;)27«)117 <1(f;lr>qv +>
= /((lgg :qu (ai;)r)qv ((logr = )
< 'ﬁ(urlu(r M2 4 (273 4.

where K, = C’(1 — 2797)~! since 2797 < 1.
Consequently

/00 Azqm|f5f()\)|qdua+2n()\) =0 ((Ti) , as T — oo.

r logr)®y

O

Corollary 3.1. Let fe W pa n- If
hn+2nk

AFB™ an=0——
IAE8™ £l = O ( G

), as h—0,

then

o0 r—2qm—qn
/T |Faf (M| dpat2n(A) = O (W) , as 1 — 00,

where % + % =1andm=0,1,2...,k.
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