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A COMMON FIXED POINT THEOREM FOR WEAKLY SUBSEQUENTIALLY
CONTINUOUS MAPPINGS SATISFYING IMPLICIT RELATION IN

MENGER SPACES

Said Beloul

Abstract. The aim of this paper is to prove a commonfixed point theorem for two pairs of
self mappings satisfying an implicit relation by using the weak subsequential continuity
with compatibility of type (E) in Menger spaces. We illustrate with two examples to
support the main result.
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1. Introduction

In recent years, many authors have studied the existence of fixed point or
common fixed point in different metric structure spaces. One of these types are
the Menger metric spaces, which were introduced by Menger in 1942. The idea
of Menger was to use distribution functions instead of non-negative real num-
bers as values of the metric. The notion of PM-space corresponds to situations
when we do not know exactly the distance between two points, but we know
probabilities of possible values of this distance. In fact, the study of such spaces
received an impetuswith the pioneeringwork of Schweizer and Sklar [30]. In order
to establish a common fixed point in metric spaces, Jungck[17] introduced com-
muting mappings, which generalized to weak commuting mappings by Sessa[31].
Jungck[18] Later generalized the two last notions to compatibility property. Jungck
and Rhoades[19] weakened the concept of compatibility to the weak compatibility,
and recently Al-Thagafi and Shahzad[3] gave a generalization, which is called the
occasionally weak compatibility property. This notion is weaker than the weak
compatibility due to Jungck and Rhoades[19]. Recently, Doric et al.[13] mentioned
that the condition of occasionally weak compatibility reduces to weak compatibil-
ity, in the case where the two mappings have a unique point of coincidence (or a
unique common fixed point). In 2009 Bouhadjera and Godet Tobie[7] introduced
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the concepts of subcompatibility and subsequential continuity which aremore gen-
eral than occasional weak compatibility and reciprocal continuity due to Pant[26].
Later, Imdad et al.[14] improved the results of Bouhadjera and Godet Thobie[7] by
using subcompatibility with reciprocal continuity or subsequential continuity with
compatibility. The concept of implicit relation has been introduced by Popa[29]
who established some fixed point results by using this concept. There are also
some of the interesting references concerning fixed point and common fixed results
involving the notion of implicit relation in Menger spaces as in papers [6, 8, 15, 21].

2. Preliminaries

Definition 2.1. A mapping � : [0, 1] × [0, 1] × [0, 1] is a t-norm (or a triangular
norm) if it satisfies the following conditions:

1. �(a, 1) = a, for all a ∈ [0, 1],
2. �(a, b) = �(b, a),
3. �(a, b) ≤ �(c, d) for all a ≤ c and b ≤ d,

4. �(�(a, b), c) = �(a,�(b, c)).

Example 2.1. Let (X, d) be a metric space, define �(a, b) = min{a, b} for all a, b ∈ [0, 1], then �
is a t-norm.
Also �(a, b) = ab and �(a, b) = max{0, a + b − 1} are t-norms.

Definition 2.2. Areal valuedmappingF : R→ R+ is called adistribution function,
if it is non-decreasing and left-continuous with:

inf F(x) = 0, sup
x∈

F(x) = 1

We denote by F a set of all distribution functions, and denote by H the Heaviside
distribution function defined by:

H(t) =
{

0, t ≤ 0
1, t > 0

Definition 2.3. LetX be a non-empty set, an order pair (X, F) is called a probabilis-
tic metric space if F is a mapping from X × X into { f ∈ F, f (0) = 0} and satisfying
the following conditions:

1. Fxy = H, if and only if x = y,

2. Fxy = Fyx, for all x, y ∈ X,
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3. if Fxy(t) = 1 and Fyz(s) = 1, then Fxz(t + s) = 1 for all x, y, z ∈ X and t, s ≥ 0.

If F satisfies only (1) and (2), the pair (X, F) is called a probabilistic semi-metric
space.

Definition 2.4. A triplet (X, F,�) is called to be a Menger space if (X, F) is a proba-
bilistic metric space and � is a t-norm such for all x, y ∈ X and t, s ≥ 0 the following
inequality holds:

Fxz(t + s) ≥ �(Fxy, Fyz)

If (X, d) is a metric space, by taking Fxy = H(t−d(x, y), it becomes (X, F) probabilistic
metric space, so every metric space can be realized as a probabilistic metric space.

Definition 2.5. Let (X, F,�) be a Menger space with a continuous t-norm

• A sequence {xn} in X is said to be convergent to x ∈ X if and only if for every
ε > 0 and λ ∈ (0, 1), there exists an integerN such Fxnx(ε) > 1−λ for all n ≥ N.

• A sequence {xn} in X is called a Cauchy one, if and only if for every ε > 0 and
λ ∈ (0, 1), there exists an integer N such Fxnxm(ε) > 1 − λ for all n,m ≥ N.

• AMenger space is said to be complete if every sequence in it, is is convergent.

Definition 2.6. A pair {A, S} of selfmappings from a Menger space (X, F,�) into
itself is compatible if and only if

lim
n→∞ FASxn,SAxn = 1,

for all t ≥ 0, whenever {xn} is a sequence in X such

lim
n→∞Axn = lim

n→∞Sxn = z,

for some z ∈ X.

Definition 2.7. Two selfmappings A, S of a Menger space (X, F,�) into itself are
called to be weakly compatible if and only if they commute at their coincidence
points, i.e if Ax = Sx for some x ∈ X, then ASx = SAx

Kumar andPant[21] generalized the reciprocal continuity concept due to Pant[26]in
the setting of Menger space as follows:

Definition 2.8. Two selfmappings A and S of a Menger space (X, F,�) are called
reciprocally continuous if lim

n→∞ASxn = Az and lim
n→∞SAxn) = Sz, whenever xn} is a

sequence in X such lim
n→∞Axn = lim

n→∞SAxn = z, for some z ∈ X.

Bouhadjera and Ghodet Tobie[7] introduced the concept of subsequential continu-
ity in metric spaces, and in the setting of Menger spaces it becomes:
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Definition 2.9. Let (X, F,�) be a Menger space, the pair of selfmappings {A, S} is
said to be subsequentially continuous, if there exists a sequence {xn} in X such that
lim
n→∞Axn = lim

n→∞Sxn = z, for some z ∈ X and lim
n→∞ASxn = Az.

Motivated by the above definition, we define:

Definition 2.10. The pair {A, S} is said to be weakly subsequentially continuous
(wsc), if there exists a sequence {xn} such that lim

n→∞Axn = lim
n→∞Sxn = z, for some

z ∈ X and lim
n→∞ASxn = Az, or lim

n→∞SAxn = Sz

The pair {A, S} is said to be A-subsequentially continuous(S-subsequentially con-
tinuous), if there exists a sequence {xn} such that

lim
n→∞Axn = lim

n→∞Sxn = z, lim
n→∞SAxn = Sz.

Example 2.2. Let X = [0, 2] and let a continuous t-norm: �(x, y) = t
t+|x−y| for all t > 0, define

A,S as follows:

Ax =
{

1 + x, 0 ≤ x ≤ 1
0, 1 < x ≤ 2 , Sx =

{
1 − x, 0 ≤ x ≤ 1
x
2 , 1 < x ≤ 2

Clearly, A and S are discontinuous at 1
2 .

Consider a sequence {xn} such that for each n ≥ 1 : xn =
1
n
,

it is clear that lim
n→∞Axn = lim

n→∞Sxn = 1, also we have:

lim
n→∞ASxn = lim

n→∞A(1 −
1
n
) = A(1) = 1,

lim
n→∞SAxn = lim

n→∞S(1 +
1
n
) =

1
4
� S(1),

then {A,S} is A-subsequentially continuous, so it is wsc.

Singh and Mahendra Singh [32, 33] introduced the notion of compatibility of
type (E) in metric spaces, in the setting of the Menger spaces, it becomes:

Definition 2.11. Self-maps A and S of a Menger space (X, F,�) are said to be com-
patible of type (E), if lim

n→∞S
2xn = lim

n→∞SAxn = Az and lim
n→∞A

2xn = lim
n→∞ASxn = Sz,

whenever {xn} is a sequence in X such that lim
n→∞Axn = lim

n→∞Sxn = z, for some z ∈ X.

Definition 2.12. Two self-maps A and S of a Menger space (X,M,�) into itself are
said to be A-compatible of type (E), if

lim
n→∞A

2xn = lim
n→∞ASxn = Sz,

for some z ∈ X.
pair {A, S} is said to be S-compatible of type (E), if lim

n→∞S
2xn = lim

n→∞SAxn = Az,

for some z ∈ X.
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Notice that if A and S are compatible of type (E), then they are A-compatible and
S-compatible of type (E), but the converse is not true.

Example 2.3. Let X = [0,∞) with the continuous t-norm �(x, y) = t
t+|x−y| for all t ≥ 0, define

A,S as follows:

Ax =
{

x+2
2 , 0 ≤ x ≤ 2

x
2 , x > 1 Sx =

{
4 − x, 0 ≤ x ≤ 2
x
2 + 1 x > 2

Consider a sequence {xn}which is defined by: xn = 2 − 1
n
, for all n ≥ 1, we have:

lim
n→∞Axn = lim

n→∞Sxn = 2,

lim
n→∞SAxn = lim

n→∞S(2 −
1
2n

) = A(2) = 2,

lim
n→∞S

2xn = lim
n→∞S(2 +

1
n
) = A(2)

then the pair {A,S} is S-compatible of type (E), but never compatible of type (E) since:

lim
n→∞ASxn = lim

n→∞S(
1
2
+

1
2(n + 1)

) = 1 � S(2)

3. Implicit relations

Let Φ be a set of all continuous functions φ : [0, 1]6→ [0, 1] satisfying:
F(u, u, 1, 1, u, u) < 0, for all u, v ∈ (0, 1)
Example 3.1.

φ(t1, t2, t3, t4, t5, t6) = t1 − ψ(min{t2, t3, t4, t5, t6}),
where ψ : ([0, 1])6 → [0, 1] is an increasing and continuous function such ψ(t) > t,
for all t ∈ (0, 1)
Example 3.2.

φ(t1, t2, t3, t4, t5, t6) = t1 + t2 − at3 − bt4 +
1
2
(t1 + t2),

where a, b are two positive numbers such a + b ≥ 1.

Example 3.3.
φ(t1, t2, t3, t4, t5) = 2t21 − t3t4 − t5t6,

Example 3.4.
φ(t1, t2, t3, t4, t5, t6) = 14t1 − 8t2 + 6t3 − 9t4 − 3t6,

The aim of this paper is to prove the existence and the uniqueness of common fixed
point for two pairs of selfmappings in aMengermetric space, which satisfy implicit
relation by using weak subsequential continuity with compatibility of type (E). To
illustrate our results we give two examples.
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4. Main results

Theorem 4.1. Let (X, F,�) be a Menger space, A,B, S are four selfmappings a on X such
for all x, y ∈ X and each t > 0, we have:

φ(FSx,Tyt), FAx,By(t), FAx,Sxt), FBy,Ty(t), FAx,Ty(t), FBy,Sx(t)) ≥ 0,(4.1)

where φ ∈ ⊕, if the two pairs {A, S} and {B,T} are weakly subsequentially continuous (wsc)
and compatible of type (E), then A,B, S and T have a unique common fixed point in X.

Proof. Since {A, S} is wsc, there exists a sequence {xn} in X such that

lim
n→∞Axn = lim

n→∞ Sxn = z

for some z ∈ X and
lim
n→∞ASxn = Az, lim

n→∞SAxn = Sz,

the compatibility of type (E) of {A, S} implies that

lim
n→∞ASxn = lim

n→∞A
2xn = Sz

and
lim
n→∞SAxn = lim

n→∞S
2xn = Az,

then Az = Sz and z is a coincidence point for A and S. Similarly, for B and T,
since {B,T} is wsc (suppose that it is B-subsequentially continuous) there exists a
sequence {yn} such

lim
n→∞Byn = lim

n→∞Tyn = w

for some w ∈ X and
lim
n→∞BTyn = Bw,

also the pair {B,T} is compatible of type (E) implies that

lim
n→∞BTyn = lim

n→∞B2yn = Tw

lim
n→∞TByn = lim

n→∞T
2yn = Bw,

so we have Bw = Tw.

We claim Az = Bw, if not by using (4.1) we get:

φ(FSz,Twt), FAz,Bwt), FAz,Szt), FBw,Twt), FAz,Twt), FBw,Szt)) =

φ(FAz,Bw(t), FAz,Bw(t), 1, 1, FAz,Bw(t), FAz,Bw(t)) ≥ 0,

which implies that FAz,Bw(t) = 1, then Az = Bw.
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Now we will prove z = Az, if not by using(4.1) we get:

φ(FSxn ,Tw(t), FAxn,Bw(t), FAxn(t),Sxn (t), FBw,Tw(t), FAxn,Tw(t), FBw,Sxn(t)) ≥ 0,

letting n→∞we get:

φ(Fz,Tw(t), Fz,Bw(t), 1, 1, Fz,Tw(t), FBw,z(t)) =

φ(Fz,Az(t), Fz,Az(t), 1, 1, Fz,Az(t), Fz,Az(t)) ≥ 0,

and so Fz,Az(t) = 1, then z = Az = Sz.

Next, we shall prove z = t, if not by using (4.1) we get:

φ(FSxn ,Tyn(t), FAxn,Byn(t), FAxn,Sxn(t), FByn,Tyn(t), FAxn,Tyn(t), FByn,Sxn(t)) ≥ 0,

letting n→∞we get:

φ(Fz,w(t), Fz,w(t), 1, 1, Fz,w(t), Fw,z(t)) ≥ 0,

which implies that Fz,w(t) = 1, then z is a fixed point for A,B, S and T.
For the uniqueness, if q is another fixed point q, by using (4.1) we get:

φ(FSz,Tq(t), FAz,Bq(t), FAz,Sq(t), F(Bq,Tq(t), FAz,Tq(t), FBq,Sz(t)) =

φ(Fz,q(t), Fz,q(t), 1, 1, Fz,q(t), Fz,q(t)) ≥ 0,

then z = q, and z is unique.

If A = B and S = T, we get the following corollary:

Corollary 4.1. Let (X, F,�) be a Menger space and let A,B, S and T be four self mappings
on X such for all x, y ∈ X we have:

φ(FSx,Sy(t), FAx,Ay(t), FAx,Sx(t), FAy,Sy(t), FAx,Sy(t), FAy,Sx(t)) ≥ 0,

where φ ∈ Φ, if the pair {A, S} is weakly subsequentially continuous and compatible of type
(E), then A,B, S and T have a unique common fixed point.

Corollary 4.2. For four self mappings A,B, S and T on Menger space (X, F,�) such for
all x, y ∈ X we have:

FSx,Ty(t) ≥ ψ(min{(FAx,By(t), FAx,Sx(t), FBy,Ty(t), FAx,Ty(t), FBy,Sx(t)),
assume that the following conditions hold:

1. {A, S} is A-subsequentially continuous and A-compatible of type (E),

2. {B,T} is B-subsequentially continuous and B-compatible of type (E),

then A,B, S and T have a unique common fixed point.
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If we combine Theorem 4.1 with Example 3.1, we obtain:

Corollary 4.3. Let (X, F,�) be a Menger space and let A,B, S,T : X → X two self
mappings such for all x, y ∈ X and every t > 0, we have:

M(Sx,Ty, t) ≥ aM(By,Ty, t)+ bM(Ax,Ty, t),

where a + b ≥ 1, suppose that the following conditions satisfy:

1. {A, S} is S-subsequentially continuous and S-compatible of type (E),

2. {B,T} is T-subsequentially continuous and T-compatible of type (E),

then A,B, S and T have a unique common fixed point.

Example 4.1. Let (X,F,�) be a Menger metric space such

X = [0, 2], �(x, y) = min(x, y)

and
Fx,y =

t
t + |x − y| , for all t ∈ [0, 1],

define mappings A,B,S and T as follows:

Ax = Bx =
{

x+1
2 , 0 ≤ x ≤ 1

2, 1 < x ≤ 2 Sx = Tx =
{

1, 0 ≤ x ≤ 1
3
4 , 1 < x ≤ 2

We consider a sequence {xn} which is defined for each n ≥ 1 by:xn = 1 − 1
n ,

Clearly lim
n→∞Axn = lim

n→∞Sxn = 1, also we have:

lim
n→∞ASxn = A(1) = S(1) = 1

lim
n→∞A

2xn = S(1) = 1,

then {A,S} is A-subsequentially continuous and A-compatible of type (E).

Taking
φ(t1, t2, t3, t4, t5, t6) = t1 − ψ(min{t2, t3, t4, t5, t6}),

with ψ(t) =
√
t and we will show that the following inequality hold:

FSx,Ty(t) ≥ (min{FAx,By(t),FAx,Sx(t),FBy,Ty(t),FAx,Ty(t)FBy,Sx(t)}) 12 ,
we have the following cases:

1. For x, y ∈ [0, 1],we have

FSx,Ty(t) = 1 ≥ t
t + x

= ψ(FAx,By(t))

2. For x ∈ [0, 1] and 1 < y ≤ 2, we have

FSx,Ty(t) =
t

t + 0.25
≥ (

t
t + 1

)
1
2 = FBy,Sx(t)
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3. For x ∈ (1,∞) and y ∈ [0, 1], we have

FSx,Ty(t) =
t

t + 0.25
≥ (

t
t + 1, 25

)
1
2 = FBy,Ty(t)

4. For x, y ∈ (1,∞), we have

FSx,Ty(t) = 1 ≥ (
t

t + 1, 25
= FAx,Ty(t),

then all hypotheses of Corollary 4.3 satisfy, and the point 1 is the unique common fixed for
A,B,S and T.

Example 4.2. Let (X,F,�) be the probabilistic metric space as defined in Example 4.1 with
X = R+, define mappings A,B,S and T as follows:

Ax = Bx =
{

x
4 +

3
2 , 0 ≤ x ≤ 2

2x − 3, x > 2 Sx = Tx =
{

x
2 + 1, 0 ≤ x ≤ 2
x
2 , x > 2

We consider a sequence {xn} which is defined for each n ≥ 1 by:
xn = 2 − 1

n . Clearly lim
n→∞Axn = lim

n→∞Sxn = 1, also we have:

lim
n→∞ASxn = A(1) = S(2) = 2

lim
n→∞A

2xn = S(2) = 2,

then {A,S} is A-subsequentially continuous and A-compatible of type (E).

Taking F and ψ as in Example 4.1, for the inequality (4.1) we have the following cases:

1. For x, y ∈ [0, 2],we have

FSx,Ty(t)) =
t

t + 0.5|x − y| ≥
( t
t + 0.25|x − y|

) 1
2
= ψ(FAx,By(t)

2. For x ∈ [0, 2] and y > 2, we have

FSx,Ty(t) =
t

t + 0.5|x − y| ≥
( t
t + 0.25x + 0.5

) 1
2
= ψ(FBy,Sx(t))

3. For x ∈ (1,∞) and y ∈ [0, 1], we have

FSx,Ty(t) =
t

t + 0.5y| ≥ (
t

t + 0.25y + 0.5| )
1
2 = ψ(FBy,Ty(t))

4. For x, y ∈ (1,∞), we have

FSx,Ty(t) = 1 ≥
( t
t + 2(x − 1)

) 1
2
= ψ(FAx,Ty(t)),

then all hypotheses of Corollary 4.3 are satisfied, and the point 2 is the unique common fixed
for A and S.
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