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Abstract. In this paper, we introduce semihypermodules over semihyperrings as a
generalization of semimodules over semirings. Besides studying their properties, we
introduce an equivalence relation on them and use it to define factor semihypermod-
ules. Moreover, we discuss the (semi-)isomorphism theorems for semihypermodules and
present some of their interesting applications. Finally, we project our results on semi-
hyperrings and deduce the (semi-)isomorphism theorems for semihyperrings.
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1. Introduction

Naturally generalizing the concept of a group, by considering the result of the
“interaction” between two elements of a non-empty set to be a non-empty set of
elements (and not only one element, as for groups), Frederic Marty [14] defined the
concept of a hypergroup. He presented it during the 8th congress of Scandinavian
Mathematicians, held in Stockholm in 1934. The law characterizing such a struc-
ture is called hyperoperation and the theory of the algebraic structures endowed
with at least one multi-valued operation is known as the Hyperstructure Theory or
Hypercompositional Algebra. Marty’s motivation to introduce hypergroups is that
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the quotient of a group modulo any subgroup (and not necessarily a normal sub-
group) is a hypergroup. Nowadays, this theory is characterized by huge diversity of
character and content, and can be used to present the results in mathematics and
other sciences such as physics, chemistry, biology, computer science, information
technologies, social sciences, etc. Several books were written on this theory and its
applications. In this regard, we refer to [2, 3, 9, 6, 7, 8, 18]

Semirings, the most natural common generalization of the theories of rings and
bounded distributive lattices, abound in the mathematical world around us. The
set of natural numbers under standard addition and multiplication is the easiest
example of a semiring that is not a ring. Other semirings arise naturally in such di-
verse areas of mathematics such as functional analysis, combinatorics, graph theory,
topology, commutative and non commutative ring theory, etc. Historically, semir-
ings first appeared implicitly in Dedekind work in 1894 [11] in connection with the
study of ideals of a ring. They also appeared later in connection with the axiomati-
zation of the natural numbers and non-negative rational numbers. Semirings were
first considered explicitly in Vandiver work [17] in connection with the axiomati-
zation of arithmetic of natural numbers. Vandiver’s approach was later developed
in a series of articles by him and by other researchers. Over the years, semirings
have been studied by various researchers either from theoretical point of view, in an
attempt to broaden techniques coming from semigroup theory or ring theory, or in
connection with applications. As a generalization of semirings, Ameri and Hedayati
in 2007 [1] gave the notions of semihyperrings and studied the k-hyperideals of them.
Later, Davvaz [5] gave the concepts of ternary semihyperrings and investigated their
fuzzy hyperideals.

The semimodules over a semiring are an important tool in characterizing prop-
erties of the semiring. Moreover, many important constructions in pure and ap-
plied mathematics can be understood as semimodules over appropriate semirings.
As a genralization of semimodules over semirings, our paper is concerned about
semihypermodules over semihyperring and it is constructed as follows: After an
Introduction, in Section 2, we present some results and examples about semirings
and semihyperrings. In Section 3, we define semihypermodules over semihyper-
rings, present some examples, and study some of their properties. In Section 4,
we define congruence relations on semihypermodules and use them to define fac-
tor semihypermodules. In Section 5, we derive (semi)-isomorphism theorems for
semihypermodules and present some applications on them. Finally, in Section 6,
we use our results on semihypermodules to derive (semi)-isomorphism theorems for
semihyperrings.

2. Semirings and Semihyperrings

In this section, we present some results and examples about semirings and semi-
hyperrings. For more details, we refer to [4, 9, 7, 10, 12].

Definition 2.1. [12] Let R be a non-empty set with two operations “+” and “”.
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Then (R, +,-) is called a semiring if the following conditions hold:

1. (R,+) is a commutative semigroup with identity “0”;
2. (R,-) is a semigroup;
. x-(yt+z2)=z-y+z-zand (x+y) - z2=z-2+y-zforal z,y,2 € R;

4. -0=0-z=0for all x € R.

Example 2.1. [12] Let R = {(a,b) € R* : a > 0,b > 0} U{(0,0)} and define “+ and “”
on R as follows:

a,b) if b>1v;

a',b) if b<b's

a+a',b) ifb="b.

(
(a,b) + (a',b) = { E
and (a,b) - (a',b’) = (aa’,bb’). Then (R,+,") is a semiring.

Example 2.2. Let N be the set of non-negative integers and R be the set of real numbers.
Then (N,+,-), (RU{—o0},V,+), and (RU {%o0},V,A) are infinite semirings. Here “Vv”
and “A” denote the maximum and minimum respectively.

Finite semirings can be presented by means of Cayley’s tables.

Example 2.3. [15] Let R = {0, a, b, c} and define (R, +,-) by the following tables.

+ 0 a b c . 0 a b c
0 0 a b c 0 0 0 0 0
a a a a a a 0 a a a
b a b c 0 b b b
c a c c 0 a a

Then (R, +, ) is a semiring.

Let H be a non-empty set. Then, a mapping o : H x H — P*(H) is called a binary
hyperoperation on H, where P*(H) is the family of all non-empty subsets of H.
The couple (H,o) is called a hypergroupoid. In this definition, if A and B are two
non-empty subsets of H and x € H, then we define:

AoB= |J aob, zoA={zx}oAand Aox = Ao {x}.
acA
beB

A hypergroupoid (H, o) is called a semihypergroup if for every x,y, z € H, xo(yoz) =
(z oy) oz, that is

U zou= | wvoz

uEeyoz veETOoY
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The more general structure that satisfies the ring-like axioms is the hyperring in the
general sense. There are different notions of hyperrings. A special case of this type
is the hyperring introduced by Krasner [13] in 1983, known as Krasner hyperring,
and multiplicative hyperring introduced by Rota [16] in 1982, where in the latter,
the multiplication is a hyperoperation, while the addition is an operation.

Definition 2.2. [16] Let R be a non-empty set. Then (R, +,-) is called a multi-
plicative hyperring if the following conditions hold:

1. (R,+) is an abelian group with identity “0”;

2. (R,-) is a semihypergroup;

.z (y+z)=z-y+z-zand (x+y)-z2=z-2+y-zforalzy, 2 € R;
4. 0€(z-0)N(0-z) for all z € R.

In [1], Ameri and Hedayati discussed additive semihyperrings, i.e., “+” is a hy-
peroperation and “” is an operation. In this paper, we consider multiplicative
semihyperrings.

Definition 2.3. [10] Let R be a non-empty set. Then (R, +,-) is called a semihy-
perring if the following conditions hold:

1. (R,+) is a semirgroup with identity “0”;

2. (R,-) is a semihypergroup;

3.2z (y+z2)Cax-y+z-zand (x+y) - 2Cz-2+y-zforalxy z € R;
4. 0€(z-0)N(0-x) for all z € R.

Remark 2.1. Every semiring is a semihyperring and every multiplicative hyperring is a
semihyperring.

A semihyperring (R, +, ) is called commutative if (R, +) and (R, ) are commutative
and we say that it has a unity if there exist 1 € R such that r € (r-1)N (1 -r) for
all r € R. It is called a zero-sum free if whenever r + s = 0 then either » = 0 or
s = 0 and called additively idempotent if r +r = r for all r € R. A commutative
semihyperring with unity is called semihyperfield if for every r € R— {0} there exist
s€ R—{0}such that 1 € (r-s)N(s-r).

If (R,+,-) is a finite semihyperring, we can present it by means of Cayley’s
tables.

Example 2.4. Let R = {a,b} and (R, +,-) be defined by the following tables.

+ a b . a b
a a a a a b
b a b b b R

Then (R,+,-) is an idempotent semihyperfield that is also zero-sum free where a is the
zero of R and b is it’s unity.
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Example 2.5. [10] Let R = {a,b,c} and (R, +,-) be defined by the following tables.

+ a b c a b c
a a a a a a b c
b a b c b b R b
c a c c c b {a, c}

Then (R,+, ) is an idempotent semihyperfield that is also zero-sum free.

Example 2.6. [10] Let R = {—1,0,1} and (R, +, ") be defined by the following tables.

+ -1 0 1 . -1 0 1
-1 -1 0 1 -1 -1 -1 R
0 0 0 1 0 -1 0 1
1 1 1 1 1 R 1 1

Then (R,+, ) is an idempotent semihyperring that it is also zero-sum free.

Example 2.7. [10] The idempotent semihyperring (RU{—00}, A, ®) is defined as follows:
For all z,y € R,

_J vy ifx#y
x®y—{ {teR : t<z} ifzx=y.

Definition 2.4. [1] Let (R, +,-) be a semihyperring. A subset I of R is called a

(1) subsemihyperringof Rif x +y €I and -y C I for all x,y € I;

(2) hyperideal of R if I is subsemihyperring of R and -y C I and y -« C [ for
allz €I and y € R.

Remark 2.2. If 0 € R such that 0-r =r-0 =0 for all » € R then {0} is a hyperideal
of R.

Example 2.8. Let (R,+,:) be the semihyperring in Example 2.6. Then {-1,0} is a
subsemihyperring of R that is not a hyperideal of R. This is clear as 1-(—1) = R € {—1,0}.

3. Semihypermodules over Semihyperrrings

Inspired by the definition of semimodules over semirings, we define semihyper-
modules over semihyperrings. Moreover, we pressent some of its properties and
provide different examples.

Definition 3.1. [12] Let (M, +) be a commutative semigroup with Oy, (R, +rg,*)
be a semiring with Og, and define x : R x M — M as (r,m) — r*m. Then
M is called (left) R-semimodule if the following conditions hold: For all r,s € R,
m,n € M,

1. rx(s*xm)=(r-s)xm;
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2. rx(m+n)=r«m+rxn;
3. (r+rs)xm=rxm+s*m;

4. OR*mZ’I‘*OMZOM.

Remark 3.1. Let (R,+,") be a semiring. Then R is an R-semimodule and every ideal
of R is an R-semimodule.

Example 3.1. Let (R,+,") be the semiring in Example 2.3. Then {0,a} and {0,a,b}
are R-semimodules.

Definition 3.2. Let (M, +) be a group, (R, +g,) be a multiplicative hyperring,
and define x : R x M — P*(M) as (r,m) — r*m. Then M is called a (left)
R-hypermodule if the following conditions hold: For all r,s € R, m,n € M,

1.rx(sxm)=(r-s)*m;
2. rx(m+n)=r«m-+rxn;

3. (r+rs)xm=rxm+s*m.

Definition 3.3. Let (M,+) be a semigroup, (R, +g,-) be a semihyperring, and
define x : R x M — P*(M) as (r,m) — r+m. Then M is called (left) R-
semihypermodule if the following conditions hold: For all ;s € R, m,n € M,

1.rx(sxm)=(r-s)xm;
2. rx(m+n) Crexm+rxn;
3. (r+rs)xmCrxm+s*m.

Remark 3.2. Every R-semimodule and every R-hypermodule is an R-semihypermodule.

Proposition 3.1. Let (R,+,-) be a semihyperring. Then every hyperideal of R is
an R-semihypermodule.

Proof. The proof is straightforward. [

In what follows, we write rs instead of r - s and rx instead of r» x x for all r,s € R
and x € M.

Proposition 3.2. Let (M,+) be any semigroup with identity Op;, R = N, and
(R, +,-) be the semiring under standard addition and multiplication of non-negative
integers. Then M is an R-semihypermodule where “¢: Rx M — P*(M)” is defined

as follows:
o 0]\/[ if ’I“ZO;
= { {037, m} if > 0.
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Proof. Let r,s € R and z,y € M. (1) We have

r(sz) = Onr if r=0; | Om if r=0ors=0; — (rs)a
| {0nr, sz} if r > 0. | {0p,2} ifr>0ands>0 ‘
(2) We have
Opp if r =0; Opr if r = 0;
= C - .
r(z+y) { 0,2 +y} ifr>0 = { Oy, 2y, +y) if 7> 0. retTy
(3) We have
| Onp if r=s5=0;
(r+s)z = { {Opr, 2} otherwise.
and
Ons ifr=s=0;
re+sx =< {Op,z,z4+2} if r>0ands>0;
{0ar, 2} otherwise.

It is clear that (r 4+ s)z C rx 4 sx. Therefore, M is an R-semihypermodule. [O

Example 3.2. Let R = N and (R, +,-) be the semiring under standard addition and
multiplication of non-negative integers. Using Proposition 3.2, we get that (N,+) and
(N, V) are both R-semihypermodules where

e — _J o0 if r =0;
PHRMETEMEA f0,m} if r > 0.
Proposition 3.3. Let (R,+g,) be a semihyperring, E be any non-empty set,
and R = {f : E — R}. Then R¥ is an R-semihypermodule. Here, for all
f,g€ R r € R, x € E, we have (f+g)(z) = f(x)+rg(x) and rx f(x) = r-(f(z)).

Proof. The proof is straightforward. [
Example 3.3. Let (R,+,-) be the semihyperring in Example 2.4 and E = {1,2}. By

setting f(1) = f(2) = a, g(1) = g(2) = b, h(1) = a,h(2) = b, and (1) = b,4(2) = a, we get
RP = {f,g,h,i}. We present the R-semihypermodule R” by the following tables.

+ f g h i
* f g h i
f f f f f
g f g h ( “ ! g " !
h f h h f b g R  {g,i} {g,h}
7 f 7 f 7

Proposition 3.4. Let (R, +,-) be semihyperring and M, be an R-semihypermodule
for every a € I'. Then [[,cp Mo is an R-semihypermodule. Here (7o) © (Ya) =
(To o Ya) and r* (xq) = (7 *q Ta)-
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Proof. The proof is straightforward. [

Corollary 3.1. Let (R,+,-) be a semihyperring, n a positive integer, and V,,(R) =
{(a1,...,a,) 1 a; € R,1 <i<n}. Then V,(R) is an R-semihypermodule.

Proof. The proof follows from Proposition 3.4. [

Example 3.4. Let (R,+,:) be the semihyperring in Example 2.4. Then V2(R) is an
R-semihypermodule and it is presented by the following tables.

+ (a,a) (a,b) (b,a) (b,b)
* | (a,a) (a,b) (b,a) (b,b)

(a,a) | (a,a) (a,a) (a,a) (a,a)
@b |(@a) (@bh) (aa) (@p)| | @2 (@0 (ba) — (b:0)
(b,a) | (a,a) (a,a) (b,a) (b,a) b | (b,b) {(b,a),(b,0)} {(a,b),(b,b)} Va(R)

b,0) | (a,a) (a,b) (bya) (b,b)

Proposition 3.5. Let (R, +,-) be a semihyperring, M, ,(R) be the set of allnx k
matrices with entries from R. Then M, x(R) is an R-semihypermodule. Here,
(aij)+(bij) = (aij+bij) and r*(a;;) = (r*a;j) for all matrices (a;j), (bi;) € My, x(R)
and r € R.

Proof. The proof is straightforward. [

Definition 3.4. Let (R, +, ) be a semihyperring and M be an R-semihypermodule.
A non-empty subset N of M is a subsemihypermodule of M if and only if it is an
R-semihypermodule.

Proposition 3.6. Let(R,+,") be a semihyperring and M be an R-semihypermodule.
A non-empty subset N of M is a subsemihypermodule of M if and only if N+ N C N
andr*N C N forallrT € R.

Proof. The proof is straightforward. O

Remark 3.3. Let (R,+,-) be a semihyperring and M be an R-semihypermodule. If
0€ M and rx0 =0 for all » € R then {0} is a subsemihypermodule of M (beside M).

A subsemihypermodule of M is called subtractive if x +y € N (y+x € N) and
y € N then z € N.

Example 3.5. Let M = (N, +) be the R-semihypermodule defined in Example 3.2. Then
N =2M = {0,2,4,6,8,10,...} is a subtractive subsemihypermodule of M. In general,
nM = {0,n,2n,3n,...} is a subtractive subsemihypermodule of M for all n € N.

Proposition 3.7. Let M = (N, +) be the R-semihypermodule defined in Ezample
3.2 and N be a non-trivial subsemihypermodule of M. Then N is subtractive in M
if and only if N is a positive multiple of M.
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Proof. If N is a positive multiple of M then by Example 3.5, we get that N is
subtractive in M.

Conversely, let N # {0} be a subtractive subsemihypermodule of M. Since M
consists of non-negative integers, it follows that there exist a least positive integer,
say n in N. Let € M. Using Division Algorithm, we get that there exist ¢ >
0,0 <r < x such that x = gn + r. Since x,gn € N, it follows that r € N (as N is
subtractive.). Thus, r = 0 and hence, x is a multiple of n. [

Proposition 3.8. Let R be a multiplicative hyperring and M be an R-hypermodule.
Then every subhypermodule of M is subtractive.

Proof. The proof is straightforward as (M, +) is a group. [
Remark 3.4. Not every subsemihypermodule is subtractive.

Example 3.6. Let M = (N, +) be the R-semihypermodule defined in Example 3.2. Then
N = 2M — {2} = {0,4,6,8,10,...} is a subsemihypermodule of M. But it is not a
subtractive subsemihypermodule of M because it can not be written as a positive multiple
of M (using Proposition 3.7). Or one can easily see that 24+ 4 =6 € N, 4,6 € N and
2¢ N.

Example 3.7. Let R = N and (R,+,-) be the semiring under standard addition and
multiplication of non-negative integers. And (N, V) be the R-semihypermodule described
in Example 3.2 where

= { 0 if r = 0;

{0,m} ifr>0.

Let N be any non-empty subset of N containing 0 and z <y € N. SincexVy =y € N
and rxz C {0,z} C N then N is a subsemihypermodule of N. Moreover, the only proper
subtractive subsemihypermodules of N are of the form A, = {0,1,...,n} for every non-
negative integer n. This is clear as if N # A, for all n € N then there exist z,y € N,
z € Nwith z < z <y and z ¢ N. Then having 2Vy =y € N and z ¢ N contradicts our
assumption that N is subtractive.

Proposition 3.9. Let (R,+,") be a semihyperring, M be an R-semihypermodule,
and Ny be a subsemihypermodule of M. Then (|, cp Na is a subsemihypermodule
of M. Moreover, if N, is subtractive then so () cp Na-

Proof. The proof is straightforward. O

Proposition 3.10. Let R be a semihyperring, M be a commutative R-semihyper-
module, and Ny, No be subsemihypermodules of M. Then N1+ Ny is a subsemihy-
permodule of M.

Proof. Let x,y € Ny + Ny and r € R. Then there exist ni,n} € Ny, na,nh € N
such that * = n; + ny and y = n} + n,. Since M is commutative, it follows
that  +y = n1 +na + nj +nb = ny +n) + ny +nh € Ny + No. Also, we have
rx(n1+n2) Crxng +7*ng C Ny + No. Thus, N1 + N is a subsemihypermodule
of M. O
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Definition 3.5. Let (R,+,-) be a semihyperring and M, N be R-semihypermo-
dules. A function f: M — N is called a

1. homorphism if f(x+y) = f(z)+ f(y) and f(ra) = rf(z) for all z,y € M and
r e R;

2. isomorphism if f is a bijective homomorphism. In this case, we say that M
and N are isomorphic R-semihypermodules and we write M = N.

Example 3.8. Let (R, +,-) be a semihyperring and M be an R-semihypermodule. Then
the identity map (f : M — M defined as f(z) = z for all x € M) defines an isomorphism.

Example 3.9. Let (R,+,) be a semihyperring and M, N be R-semihypermodules with
0€e Nand r«0=0for all r € R. Then f: M — N defined as f(x) =0 for all z € M
defines a homomorphism. This homomorphism is known by the trivial homomorphism.

In what follows, all R-semihypermodules and their subsemihypermodules have an
identity 0 and 7 x0 = 0 for all » € R. Also, if f is an R-semihypermodule homo-
morphism then f(0) = 0.

Definition 3.6. Let (R,+,-) be a semihyperring, M, N be R-semihypermodules,
and f: M — N be a homomorphism. Then the kernel of f, denoted by ker(f) is
defined as ker(f) = {m € M : f(m) = 0}. And image of f, denoted by im(f), is
defined as im(f) = {f(m) : m € M}.

Proposition 3.11. Let (R,+,") be a semihyperring, M, N be R-semihypermodules,
and f : M — N be a homomorphism. Then ker(f) is a subtractive subsemihyper-
module of M.

Proof. Let x,y € ker(f). Having f(z+y) = f(z)+ f(y) =04+ 0=0 and f(rz) =
rf(z) = r(0) = 0 implies that  + y € ker(f) and rz C ker(f). Thus, ker(f) is
a subsemihypermodule of M. To prove that ker(f) is substractive, let z,z +y €
ker(f). Then f(x +y) = f(x) + f(y) = 0. Having f(z) = 0 implies that f(y) =0
and hence, y € ker(f). Therefore, ker(f) is subtractive. O

Proposition 3.12. Let (R,+,-) be a semihyperring, M, N be R-semihypermodules,
and f: M — N be a homomorphism. Then im(f) is a subsemihypermodule of N.

Proof. The proof is straightforward. O

Definition 3.7. Let (R,+,) be a semihyperring, M, N be R-semihypermodules,
and f: M — N be a homomorphism. Then f is called semi-isomorphism if f is a
surjective homomorphism and ker(f) = {0}. And we write M =, N.

Remark 3.5. Let (R,+,-) be a semihyperring, M, N be R-semihypermodules, and f :
M — N be a homomorphism. If f is injective then ker(f) = {0}. Thus, every isomorphism
is a semi-isomorphism.
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4. Factor Semihypermodules

In this section, we define congruence relations on semihypermodules and use
them to discuss factor semihypermodules.

Definition 4.1. Let (R, +,") be a semihyperring, M be an R-semihypermodule,
and p an equivalence relation on M. Then p is called a congruence relation on M
if (1) zpy and zpw implies (x + 2)p(y + w) and (2) zpy implies (r x z)p(r * y) for
all € R.

If A, B are non-empty sets, by ApB, we mean that for every a € A there exist b € B
such that apb and for every b € B there exist a € A such that apb.

Let M/p = {[m] : m € M} be the set of all equivalence classes of M with
respect to the relation p and define @ and © as follows: [z] ® [y] = [z + y] and
rOz]=[r*xz]={[t]:t €rz} forall z,y € M and r € R.

Proposition 4.1. “@” and “©” are well defined.

Proof. Let [x] = [y] and [z] = [w] in M/p. Then zpy and zpw. Since p is a
congruence on M, it follows that (z + 2)p(y + w). Thus, [z + 2] = [y + w].

Let [¢] = [y] in M/p. Then having = € [y] implies that zpy. Having p a
congruence relation on M implies that (rz)p(ry). Let ¢t € raz. Then there exist
t'" € ry such that tpt’. The latter implies that [ra] C [ry]. Thus, [rz] C [ry].
Similarly, we get [ry] C [rz]. O

Theorem 4.1. Let (R,+,-) be a semihyperring, M be an R-semihypermodule, and
p a congruence relation on M. Then M/p is an R-semihypermodule.

Proof. The proof is straightforward. O
NOTATION 1. M/p is called the factor semihypermodule.

Remark 4.1. Every R-semihypermodule has at least two congruence relations: the triv-
ial congruence (~;) and the universal congruence (~,), where m ~; n if and only if
m = n and m ~, n if and only if m,n € M. It is clear that M/ ~,2 M and M/ ~,2 {0}.

Lemma 4.1. Let (R,+,-) be a semihyperring, M be an R-semihypermodule, and
p a congruence relation on M. Then f: M — M/p is a surjective homomorphism.
Here, f(m) = [m] for allm € M.

Proof. Tt is clear that f is surjective since m € [m] for all m € M. Let z,y € M
and 7 € R. Then f(z+1y) = [v+y] = [1] @ [y] = f(2) ® f(y) and f(ra) = [ra] =
r®[z] =r® f(x). Thus, f is a homomorphism. [
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Proposition 4.2. Let (R,+,-) be a semihyperring, M, N be R-semihypermodules,
and f: M — N be a homomorphism. Define ~y on M as follows:

z~py e flz) = f(y) for all x,y € M.

Then ~ is a congruence relation on M. Moreover, if f is injective then M/ ~ ;=

M.

Proof. It is clear that ~¢ is an equivalence relation on M. To prove that ~; is a
congruence, let r € R, © ~5 y, and z ~¢ w. Having f(z) = f(y), f(2) = f(w), and
f is homomorphism implies that f(z + 2z) = f(y + w). Thus, (z + 2) ~5 (y + w).
Also, we get that f(raz) =rf(xz) =rf(y) = f(ry). Thus, rz ~f ry.

Let f be injective and « ~; y. Then f(z) = f(y) implies that x = y. The latter
implies that « ~; y. Thus, M/ ~= M/ ~= M. O

Proposition 4.3. Let R be a semihyperring, M be a commutative R-semihypermodule,
N subsemihypermodule of M, and define ~n on M as follows:

x ~nN Yy < there exist ny,ne € N withe +n; =y + no.

Then ~pn is an equivalence relation on M. Moreover, if x ~x y and z ~n w then
(z+2) ~N (y+w).

Proof. 1t is clear that ~ is reflexive and symmetric. To prove that ~ is transitive,
let x ~n y and y ~n 2. Then there exist nq,ns,n3,ng € N such that x+n; = y+no
and y+ns = z+n4. Having M commutative implies that x+n1+ns = y+ns+ns =
Y+ nsg +ne = 2+ ng + no. Having ny + ng, ng + ne € N implies that x ~n 2.

Let x ~n y and z ~n w. Then there exist ny,ng,n3,ngy € N such that x+ny =
Yy + ne, 2+ ng = w+ nyg. The latter and having M commutative implies that
x4+ z+n +n3=y—+w+ng+nyg Thus, (z+2)~y (y+w). O

Let R be a semihyperring, M be a commutative R-semihypermodule, and N sub-
semihypermodule of M. If x ~y y and r € R then (rz) ~n (ry) may not be
satisfied.

Definition 4.2. Let R be a semihyperring, M a commutative R-semihypermodule,
and N a subsemihypermodule of M. If ~x defines a congruence on M then N is
called a congruence subsemihypermodule.

Proposition 4.4. Let R be a multiplicative hyperring, M be a commutative R-
hypermodule, and N subhypermodule of M. Ifx ~n y and r € R then (rz) ~n (ry).

Proof. Let x ~x y. Then there exist ny,ny € N such that x+n; = y+ns and hence
re+rny =r(x+mn1) =r(x+ny) =rx + rng. Having re + rny = re + rng implies
that for every z; € rz, there exist n,n’ € N and 29 € ry such that z; +n = 25 +n/.
Thus, z1 ~, z9. Similarly, we can take w; € ry and show that there exist ws € rz
such that wy ~y wo. O
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Corollary 4.1. FEvery subhypermodule of an R-hypermodule is a congruence sub-
hypermodule.

Proof. The proof follows from Propositions 4.3 and 4.4. [

In the next proposition, Proposition 4.5, we show that there exist subsemihyper-
modules of semihypermodules (and are not hypermodules) that are congruence
subsemihypermodules.

Proposition 4.5. Let M = (N, +) be the R-semihypermodule defined in Example
3.2. Then every subsemihypermodule of M is a congruence subsemihypermodule.

Proof. By Proposition 4.3, it suffices to show that if z ~x y then (rz) ~n (ry) for
all » € R. Let N be a subsemihypermodule of M and z ~py y. Then there exist
ni,ng € N such that x +ny =y +ng. Let r € R. If r =0 then 0 ~x 0 and we are
done. If > 0 then rz = {0,2} and ry = {0,y}. For 0 € rz, we have 0 € ry such
that 0 ~n 0 and for x € rz, we have y € ry such that  ~y y. Thus, for every
z € rx there is w € ry such that z ~y w (and similarly, for every w € ry there is
z € rz such that z ~n w). Therefore, (rz) ~n (ry). O

Remark 4.2. Let R be the semiring of non-negative integers under standard addition
and multiplication of integers and M be the R-semihypermodule defined in Proposition
3.2. Then using the same proof of Proposition 4.5, we get that every subsemihypermodule
of M is a congruence subsemihypermodule.

NOTATION 2. Let (R, +,-) be a semihyperring, M a commutative R-semihypermodule,
and N a congruence subsemihypermodule of M. Then M/ ~y is written as

M/N={m+N :me M}.

Corollary 4.2. Let R be a semihyperring, M, N commutative R-semihypermodules,
and f : M — N be a homomorphism. If ker(f) is a congruence subsemihypermodule
of M then M/ker(f) is an R-semihypermodule.

Proof. The proof follows from Proposition 4.3. [

Remark 4.3. Let K, N be congruence subsemihypermodules of M and K C N. If K is
a congruence subsemihypermodule of M then K is a congruence subsemihypermodule of
N.

Theorem 4.2. Let R be a semihyperring, M be a commutative R-semihypermodule,
and N a congruence subsemihypermodule of M. Then a subset S of M/N is sub-
semihypermodule of M/N if and only if there exist a subsemihypermodule K of M
containing N such that S = K/N.
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Proof. Let S be a subsemihypermodule of M/N and K = {x € M : z + N € S}.
It is clear that K is a subsemihypermodule of M. We prove now that N C K. Let
n€N. Then0~yn(as0+n=n+0)andn+N € Sas0+N €S (n+N=0+N
as equivalence classes.). The latter implies that n € K. Moreover, it is clear that
S =K/N.

Conversely, let K be a subsemihypermodule of M containing N. Remark 4.3
asserts that S = K/N is a semihypermodule. One can easily see that S = K/N C
M/N. Therefore, S = K/N is subsemihypermodule of M/N [

Proposition 4.6. Let (R,+,-) be a semihyperring, M an R-semihypermodule,
and f: M — N a homomorphism. If x ~ye,(5) y then x ~y y.

Proof. Let & ~per(s) y- Then there exist ki, ko € ker(f) such that x 4 k; = y + ko.
The latter implies that f(z) + f(k1) = f(z + k1) = fly+ k2) = f(y) + f(k2). But
f(k1) = f(k2) = 0. Thus, f(z) = f(y). Therefore, z ~yy. O

Example 4.1. Let M = (N,+) be the R-semihypemodule in Example 3.2. Proposition
4.5 asserts that M/2M is an R-semihypermodule. Let x,y € M and n = 2k,n’ = 2k’ €
2M. Then z + 2k = y + 2k’ if and only if z and y are both even integers or are both
odd integers. The latter implies that we have only two equivalence classes: 0 + 2M and
1+ 2M. Hence, M/2M = {0+ 2M,1 + 2M} and it is given by the following tables. For
reR,

T 0+ 2M 1+2M * 0+ 2M 1+2M
0+2M | 0+2M 1+2M 0 0+ 2M 0+ 2M
1+2M | 142M 0+2M r(r>0) | 0+42M M/2M

Definition 4.3. Let (R,+,) be a semihyperring, M, N be R-semihypermodules,
and f: M — N be a homomorphism. Then f is steady if ~; and ~.,(s) coincide.

Definition 4.4. Let (R,+,-) be a semihyperring, M be an R-semihypermodule.
Then M is called simple if it has only two congruence relations.

Theorem 4.3. Let R be a semihyperring and M a simple commutative R-semihyp-
ermodule. If N is a subtractive congruence subsemihypermodule of M then N = {0}
or N =M.

Proof. Let N be a subtractive congruence subsemihypermodule of M. Then Propo-
sition 4.3 asserts that ~py is a congruence on M. We get that ~y is either ~; or
~y. I~y is ~p then M/ ~y& M/ ~2 M. Thus, N = {0}. If ~y is ~,, then
m ~py 0 for all m € M. The latter implies that there exist n,n’ € N such that
m+n=0+n"=n'. Having n’ € N implies that m +n € N. Since n € N and N
is subtractive, it follows that m € N. Thus, N =M. O

Corollary 4.3. Let (R,+,) be a semihyperring, M, N be R-semihypermodules,
and f : M — N be a non-trivial homomorphism. If M is simple and ker(f) is a
congruence subsemihypermodule of M then the following hold.
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1. ker(f)={0};
2. if f is steady then it is injective;

3. if f is steady and surjective then it is an isomorphism.

Proof. (1) The proof follows from Proposition 3.11 and Theorem 4.3.

(2) Let f(x) = f(y). Having f a steady function implies that = ~jc,(s) y. The
latter implies that there exist ki, ko € ker(f) such that z + k; = y+ ka. By (1), we
know that ker(f) = {0}. Thus, z = y.

(3) The proof is immediate consequence of (2). O

Proposition 4.7. Let R be a multiplicative hyperring and M be a commutative
R-hypermodule. If M has no proper non-trivial subhypermodules then M is simple.

Proof. Let p be a congruence on M and N = {m € M : mp0}. Having N a
subhypermodule of M implies that N = {0} or N = M. If N = {0} then p coincides
with ~; and if N = M then p coincides with ~,. Therefore, M is simple. O

Corollary 4.4. Let R be a multiplicative hyperring and M be a commutative R-
hypermodule. Then M is simple if and only if it has no proper non-trivial subhy-
permodules.

Proof. The proof follows from Theorem 4.3 Proposition 4.7. O

Proposition 4.8. Let R be a semihyperring, M be a commutative R-semihyper-
module, and N a congruence subsemihypermodule of M. Then the following hold.

1. ifa € N then N Ca+ N =0+ N;
2. if N is subtractive and a € N then a+ N =b+ N if and only if b € N;

3. if N is subtractive then a + N =04+ N = N if and only if a € N.

Proof. (1) Having a + 0 = 0 + @ implies that @ ~y 0. The latter implies that
a+ N =0+ N. Moreover, having n ~x 0 for all n € N implies that n € 0+ N for
alln € N. Thus, N C0+ N.

(2) Let a+ N =b+ N. Then there exist ny,ny € N such that a + ny = b+ no.
Having a € N implies that b+no € N. Since N is subtractive, it follows that b € N.
Conversely, let b € N. Then by (1), we get that a+ N =0+ N and b+ N =0+ N.
Thus, a4+ N =b+ N.

(3) The proof of a + N = 0+ N follows from (1) and (2). We need to show
that 0+ N C N. Let x € 0+ N. Then there exist ni,ny € N such that z +n; =
0 4 ne = ny. We get now that x +n; € N and having N subtractive implies that
zeN. O
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Theorem 4.4. Let R be a semihyperring, M be a commutative R-semihypermodule,
and N be a congruence subsemihypermodule of M. Then N is subtractive if and
only if it is the kernel of a surjective homomorphism.

Proof. Let N be a subsemihypermodule of M. If N is the kernel of a surjective
homomorphism then it is subtractive by Proposition 3.11. Conversely, let N be a
congruence subtractive subsemihypermodule of M. Then ~y defines a congruence
on M. Lemma 4.1 asserts that f : M — M/ ~y, defined by f(m) = m+ N
for all m € M, is a surjective homomorphism. It is clear that N is the kernel of
fM—=>M/~y. O

5. Semi-isomorphism Theorems for Semihypermodules and Their
Applications

In this section, we prove (semi)-isomorphism theorems for semihypermodules
over semihyperring and present some of their interesting applications. The impor-
tance of (semi)-isomorphism theorems is to describe the relationship between factor
semihypermodules, homomorphism, and subsemihypermodules and how they inter-
act with the intersection and addition of semihypermodules.

Theorem 5.1. (First (semi)-isomorphism theorem for semihypermodules.)
Let (R,+,) be a semihyperring, M, N be a R-semihypermodules, f : M — N be
a surjective homomorphism, and ker(f) a congruence subsemihypermodule of M.
Then M/ker(f) =25 N. Moreover, if f is steady then M/ker(f) = N.

Proof. Let ¢ : M/ker(f) — N be defined as ¢(x + ker(f)) = f(x). It is clear
that ¢ is a surjective homomorphism. Having ker(¢) = {x + ker(f) € M/ker(f) :
f(x) =0} = {x+ ker(f) € M/ker(f) : © € ker(f)}. Proposition 4.8 asserts that
ker(¢) = {0+ ker(f)} = {Oar/ker(s)}- Therefore, ¢ is a semi-isomorphism.

Let f be steady and ¢(x + ker(f)) = ¢(y + ker(f)). Then f(x) = f(y). Since
x ~y y and [ is steady, it follows that x ~jc.(y) y. The latter implies that there
exist k1, ko € ker(f) such that x +k; = y+ ko. Thus, x + ker(f) =y + ker(f). We
get now that ¢ is injective and hence, ¢ is an isomorphism by Corollary 4.3. O

Proposition 5.1. Let (R,+,-) be a semihyperring, M; be an R-semihypermodules,
and N; be a congruence subsemihypermodule of M; for all i = 1,....,n. Then
[T\, Ni is a congruence subsemihypermodule of ]\, M;.

Proof. It is easy to see that H?zl N; is a subsemihypermodule of H?Zl M;. We prove
that [T, IV; is a congruence subsemihypermodule of []}"_; M;. It suffices to show
that if (z1,...,2n) ~o N (W1,---,9n) and 7 € R then r(z1,...,2,) ~r N,

(Y1, yn). Let (z1,...,2,) € r(x1,...,2n) = (rz1,...,72,). Then z; € rz; for
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all i = 1,...,n. Having (z1,...,2n) ~1~_, N, (Y1,--.,Yn) implies that there exist
(k1,... k), (K4, ... k}) € [T, N; such that

(1, oy @n) + (b1, kn) = (Y1, -y yn) + (K, oo KL).

The latter implies that x; + k; = y; + k] for all i = 1,...n. Thus, z; ~y, y; for all
i =1,...n. Having z; € rz; implies that there exist z; € ry; such that z; ~n, z..
We can find n;,n; € N; such that z; + n; = 2z, +n} for i =1,...,n. As a result, we
have

li

(21, y20) + (1, np) = Y1y Yn) + (0], ..., 0l).
Therefore, r(z1,...,2,) ~re, N (W Yn). O

Theorem 5.2. Let R be a semihyperring, M; be a commutative R-semihypermodule,

and N; be a congruence subtractive subsemihypermodule of M; for alli=1,...,n.
Then . . N

(T Mo /(T Na) = ] /N:).

i=1 i=1 i=1

Proof. Let f: [Ty M; — [1—,(M;/N;) be defined as
fl(z1,.. . xn)) = (k1 + N1\ ., 2y + Np).

It is clear that f is surjective. We show that f is a homomorphism. Let (z1,...,zy,),
(Y1,---,Yn) € H?Zl M; and r € R. Then f((z1,...,24) + (y1,.-,yn)) = f((z1 +

Yty .- 7xn+yn)) = (x1+y1+N17 e 7x’n+yn+Nn) = f((xlv cee 7xn))+f((y17 s 7yn))
Moreover,

fo(ze,...,zn)) = f((rea, ..., rzen)) = (re1+Ny, ..o 1z, +Ny) = 7(f (21, .-, 20))).

We have ker(f) = {(z1,...,2,) € T[ioy M; ¢ (1 + N1,...,zn + Ny) = (0 +
Ni,...,0+4 N,)}. The latter implies that z; + N; = 0+ N; for all i = 1,...,n.
Since N; is subtractive in M, it follows by Proposition 4.8 that x; € N;. Thus,
ker(f) = T1i_; N;. To prove that f is steady, it suffices (by Proposition 4.6) to
show that if (21,...,2,) ~5 (y1,...,¥n) then (z1,..., 20 )ker(r) (Y1, -+ Yn). Let
f((xla- c 7xn)) = f((yla s 7yn)) Then ($1+N1, s 7xn+Nn) = (yl +N17~ < Ynt
N,,). We get now that z; + N; = y; + N; for alli = 1,...,n. The latter implies that
there exist k;, k; € N; such that z; +k; = y; +kj. Having (k1,..., k), (Kl,.... k) €
ker(f) and (z1,...,2n) + (k1,-- -, kn) = (Y1, -+, yn) + (K, ..., k},) implies that ~
and ~pe,(fy coincide. Thus, f is steady. Theorem 5.1 completes the proof. [

Corollary 5.1. Let R be a semihyperring, M; be a commutative R-semihypermodule,
and N; be a congruence subtractive subsemihypermodule of M; for alli=1,...,n.
Then [];_, N; is a congruence subtractive subsemihypermodule of [[;—, M.

Proof. Since [];_, N; is the kernel of the homomorphism presented in the proof
of Theorem 5.2, it follows by using Proposition 3.11 that [[;_, N; is a subtractive
subsemihypermodule of [[}_, M;. O
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Theorem 5.3. (Second semi-isomorphism theorem for semihypermod-
ules.) Let (R,+,:) be a semihyperring, M a commutative R-semihypermodule,
N, K congruence subsemihypermodules of M, N N K is congruence in N, and K is
subtractive. Then

N/(NNK) =, (N+K)/K.

Proof. Remark 4.3 asserts that K is a congruence subsemihypermodule of N + K.
So, (N + K)/K is an R-semihypermodule. Let f : N — (N + K)/K defined as
f@) = x4+ K for all z € N. It is easy to see that f is a well-defined surjective
homomorphism. We have ker(f) = {r € K : x + K = 0+ K}. Since K is
subtractive, it follows by Proposition 4.8 that ker(f) ={xr e N:z € K} = NN K.
Theorem 5.1 completes the proof. [

Corollary 5.2. Let R be a semihyperring, M a commutative R-semihypermodule,
N, K congruence subsemihypermodules of M, NN K is a congruence subsemihyper-
module of N, and K is subtractive. Then NNK is a subtractive subsemihypermodule
of K.

Proof. Since N N K is the kernel of the homomorphism presented in the proof
of Theorem 5.3, it follows by using Proposition 3.11 that N N K is a subtractive
subsemihypermodule of K. [

Proposition 5.2. Let (R,+,-) be a semihyperring, M a commutative R-semihyp-
ermodule, N, K congruence subsemihypermodules of M such that K C N, and N
is subtractive. Then N/K is congruence subsemihypermodule of M /K.

Proof. Using Proposition 4.3, it suffices to show that if m + K ~y/x m’ + K then
r(m+K) ~n g r(m'+K). Let m+K ~y/g m'+K and 2+K € r(m+K) = rm+K.
Then there exist ny + K,n2+ K € N/K such that m+n;+ K =m+K+n, + K =
m' + K +ns + K =m’ +ns + K. The latter implies that (m + nq) ~x (m’ + n2)
and consequently, there exist ki, ks € K such that m + ny + k1 = m/ + ng + ko.
Since K C N, it follows that m ~y m’. Having 2+ K € r(m + K) = rm + K
implies that z € rm. And since N is a congruence subsemihypermodule of M, it
follows that (rm) ~py (rm’). The latter implies that if z € rm then there exist
Zz' € rm’ such that z ~n z’. Thus, there exist n,n’ € N such that z +n =2’ +n'.
Since z+n+0 =2 +n"+0and 0 € K, it follows that (z + K) + (n + K) =
z4n+K=24n"+K=(GZ+K)+(n'+K) withn+ K,n"+ K € N/K. Thus,
(Z+K) ~N/K (Z/ +K) |

Theorem 5.4. (Third isomorphism theorem for semihypermodules.) Let
(R,+,) be a semihyperring, M a commutative R-semihypermodule, N, K congru-
ence subsemihypermodules of M such that K C N, and N is subtractive. Then
M/K then

(M/K)/(N/K) = M/N.
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Proof. Let f: M/K — M/N be defined as f(z+ K) = 2+ N. It is easy to see that
f is a well-defined surjective homomorphism. Moreover, ker(f) = {x+ K : 2+ N =
0+ N}. Since N is subtractive, it follows that ker(f) = {z+ K:2 € N} = N/K
and it is a congruence subsemihypermodule of M/K (by Proposition 5.2.). Thus,
by using Theorem 5.1, we get that f is a semi-isomorphism. We prove now that f is
steady. Let f((x+K)) = f((y+K)). Then x+ N = y+ N. The latter implies that
there exist ny,ns € N such that x4+ny = y+ns and hence, x+n; + K = y+no+ K.
We get now that t+ K +n1+ K =y+K+na+ K. Thus, v+ K ~perpy y+ K. O

Corollary 5.3. (R,+,") be a semihyperring, M a commutative R-semihypermodule,
N, K congruence subsemihypermodules of M such that K C N, and N is subtrac-
tive subsemihypermodule of M. Then N/K is a subtractive subsemihypermodule in
M/K.

Proof. Since N/K is the kernel of the homomorphism presented in the proof of
Theorem 5.4, it follows by using Proposition 3.11 that N/K is a subtractive sub-
semihypermodule of M/K. O

We present some interesting applications on the (semi)-isomorphism theorems for
semihypermodules.

Let M = {0,1,2,...} and (M, +) be the R-semihypermodule in Example 3.2.
Moreover, nM is a congruence subtractive subsemihyperodules of M for all n =
1,2,.... Proposition 3.2 asserts that (Z,,+) is an R-semihypermodule where Z,
is the set of integers modulo n and “+” is taken as standard addition of integers
modulo n and is given as Z,, = {0 (mod n),1 (mod n),...,(n —1) (mod n)} .

Using Remark 4.2, we deduce that all the subsemihypermodules that we are
dealing with in the following applications are congruence subsemihypermodules.

Application 1. Let n be any positive integer. Then M/nM = Z,.

Solution. Let f : M — Z, be defined as f(z) = z (mod n). It is clear that f
is surjective. Let z,y € M and r € R. Then f(x +y) = (x +y) (mod n) =
2 (mod n) +y (mod n) = f(x) + f(y). And

[ O0(modn) ifr=0 _ [ 0 (modn) if r=0
flrz) = { f{0,z}) ifr>0. = { {0 (mod n),z (mod n)} if r > 0.

On the other hand, we have,

_ [ 0 (mod n) ifr=0 _ [ 0 (modn) ifr=20
rf(z) = { {0 (mod n), f(x)} ifr>0. — { {0 (mod n),z (mod n)} if r > 0.

Thus, f is a homomorphism. We have ker(f) = {x € M :  (modn) =0 (modn)} =
nM is a congruence subsemihypermodule of M. Theorem 5.1 asserts that f defines
a semi-isomorphism. To prove that f is an isomorphism, we prove that f is steady.
Let f(xz) = f(y). Then by getting z (mod n) = y (mod n), we deduce that there
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exist ki, ko € M such that x + nk; = y + nke. Since nky,nky € ker(f), it follows
that @ ~per(p) y. Thus, f is steady.

Application 2. Zs = (M — {1})/3M.

Solution. Let N = 2M, K = 3M. Then by using Second semi-isomorphism the-
orem, we get that 2M/(2M N3M) =, (2M + 3M)/3M. One can easily see that
2MN3M =6M and N+ K = M — {1}. Thus, 2M/6M =, (M —{1})/3M. Using
same procedure as in Application 1, one can prove that 2M/6M = Zj. Therefore,
Zs =5 (M —{1})/3M. Since Zs and (M — {1})/3M have each only three elements
and Zs =, (M —{1})/3M, it follows that Zs = (M — {1})/3M.

Application 3. Zs/Zs = Zs.

Solution. Let K = 4M C N = 2M. Then by Third isomorphism theorem, we
get that (M/4M)/(2M/4M) = M/2M. Using the results in Application 1, we get
that M/4M = Z4 and M/2M = Z,. And in a similar manner, we can prove that
OM/AM = Z,.

6. Applications of Our Results to Semihyperrings

In this section, we use our results on semihypermodules to deduce some re-
sults for semihyperrings. In particular, we derive (semi-)isomorphism theorems for
semihyperrings.

Since every semihyperring R can be viewed as an R-semihypermodule and every
hyperideal of it can be viewed as a subsemihypermodule, then the results of the
previous sections can be applied to semihyperrings.

In what follows, all semihyperrings and their hyperideals have an identity 0 under
addition “4” and the operation “+” is commutative. And if f is a homomorphism
between semihyperrings then f(0) = 0.

NOTATION 3. Let R be a semihyperring and I a hyperideal of R. Then I is a
congruence hyperideal if I is a congruence subsemihypemodule of R when viewed as
an R-semihypermodule.

Theorem 6.1. Let (R, +,-) be a semihyperring and I be a congruence hyperideal of
R. Then I is subtractive if and only if it is the kernel of a surjective homomorphism.

Theorem 6.2. (First semi-isomorphism theorem for semihyperrings.) Let
R, S be semihyperrings and f : R — S be a surjective homomorphism. If ker(f) is
a congruence hyperideal of R then R/ker(f) =5 S. Moreover, if f is steady then
R/ker(f) = S.

Proposition 6.1. Let R; be semihyperrings and K; be congruence hyperideals of
R; foralli=1,...,n. Then ([T]_, Ri)/(IT—; K:) = [, (Ri/K;).
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Theorem 6.3. (Second semi-isomorphism theorem for semihyperrings.)
Let (R,+,-) be a semihyperring with (R,+) commutative, I, K congruence hyper-
ideals of R, I N K is congruence in I, and K is subtractive. Then

I/(INK)~, (I+K)/K.

Theorem 6.4. (Third semi-isomorphism theorem for semihyperrings.)
Let (R,+,) be a semihyperring with (R,+) commutative, I, K congruence hyper-
ideals of R such that K C I, and I is subtractive. Then

(R/K)/(I/K) = R/I.
7. Conclusion

This paper dealt with semihypermodules over semihyperrings. Some properties
of semihypermodules were discussed and different examples were presented. By
means of a certain equivalence relation on semihypermodules, (Semi-)Isomorphism
theorems for semihypermodules were derived and several applications were pointed.
The results of this paper can be considered as a generalization for semimodules and
for hypermodules.

For future work, we can make the following question: “Is it possible to derive
the (semi-)isomorphism theorems for semihypermodules with less conditions?”
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