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Abstract. The idea of rough statistical convergence for double sequences was studied
by Ozcan and Or [34] in a intuitionistic fuzzy normed space. Recently the same has been
generalized in the ideal context by Hossain and Banerjee [17] for sequences. Here in
this paper, we have discussed the idea of rough ideal convergence of double sequences in
intuitionistic fuzzy normed spaces generalizing the idea of rough statistical convergence
of double sequences. Also we have defined rough Zs-cluster points for a double sequence
and also investigated some of the basic properties associated with rough Zz-limit set of
a double sequence in a intuitionistic fuzzy normed space.
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1. Introduction

The concept of fuzzy sets was firstly introduced by Zadeh [45] in 1965 as a
generalization of the concept of crisp set. A wide range of extensive applications in
various branches of modern science and engineering can be found in [4, 11, 12, 16,
26]. The idea of intuitionistic fuzzy sets was firstly given by Atanassov[l] in 1986
and later in 2004, Park [38] introduced the concept of intuitionistic fuzzy metric
spaces using this idea of Atanassov. In 2006, Saadati and Park [42] extended this
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concept to the theory of intuitionistic fuzzy normed spaces. Many authors have
worked on intuitionistic fuzzy normed spaces [2, 34] using the idea of Saadati and
Park [42].

After the introduction of the notion statistical convergence of sequences by Fast
[10] and Steinhaus [40] independently generalizing the notion of ordinary conver-
gence of sequences, Kostyrko et al. [18] introduced two interesting extensions of this
idea as Z and Z*-convergence of sequences using the structure of an ideal, formed by
subsets of natural numbers. Several works by many authors in different directions
can be found in [20, 21, 22, 23, 24, 25, 32| using the idea of [10, 40, 18].

In 2001, Phu [35] introduced the idea of rough convergence of sequences in
finite dimensional normed linear spaces as a generalization of ordinary convergence
of sequences. There he investigated some topological and geometrical properties of
rough limit set of a sequence and also introduced the idea of rough cauchy sequences.
In 2003 this concept was extended to the infinite dimensional normed linear spaces
by Phu [37]. Later the idea of Phu [35, 37] was extended to rough statistical
convergence using the concept of natural density by Ayter [3]. The concept of
rough statistical convergence of sequences was extended to rough ideal convergence
of sequences in 2013 by Pal et al. [39]. Later, numerous authors used Phu’s idea in
a variety of works [5, 8, 9, 13, 14].

In intuitionistic fuzzy normed spaces the idea of rough statistical convergence
of sequences was defined by Antal et al. [2]. After that, Ozcan and Or [34] studied
the same notion in the setting of double sequences. Recently the idea of Ozcan and
Or [34] has been generalized in the ideal context by Hossain and Banerjee [17] for
sequences. In this paper we have generalized this concept in an ideal context and
investigated some of the important results using the idea of [34].

2. Preliminaries

All the time N and R denote the set of natural numbers and set of reals, respec-
tively. First we recall some basic definitions and notations. It has been discussed in
[18] that if X # @. Then a class Z of subsets of X is said to be an ideal in X if the
conditions @ € X; A BeZ — AUBeZand A€Z, BC A = B €7 hold.

Also it has been discussed that a non empty family F of subsets of a non empty
set X is said to be filter of X if the conditions @ ¢ F; A, Be F = ANBeF
and Ae F,ACB = B € F hold.

An ideal 7 is called non trivial if X ¢ Z and proper if Z # {@}. A non trivial
ideal is called admissible if {x} € Z for each x € X. If 7 is a non trivial ideal of
X then the family F(Z) = {X \ A: A € T} is a filter on X, called filter associated
with the ideal Z. Throughout the paper Z will stand for a non trivial admissible
ideal in N.

In this study we were very much influenced by some ideas that can be found in
[6, 27, 28, 29, 15], which really helped us improve the quality of the paper.

Definition 2.1. [30] The double natural density of the set A C N x N is defined
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by
,j i <m,j <
bp(A) = fim D) EAzi=mj<n}]

m,n—00 mn

where [{(i,j) € A : i < m,j < n}| denotes the number of elements of A not
exceeding m and n, respectively. It is clear that if A is finite then do2(A) = 0.

Definition 2.2. [7] A non trivial ideal Z5 of N x N is said to be strongly admissible
if {i} x N and N x {i} belong to Zy for each i € N.

It is clear that a strongly admissible ideal is also admissible. Throughout the dis-
cussion Zs stands for an admissible ideal of N x N.

Remark 2.1. (see [7]) (a) If we take Zo = Z9, where Z) = {A C Nx N:3m(A) € N:
i,j > m(A) = (i,j) ¢ A}, then I3 will be a non trivial strongly admissible ideal. In
this case Zs-convergence coincides with ordinary convergence of double sequences of real
numbers.

(b) If we take Zo = I3, where T3 = {A C Nx N : d2(A) = 0}, then Z3-convergence becomes
statistical convergence of double sequences of real numbers.

Now, we recall some basic definitions and notations which will be useful in the
sequal.

Definition 2.3. [41] A binary operation * : [0,1] x [0,1] — [0, 1] is said to be a
continuous t-norm if the following conditions hold:

1. x is associative and commutative;
2. x is continuous;
3. zx1=ux for all z € [0, 1];

4. xxy < zxw whenever z < z and y < w for each z,y, z,w € [0, 1].

Definition 2.4. [41] A binary operation o : [0,1] x [0,1] — [0, 1] is said to be a
continuous t-conorm if the following conditions are satisfied:

1. o is associative and commutative;

2. o is continuous;

3. zo0 =z for all z € [0,1];

4. zoy < zow whenever z < z and y < w for each z,y, z,w € [0,1].
Example 2.1. [19] The following are the examples of ¢-norms:

1. zxy = min{z, y};

2. zHxy ==z.Y;
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3. zxy =maz{z+y— 1,0}. This t-norm is known as Lukasiewicz ¢-norm.

Example 2.2. [19] The following are the examples of t-conorms:

1. zoy =maz{z,y};
2. zoy=zx+y—2x.y,;

3. zoy =min{x +y,1}. This is known as Lukasiewicz ¢-conorm.

Definition 2.5. [42] The 5-tuple (X, u, v, x, 0) is said to be an intuitionistic fuzzy
normed space (in short, IFNS) if X is a normed linear space, * is a continuous
t-norm, o is a continuous t-conorm and p and v are the fuzzy sets on X x (0, 00)
satisfying the following conditions for every xz,y € X and s,t > 0:

1oz, t) + vz, t) < 1

2. p(x,t) > 0;

3. wu(x,t) =1 if and only if x = 0;
(

4. p(aw,t) = p(x, ﬁ) for each a # 0;
5. pu(m,t) x p(y, s) < plx +y,t+s);
6. p(x,t): (0,00) = [0,1] is continuous in t;
7. limy oo p(x, t) = 1 and limy,o p(z, t) = 0;
8. v(x,t) <1
9. v(z,t) =0 if and only if z = 0;
10. v(ax,t) = v(z, ﬁ) for each a # 0;
11. v(z,t) ov(y,s) > v(z +y,s+t);
12. v(z,t) : (0,00) — [0,1] is continuous in ¢
13. limy_y oo (2, t) = 0 and lim;_,o v(z,t) = 1.

In this case (u,v) is called an intuitionistic fuzzy norm on X.

Example 2.3. [42] Let (X,|-]|) be a normed space. Denote a *x b = ab and
aob = min{a +b,1} for all a,b € [0,1] and let p and v be fuzzy sets on X X (0, c0)
defined as follows:

t ]|

ﬂ(l‘,t) = V($7t) = .
t+ ||| t+ |||

Then (X, u, v, %,0) is an intuitionistic fuzzy normed space.
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Definition 2.6. [43] Let (X, u, v, x,0) be an IFNS with intuitionistic fuzzy norm
(,v). For r > 0, the open ball B(x, A,r) with center € X and radius 0 < A < 1,
is the set

Bz, Ar)={ye X :pulz—y,r) >1—-X\ v(ix—y,r) <A}

Similarly, closed ball is the set B(z, A\, 7) = {y € X : u(z—y,r) > 1=\, v(z—y,r) <
A}

Definition 2.7. [44] Let {y, }nen be a sequence in an IFNS (X, u, v, x,0). Then a
point v € X is called a Z-cluster point of {z, },en With respect to the intuitionistic
fuzzy norm (p,v) if for every € > 0, A € (0,1), the set {n € N : p(z,, — v,¢) >
1—Xand v(z, —7v,e) <A} ¢ T.

Definition 2.8. [31] Let {@.,,} be a double sequence in an IFNS (X, u, v, *,0).
Then {z,,} is said to be convergent to £ € X with respect to the intuitionistic
fuzzy norm (u,v) if for every e > 0 and A € (0,1) there exists M. € N such that
w(Tmn —&,€) > 1—X and v(Tmy — &, €) < A for all m,n > A¢. In this case we write

. (k,v)
(:ua V)' hmxmn = 5 Or Tmn #—> {

Definition 2.9. [33] Let Z; be a non trivial ideal of N x N and (X, u, v, *,0) be
an intuitionistic fuzzy normed space. A double sequence x = {2, } of elements
of X is said to be Zy-convergent to L € X if for each € > 0 and ¢t > 0, {(m,n) €
N x N : p(xmn — L,t) <1 —¢c or v(@mn — L,t) > €} € To. In this case we write

(p,v)
Iéﬂ’u)—limx =1L or &y — L.

Definition 2.10. [34] Let {2, } be a double sequence in an IFNS (X, pu, v, *,0)
and r be a non negative real number. Then {x,,, } is said to be rough convergent (in
short r-convergent) to & € X with respect to the intuitionistics fuzzy norm (u,v)
if for every e > 0 and A € (0,1) there exists N, € N such that p(xm,, — & r+
g) >1—Xand v(Tmn — &7 +¢€) < Afor all m,n > N,. In this case we write

(p,v)
v . T2
ré )—hmxmnzfor Tmn — €.

Definition 2.11. [34] Let {z,,,} be a double sequence in an IFNS (X, y, v, *,0)
and r be a non negative real number. Then {z,,} is said to be rough statistically
convergent to & € X with respect to the intuitionistic fuzzy norm (u,v) if for every
e>0and A € (0,1), d2({(m,n) € NXN: p(xmn —&r+¢e) <1—Xor v(zmn —

_stler)
&7 +¢) > A}) =0. In this case we write r—sté”’y)—lim Ton = & OF Tyn ——2— €.

3. Main Results

We first introduce the notion of rough ideal convergence of double sequences
in an IFNS and then investigate some important results associated with rough Z5-
cluster points in the same space.
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Definition 3.1. Let {x,,} be a double sequence in an IFNS (X, u, v, x,0) and r
be a non negative real number. Then {z,,,} is said to be rough Z,-convergent to
¢ € X with respect to the intuitionistic fuzzy norm (u,v) if for every e > 0 and
A€ (0,1),{(m,n) e NxN: p(zmn—E&,r+e) <1—Xor v(Tmn—E&,7+e) > A} € Is.
In this case ¢ is called 7-Z3"")-limit of {Zmn,} and we write r-Z3")

r—I;“’")
Eor xyy —— &

-limz,,, =

Remark 3.1. (a) If we put » = 0 in Definition 3.1 then the notion of rough Z,-
convergence with respect to the intuitionistic fuzzy norm (u,v) coincides with the notion
of Zr-convergence with respect to the intuitionistic fuzzy norm (u, ). So, our main interest
is on the fact r > 0.

(b) If we use Zo = Z3 in Definition 3.1, then the notion of rough Z,-convergence with re-
spect to the intuitionistic fuzzy norm (u, ) coincides with the notion of rough convergence
of double sequences with respect to the intuitionistic fuzzy norm (u,v).

(c) If we take Zo = Z3 in Definition 3.1, then the notion of rough Z,-convergence with
respect to the intuitionistic fuzzy norm (u, ) coincides with the notion of rough statistical
convergence of double sequences with respect to the intuitionistic fuzzy norm (u,v).

Note 3.1. From Definition 3.1, we get r—Ié”’”)-limit of {Tmn} is not unique. So,
in this regard we denote IQ(“’V)—LIM;mn to mean the set of all r—Ié“’V)—limit of

)
{Tmn}, te., Iéﬂ’y)—LIM;mn ={{eX: Tmm TR, &}. The double sequence

Tmn } 48 called rough Zs-convergent z'fI(’L’V) -LIMI  #Q.
2 Trnn

We denote LIM, """ to mean the set of all rough convergent limits of the double

Tmn

sequence {Z,,} with respect to the intuitionistic fuzzy norm (u,v). The sequence
{Zmn} is called rough convergent if LIM, 200 £ () Tf the sequence is unbounded

Tmn

then LIM,"" = @ [34], although in such cases Z\"")-LT M} % ( may happen
which will be shown in the following example.

Example 3.1. Let (X, |-||) be a real normed linear space and u(z,t) = and

_t
i+l

v(z,t) = tlg\cli\\ for all z € X and ¢t > 0. Also, let axb = ab and aob = min{a+b,1}. Then

(X, p, v, x,0) is an IFNS. Now let us consider ideal Z» consisting of all those subsets of
Nx N whose double natural density are zero. Let us consider the double sequence {mn} by

1)t if i2,ieN 1
o = 4 DA AT GEN e pagy =19 TS
l—rr—1], r>1

mn, otherwise
and LIM,"" = @ for any r.

Remark 3.2. From Example 3.1, we have Ié“’y)-LIM;mn # @ does not imply that
LIM,"" £ (. But, whenever T is an admissible ideal then LIM,"" # ¢ implies

Tmn mn

I LIME  # O as I3 C To.

Tmn

Now we define Zy-bounded of double sequences in an IFNS analogue to ([34],
Definition 3.6).
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Definition 3.2. Let {z,} be a double sequence in an IFNS (X, y, v, x,0). Then
{Zmn} is said to be Zo-bounded with respect to the intuitionistic fuzzy norm (u,v)
if for every A € (0,1) there exists a positive real number M such that {(m,n) €
N X N: p(@mn, M) <1—=Xor v(Tmn, M) > A} € Is.

Theorem 3.1. Let {z,,} be a double sequence in an IFNS (X, pu,v,*,0). Then
{Zmn} is To-bounded if and only ifIé“’V)—LIM;mn Z£ @ for all r > 0.

Proof. First suppose that {@.,,} is Zo-bounded in X with respect to the intuition-
istic fuzzy norm (u,v). Then for every A € (0,1) there exists a positive real number
M such that {(m,n) € Nx N : p(zpmn, M) < 1—Xor v(Tmn, M) > A} € Is.
Let K = {(m,n) € Nx N : p(@mn, M) < 1—Xor v(m,, M) > A}. Now for
(i,j) € K¢ we have p(z;; — 0,7+ M) > p(x;j; M) *p(,7) > (1-=A)x1=1—Xand
v(zg; — 0,7+ M) <v(xy;; M)ov(d,r) < Ao0 = X, where 0 is the zero element of
X. Therefore {(4,7) e NxN: p(x;; — 0,7+ M) <1—Xorv(zmm M) >} CK.
Since K € T, 0 € To. Hence Z")-LIM] # 0.

Conversely, suppose that I(“’”)—LIMT # ©. Then there exists g €
I(” ) -LIM;  such that for every € > 0 and A € (0,1) such that {(m,n) €e NxN:
u(xmn B, r+5) <1—=XAor v(@mn—B,7+¢€) > A} € Zy. This shows that almost all
ZTmn are contained in some ball with center 5. Hence {Z;,} is Zo-bounded. This
completes the proof. O

Now we will discuss some algebraic characterization of rough Zs-convergence in
an IFNS.

Theorem 3.2. Let {xmn} and {ymn} be two double sequences in an IFNS
(X, p,v,x,0). Then for some r > 0, the following statements hold:

(p,v) (p,v) (p,v)

-z -z -7l

1. If xpn —>§ and Ymn 4”7, then Tomn + Ymn —>§+77
74 g

2. If Ty i SN ¢ and k(#0) € R, then kx,,, ——— k€.

Proof. Let {zmn} and {ymn} be two double sequences in an IFNS (X, pu,v, *,0),
r>0and A € (0,1).

(p,v) (p,v)

1. Let z,nn I—> ¢ and Ymn I—> 1. Also, let € > 0 be given. Now, for
a given A € (0,1), choose s € (0,1) such that (1 —s)*(1—s) >1— X and
sos <A Then A, B € I, where A = {(m,n) € Nx N: p(2p, — & 5) <

1—so0r v(Tmy —&52%) > s} and B ={(m,n) € NXN: p(ynn — 1, ’"*5) <

1—5o0r V(Ymn —n, 5=) > s}. So, A°N B € F(L). Now for (i,j) € A°N B¢,
we have p(xi;; +vi; — (§+1n),r+¢) > p(zy; — &, er) * p(ys; —n, E) >
(1—-s)x(1—s)>1—-Xand v(z;; +yi; — (E+n),r+¢e) < vz —&, T+5) o
v(yij —n, =) < sos < A Therefore {(i,5) € N x N : p(x;; + yij — (£ +
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n),r+e) <1—Xorv(wy; —§&55) > A € AUB. Since AUB € I,
{(4,7) € NxN: p(@ij+yij — (E+n), r4e) <1l-Xor vz —& ) > A} € .
Therefore ., + Ymn LI—(“:)» E+.

2. Let 2pmp ﬁ) & and k(# 0) € R. Then, {(m,n) € N XN : p(m, —
g, Tﬁc—f) <1—=Xor v(Tmn — &, T‘Jkrf) > A} € I,. Therefore, {(m,n) € Nx N:
wktmn — k& r+¢) < 1 —=Xor vikzp, — k{,r+¢) > A} € To. Hence

r— I pv)
kxmn ——— k&. This completes the proof.

O

Now we prove some topological and geometrical properties of the set
(p,v)
" -LIM;

Theorem 3.3. Let {z;,} be a double sequence in an IFNS (X, p,v,%,0). Then
for all v >0, the set 12(#,1/) -LIM; s closed.

Proof. It TV"")-LI M; = ( then there is nothing to prove.  So, let
I(“’”)—LIMT _# ©. Suppose thet {zn,} is a double sequence in Iz(“"’)—LIM;m
(p,v)

such that zp,, — yo. Now, for a given A € (0,1), choose s € (0,1) such that
(1—s)*(1—s)>1—Xand sos < A. Let € > 0 be given. Then there exists my € N
such that p(zmn —¥0,5) > 1 —s and v(2mn —yo, 5) < s for all m,n > mg. Suppose
i,j > mg. Then p(z;;—yo, 5) > 1—sand v(2z;;—yo, 5) < 5. Also, P = {(m,n) € Nx
N p(@mn — 255, 7+5) < 1—=80r V(Zymn — 245, 7+ 5) > s} € Ip. Now, for (p,q) € P°,
we have (g — 0.7+ €) > gy 21y 7+ 5) (s~ €) > (1 )x(1—5) > 1A
and v(zpq — yo,7 + &) < v(Tpg — 245, 7 + 5) o V(25 — Yo, 5) < 505 < A Therefore
{(m,n) e NxN: u(xpmn —yo,r+5) <1 =501 v(Tpmp —yo,7+5) > s} C P. Since
Pely y € IQ(“’”)—LIM;"mn. Therefore Ié“’u)—LIM;mn is closed. This completes
the proof. O

Theorem 3.4. Let {z,,} be a double sequence in an IFNS (X, p,v,%,0). Then
for all >0, the set Ié’“j) -LIM;  is convez.

Proof. Let x1, x5 € Ié“’y)—LIM;mn and k € (0,1). Let A € (0,1). Choose s € (0,1)
such that (1—s)x(1—s) > 1—X and sos < A. Then for every € > 0, the sets HTeT,
where H = {(m,n) € NxN: p(2n, —21, ST K)) <l-sor V(xmn T, e K)) s}
and T = {(m,n) € NX N : p(@pn — 22, 55) < 1— s or v(Zpmn — T2, T;}j) > s}
Now for (m,n) € H°NT°, we have p(Tpmn — [(1 — k)1 + K22], 7 +€) > p((1 —
5)(Tmn — 1), H_E) N(’i(xmn T2), T+E) = (Tmn — $1=2(1+ K))*N(xmn 1‘27?:) >
(1—s)x(1—s) > 1=\ and v(@pn— [(1 H)$1+I€$2] r+e) < v((1=kK)(Zmn—21), =)0
V(E(mn —22), HQ'E) = v(Tpmn—r1, 2(1 ))ou(xmn To, 7’2:5) < 808 < A, which gives
that {(m,n) € NxN: p(zmn—[(1—K)z1+K22],74+) < 1=Aor v(Tmn—[(1—K)z1+
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Kas),r+¢€) > A} C HUT. Since HUT € Ty, (1 — &)y + kay € TS-LIMT .
Therefore Ié“ LT M; s convex. This completes the proof. [

Theorem 3.5. A double sequence {xymn} in an IFNS (X, pu,v,*,0) is rough Zy-

convergent to B € X with respect to the intuitionistic fuzzy normed spaces (u,v) for

()
some 1 > 0 if there exists a double sequence {Ymn} in X such that ym, — 3
and for every X € (0,1), w(Tmn — Ymn,7) > 1 — X and v(Tmn — Ymn, ) < X for all
m,n € N.

Proof. Let ¢ > 0 be given. Now, for a given A € (0,1) choose s € (0,1) such
(uv)

that (1 —s)*x (1 —s) > 1— X and sos < A. Supose that y,, —— B and
W Tmn — Ymn,7) > 1 — s and v(Tmp — Ymn,r) < s for all m,n € N. Then the set
P={(m,n) € NXN: pu(ymn — B,e) <1—s or v(ymn — B,€) > s} € . Now for
(Zvj) € ch we have N(xij_ﬁ7r+5) > /“L(l'ij_yiﬁT)*:u’(yij_ﬁvs) > (1_8)*(1_8) >
1 —Xand v(z;; — B,r +¢) < v(xij — Yij,r) ov(ysj — B,e) < sos < A. Therefore
{(i,j) e Nx N: p(xy —B,r+¢e) <1—Xor v(z;; — B,r+¢) > A} C P. Since
PeTy, {(:,j) e NXN: p(zy; — B,r+e) <1l—Xorv(x;; —B,r+¢) > A} € In.
Therefore {x,,, } is rough Zs-convergent to 8 with respect to the probabilistic norm
(s, v). This completes the proof. O

Theorem 3.6. Let {z;n} be a double sequence in an IFNS (X, p,v,%,0). Then

there do not exist 81, P2 € IQ(“’V)—LIM;WL for some r > 0 and every X € (0,1) such
that w(By — B2, mr) <1 —X and v(B1 — B2, mr) > X for m(e R) > 2.

Proof. We prove it by contradiction. If possible, let there exists (1,082 €
Ié“"/)—LIM;mn such that p(By — B2,mr) < 1 — X and v(B; — P2, mr) > A
for m(e R) > 2. Now, for a given A € (0,1) choose s € (0,1) such that
(1—s)x(1—s) >1—Xand sos < A. Then for every € > 0, the sets A, B € T, where
A={(m,n) € NxN: pu(2pn—p1,7+5) < 1=so0r v(Tmn—PF1,7+5) > s} € Zp and
B ={(m,n) e NxN: p(xmn — P2, 7+ 5) <1 —so0r v(rm, —Po,r+5) > s} € Ip.
Then A°N B¢ € F(Zy). Now for (m,n) € A°N B¢, we have u(8; — B2,2r +¢) >
W(Zmn — B1,7 + 5) * pl(Tmp — B2,7 +5) > (I —5) (1 —5) > 1— X and
v(B1 = B2,2r +¢) S v(Tmn — 1,7+ §) o V(Tn — P2, 7+ 5) < 505 < A Therefore,

(31) u(ﬁl—ﬁg,2r+s)>1—)\and I/(ﬂl—ﬁg,QT—FE) <A

Now if we put € = mr — 2r,m > 2 in Equation 3.1 then we have u(8; — B2, mr) >
1—Xand v(B1 — B2, mr) < A, which is a contradiction. This completes the proof. [

Now we define Zy-cluster point analogue to Definition 2.7. Ozcan and Or [34]
defined rough statistical cluster point of double sequences in an IFNS and, here, we
give its ideal version in the same sapce. Also, we prove an important result analogue
to ([44], Theorem 4.7) in the same space which will be useful in the sequal.
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Definition 3.3. Let {z,,} be a double sequence in an IFNS (X, u, v, *,0). Then a
point ¢ € X is said to be Zy-cluster point of {,,, } with respect to the intuitionistic
fuzzy norm (u, v) if for every ¢ > 0 and A € (0,1), {(m,n) € NxN: u(zm,—(,€) >
1—Xand v(Tmn — (,€) < A} € To.

We denote F(M,,L)(IQ(“ ")) to mean the set of all Zy-cluster points of {2y} with
respect to the intuitionistic fuzzy norm (p,v) .

Definition 3.4. Let {z,,,} be a double sequence in an IFNS (X, p,v,*,0) and
r > 0. Then a point 8 € X is said to be rough Zy-cluster point of {Z,,,} with
respect to the intuitionistic fuzzy norm (u,v) if for every e > 0 and A € (0,1),
{(m,n) e NXN: p(xmyn — B,r+¢)>1—Xand v(xpmn — 8,7 +¢) < A} ¢ Io.

We denote I'7

(xmw)
with respect to the intuitionistic fuzzy norm (u,v) .

(Ié”"/)) to mean the set of all rough Zs-cluster points of {z,,}

Remark 3.3. Now if we put = = 0 in Definition 3.4, then F'("ZMW)(Ié“’”))
F(zmn)(zé”,y))‘

Theorem 3.7. Let {zmyn} be a double sequence in an IFNS (X, u, v, %, 0) such that
(p,v)

Tn = L. Then Ty, (Z)) = {L}.

Proof. If possible let I‘(mmn)(l'éﬂ’”)) ={L,J}, where L # J. For a given A € (0,1),
choose s € (0,1) such that (1 —s)*(1—s) > 1— X and (s) o (s) < A. Then for
every € > 0, Ky = {(m,n) e NxN: pu(2pmn — L, §5) >1—s and v(zpn — L, 5) <
s} ¢ Ip and Ko = {(m,n) € NN : p(@mn, — J,5) > 1 -5 and v(zpmn —
J,5) < s} ¢ Ip. Clearly K1 N Ky = O, If not, let (4,5j) € K1 N K. Then
L — TJ,e) > plriyy — L, 5) % plryy — T, 5) > (1 —s8)x(1—s) >1— X and
v(L—=J,e) <v(xyy — L, 5)ov(zy; —J,5) <sos < A Since A € (0,1) is arbitrary,
w(L — J,e) = 1, which gives L = J and v(L — J,¢) = 0, which gives L = J for
zlmv)

all ¢ > 0. This yields to a contradiction. Therefore Ky C K{. Since 2., — L,
then Kf = {(m,n) € NXN: p(tmn — L,5) <1 —sor v(@m, — L,§5) > s} € Ip.
Hence Ky € I, which contradicts Ko ¢ Tp. Therefore, I'( (Z%)y = {L}. This
completes the proof. O

Tmn)

Theorem 3.8. Let {z,,,} be a double sequence in an IFNS (X, u,v,*,0). Then,
for all v > 0 the set F(xmn)(Iz(“’y)) is closed with respect to the intuitionistic fuzzy
norm (u,v).

Proof. The proof is almost similar to the proof of Theorem 3.3. So we omit de-
tails. [
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Theorem 3.9. Let {z,,,} be a double sequence in an IFNS (X, pu,v,*,0). Then
for an arbitrary x; € F(zmn)(l'é”’”)) and A € (0,1) we have pu(xe —x1,7) > 1 — A
and v(zo —x1,7) < A for all xo € F’(”xmn)(IQ(”’V)).

Proof. For given A € (0,1), choose s € (0,1) such that (1 —s)*(1—s) >1— X and
sos < \. Since x; € F(zmn)(lz(”’y)), for every € > 0, we get

(3.2)  {(m,n) e NxN: p(xpmn — z1,¢) > 1 —s and v(zmn — x1,€) < s} & Io.

Now, let (i,7) € {(m,n) € Nx N: u(zpmn — z1,8) > 1 — s and v(zpmn — 21,€) < s}
Then we have p(z;; —z2,r+¢) > p(x;j—x1, &) *pu(x1—x2,7) > (1—38)%(1—5) > 1-A
and v(z;; — xo,7 +€) < v(xy; — x1,€) ov(xe —x1,7) < sos < A Therefore
{(m,n) € Nx N : p(xmn — x1,6) > 1 —s and v(xm, — x1,€) < s} C {(m,n) €
NxN: p(@mn —22,7+€) > 1—s and v(pmy — 22,7 +£) < s}. So, from Equation 3.2,
we get {(m,n) € NxN: py(xm, —x2,r+¢) > 1—s and v(zpmp —x2,7+¢) < s} & Lo.
Hence x5 € I‘fxmn)(l'é’“”)). This completes the proof. O

Theorem 3.10. Let {x,,} be a double sequence in an IFNS (X, p,v,x,0). Then
for somer >0, A € (0,1) and fized g € X we have

Ty, @8 = U Bloir.
20€T () (TE))

Proof. For a given A € (0,1), choose s € (0,1) such that (1—s)*(1—s) > 1—X and

sos <A Letyg € U%Er(x (@) B(xg, A,7). Then there is zg € F(xmn)(l'é“’”))

such that p(zo—yo,7) > 1—s and v(xo—yo,r) < s. Now, since xg € I‘(mmn)(Ié”’V))7
for every € > 0 there exists a set M = {(m,n) € Nx N : p(zm, — zg,e) >
1 —s and v(Tmn — ®o,€) < s} with M ¢ Z,. Let (i,j) € M. Now we have
w(xi; —yo,m +¢€) > p(zy; — xo,e) * plxo —yo,7) > (1 —s)*x(L—s) >1— X and
v(xij —yo,m+e) < v(xi; —xo,€)ov(zo—yo,r) < s0os < A Therefore M C {(4,5) €
N x N : p(xij —yo, 7 +¢) > 1—Xand v(z; —yo,r +¢€) < A}. Since M ¢ Iy,
{(,j) e Nx N: p(xij —yo,r +€) >1— X and v(z;; —yo,r +¢) < A} ¢ Zy. Hence

Yo € szmn)(zéﬂ’”))’ Therefore U:coel“@mn)(Ié“’”)) B(zg, A\, 1) C F?zm")(l-éu’”))'

Conversely, suppose that y, € F"mmn)(IQ(“ ’V)). We shall show that y. €

B(zg, A, 7). If possible, let y. ¢ J B(zg, A, 7). So,

UIO ET () (T)) POET () (TE))

w(ro — ys,7) < 1 — X and v(zg — y«,7) > X for every zo € F(zmn)(Iéu’V)). Now,
by Theorem 3.9, we have u(xg — y«,7) > 1 — X and v(xg — ys,7) < A, which is

a contradiction. Therefore, fomn)(ly’”)) - UIDGF(IW”(I;,LW)) B(zo,\, 7). Hence
T (IQ(MV)

(Eom) ) = Uxoer(, (@) B(xg, A, r). This completes the proof. O
Theorem 3.11. Let {@n} be a double sequence in an IFNS (X, p, v, *,0). Then
for any X € (0,1) the following statements hold:
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1. If 2o € Tiay ) (TS then T8 -LIMT  C B(wg, A, 7).

B(zo, A7) = {n € X : T, (T C

2. TV -LIMT = Magere, @ C

B(n, A7)}

Proof. 1. Foragiven A € (0, 1), choose s1, s2 € (0, 1) such that (1—s1)*(1—s2) >
1— X and sy 08 < A If possible, we suppose that there exists an element
xo € F(wm")(IQ(“’V)) and v € Ié”"/)—LIMgmn such that v ¢ B(wo, \,7) i.e.,
w(y — xo,7) < 1 — X and v(y — zo,7) > A. Let € > 0 be given. Since
v € Ié“’”)—LIM;mn , the sets My = {(m,n) € Nx N : p(xm, — x0,€) >
1—s1 and v(@pmn — T0,€) < 81} ¢ Zo and My = {(m,n) € N x N: p(zmn —
v, r4e) < 1—83 or U(Tympn —7y,7+€) > s2} € Iy. Now for (i,5) € MyNMS§, we
have p(y—zo,7) > p(xij —xo, ) * p(xij —y,7+€) > (1—s1)*(1—s52) > 1— A
and v(y — zo,7) < v(xij — xo,€) o v(Ti5 — 7,7+ €) < 1082 < A, which is a
contradiction. Therefore v € B(wo, A, ). Hence Z""")-LIM?  C B(xo, A, 7).

Tmn —

2. Using Part 1, we get

(3.3) T LIMT  C N B(zo, \, 7).

Tmn —

IOGF('Imn) (Iéuyy))

Now, let 8 € ﬂa:oeF(mmn)(Ié“’”)) B(xg, A\, 7). So, we have u(8 — xo,7) > 1— A

and (8 — z0,7) < X for 29 € I, (Z3"") and, therefore T, (Z3"") C
W i.e., we can write

(3.4) N B(wo, A7) C{n € X : Ty, (T8 C By, A1)}

20ET (g ) (Z8))

Now we shall show that {n € X : T, ,(Z¥") € Bpar)} C
I¢V-LIML . Let 8 ¢ I¥Y-LIMI . Then for ¢ > 0, {(m,n) €
NxN: pw@mn —B,r+e) <1—=Xor v(xmn — B,7+¢€) > A} ¢ I, which
gives there exists an Zy-cluster point zq for the double sequence {x,,} with
w(B—zg,r+¢) < 1—Xand B—xg,r+e) > \. Hence F(Imn)(Ié“’y)) ¢ B(B,\,7)
and so, 8 ¢ {ne X: I‘(wmn)(l}(“’y)) C B(n,\,r)}. So,

(35)  {ne€X:T (@) C B A} CTVV-LIM] .

Therefore from Equations 3.3, 3.4 and 3.5, we have Ié”’y)—LIM;mn =
Npere,, ooy B@oAT) = {n € X : T, ) (Z*) € Bln,Ar)}. This
completes the proof.

O
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Theorem 3.12. Let {xn} be a double sequence in an IFNS (X, p,v,*,0) such
I(Hr”) v
that 2, —— y«. Then, for any X € (0,1) and r > 0, we have IQ(“’ \LIMT =

B(y*,A,'f‘).

Proof. Let A2 € (0,1). Choose A\; € (0,1) such that Ay x A > Ag and A\ o A <

(psv)

Xo. Let ¢ > 0 be given. Since z,,, ——— ¥, the set P = {(m,n) € Nx N :
W Zmn — Y, €) < 1 =X or V(Timn — Ys,€) > M} € Zo. Now, let € € By, A\, 7).
Then pu(§é — yi,7) > 1 — X and v(§ — yu,7) < A. Now for (m,n) € P°¢, we have
M(xmn - f,?‘ +5) > ,U/(xmn - y*,€) *:u(£ - y*,r) > (1 - )‘1) * (1 - )‘) > 1= XA
and v(Tmn — &1+ ¢€) < V(@mn — Ys,€) 0 V(€ — Y, 7) < Ay 0 A < 2. Therefore
{(m,n) € NN : p(wmn —&r+e) <1 =X or vizm, —&r+e) > )\2} C P.
Hence ¢ € TY"")-LIM; . Consequently, B(y., A7) C Zy"")-LIM! . Now,
using Theorem 3.7 and 3.11, we have Ié“’”)—LIM;mn C B(y«, A\,7). Therefore
Ié“"/)—LIM;mn = B(y«, A, ). This completes the proof. O

Theorem 3.13. Let {z;mn} be a double sequence in an IFNS (X, p,v,%,0) such
)

that T ——— L. Then, for any X € (0,1), Fz‘rmn)(Iz(“’V)) = Ié”’")-LIM;mn for
some 1 > 0.

()
Proof. Since T, L N L, therefore from Theorem 3.7, F(xmn)(Iéﬂ’V)) = {L}.

Again from Theorem 3.10, T'} (Ié“’y)) = B(L,\, 7). And, from Theorem 3.12,

(Tmn)
B(L, A1) = T¥"-LIM] . Therefore I, (Z¥*)) = T¢*)-LIM; . This

(wmn)
completes the proof. [

Conclusion

We have discussed the notions of rough ideal convergence and rough ideal cluster
points of double sequences in intuitionistic fuzzy normed spaces. Some of the basic
properties have been discussed in an intuitionistic fuzzy normed space, remembering
the structruc of this space. Most importantly, it has been verified that {x,,,} be a
double sequence in an IFNS (X, y1, v, ,0). Then for all » > 0, the set IQ(“"’)—LIM;”M
is bounded and convex. Some new properties can be generated by the structure of
intuitionistic fuzzy normed spaces, which can serve as the motivation for a new
study.
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