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Abstract. In this paper, we obtain some new Hermite-Hadamard type inequalities for
functions whose first derivative in absolute value is (s, P)-function by using Holder,
power-mean and Hélder—i§can integral inequalities. Then, the authors compare the
results obtained with both Holder and Hélder-Ecan integral inequalities and prove
that the Holder-Iscan integral inequality gives a better approximation than the Holder
integral inequality. Next, we point out some applications for certain inequalities related
to special means of real numbers.
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1. Preliminaries

Let f: I — R be a convex function. Then the following inequalities hold

(COETYNTIE TS

for all a,b € I with a < b. Both inequalities hold in the reversed direction if
the function f is concave. This double inequality is well known as the Hermite-
Hadamard inequality [8]. Note that some of the classical inequalities for means can
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be derived from Hermite-Hadamard integral inequalities for appropriate particular
selections of the mapping f.

In [7], Dragomir et al. gave the following definition and related Hermite-
Hadamard integral inequalities as follows:

Definition 1.1. A nonnegative function f: I C R — R is said to be P-function
if the inequality

flz+ 1 =t)y) < f(2)+ [
holds for all z,y € I and t € (0,1).

Theorem 1.1. Let f € P(I), a,b€ I witha <b and f € L[a,b]. Then

b
(1) 1(*57) <52 [ f@ar <21 @ s

Definition 1.2. [15] Let h : J — R be a non-negative function, h # 0. We say
that f: I — R is an h-convex function, or that f belongs to the class SX (h,I), if
f is non-negative and for all z,y € I, a € (0,1) we have

floz+ (1 —a)y) <h(a)f (z) +h(1—a)f (y).

If this inequality is reversed, then f is said to be h-concave, i.e. f € SV (h,I). Tt
is clear that, if we choose h(a) = a and h(a) = 1, then the h-convexity reduces to
convexity and definition of P-function, respectively.

Readers can look at [3,15] for studies on h-convexity.

In [9], Hudzik and Maligranda considered among others the class of functions
which are s-convex in the second sense.

Definition 1.3. A function f : [0,00) — R is said to be s—convex in the second
sense if

flox + By) < o f(x) + B°f(y)

for all z,y € [0,00), a,8 > 0 with « + 8 = 1 and for some fixed s € (0,1]. This
class of s-convex functions in the second sense is usually denoted by K?2.

It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity
of functions defined on [0, 00).

In [6], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality
which holds for s-convex functions in the second sense.
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Theorem 1.2. Suppose that f : [0,00) — [0,00) is an s-convex function in the

second sense, where s € (0,1), and let a,b € [0,00), a < b.If f € L[a,b] then the
following inequalities hold

(1.2) 951y <“;b> <! /bf(x)dm< fla)+ f(b),

b—a - s+1

Both inequalities hold in the reversed direction if f is s-concave. The constant
k= H% is the best possible in the second inequality in (1.2).

In [14], Numan and i@can gave the following definition and Hermite-Hadamard
integral inequality for the (s, P)-functions:

Definition 1.4. [14] Let s € (0,1]. A function f : I C R — R is called (s, P)-
function if

(1.3) flz+ 1 =t)y) <@+ 1 -1)°)[f(z)+ f(y)]
for every z,y € [ and t € [0, 1].

Denoted by Ps (I) the class of all (s, P)-functions on interval I. Clearly, the
definition of (1, P)-function is coincide with the definition of P-function.

We note that, every (s, P)-function is a h-convex function with the function
h(t) =t + (1 —1)°.

Theorem 1.3. [14] Let s € (0,1] and f : [a,b] — R be a (s, P)-function. If a <b
and f € La,b], then the following Hermite-Hadamard type inequalities hold:

b
»2r (7)< 5= [ e < 2@+ s

Theorem 1.4. Holder-Iscan integral inequality [10] Let p > 1 and 1% + % =1 1If

f and g are real functions defined on interval [a,b] and if |f|”, |g|® are integrable
functions on [a,b] then

b
/ F(@)g(2)] da

b b :
. ( / (b—x)lf(:c)pdx> ( / <b—x)|g<a:>|qczx>

b % b %
+< / (xa)lf(:c)lpdx> < JACED |g<x>|qdas>

Tl=
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Theorem 1.5. Improved power-mean integral inequality [13] Let ¢ > 1. If f and
g are real functions defined on interval [a,b] and if |f], | f||g|® are integrable func-
tions on [a,b], then

/|f x)| dx
= (/a“—x)'f@)'dx) (/ <b—x>|f<w>||g<x>|qclx)q

b 1-3 b 7
+< / <x—a>|f<a:>|dx> ( / (w—a)lf(x)lg(x)lqu>

The main purpose of this manuscript is to establish some new Hermite-Hadamard
type inequality for the (s, P)-functions. In recent years many authors have studied
error estimations of Hermite-Hadamard type inequalities; for refinements, counter-
parts, generalizations, for some related papers see [1,2,5,7,11,12].

2. Some new inequalities for the (s, P)-functions

The main purpose of this section is to establish new estimates that refine Hermite-
Hadamard integral inequality for functions whose first derivative in absolute value is
(s, P)-function and we will compare the results obtained with both Hélder, Holder-
I§can integral inequalities and prove that the Holder—I@can integral inequality gives a
better approximation than the Holder integral inequality. Cerone and Dragomir [4]
used the following lemma:

Lemma 2.1. Let f: I CR — R be a differentiable mapping on I° where a,b € I°
with a < b. If f' € L[a,b], then the following inequality holds:

f<a+b> _a/ f@
_ b;a{/ L (“*b (1t)a>dt+/01(t1)f'<tb+(1t)a;b)dt}

Theorem 2.1. Let f : I — R be a differentiable mapping on I°, a,b € I° with
a < b and assume that f' € Lla,b] and s € (0,1]. If | f'] is an (s, P)-function on
interval [a,b], then the following inequality holds

(2) -+

b—a 1
- 2 s+1

(2.1)

[A (17 @], £ ®) +

f’(a?’)Hv

where A(.,.) is the arithmetic mean.
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Proof. Using Lemma 2.1 and the inequalities
a+b s s a+b
r(tra-od)| = wra-on | (504 @),

(wra-n0)| < era-on o

we obtain
f<a+b)
< f’(fa?b“l‘“a)’dt
e [l (0= o
< 2t Lieramon[Jr (552)] ] a
2t [amnwra-o o | (450 «
- {A(If'(a),f’(b))Jr 7 <;b>H |
where
/olt(tSJr(lt)S)dt/Ol(lt)( HU-) = oy

This completes the proof of the theorem. [

Theorem 2.2. Let f : I — R be a differentiable mapping on I°, a,b € I° with
a < b and assume that f' € Lla,b] and s € (0,1]. If |f'|*, ¢ > 1, is an (s, P)-
function on interval [a,b], then the following inequality holds

22) ‘f<a+b>
: 2”’?‘<pi1)”(s+1>q

- [A; ( '<a§b> q’lf’<a>lq> + A (|f'<b>|q, f

where 1% + % =1 and A(.,.) is the arithmetic mean.

(=)
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Proof. Using Lemma 2.1, Holder’s integral inequality and the following inequalities
, (. a+b ,(a+0b
1 —
f(t2+( t)a> f(2)
b b
f’(tb+(1t)a+ > f’<a+ >
2 2
which is the (s, P)-function of |f’|?, we have

fla+fo) 1
5 7b—a/a f(x)dx

vt i (152 - 0a)
¥l o)
o (o) ([ (200
(o) ([ (oot
o (o) ([ -0

)

IN

@]

1

t°+ (1—-1)% {

q

IN

<f+@ﬂﬂ@f@ﬁ+

dt

IN

IN

1
q q
dt)

i) )

,{a+b
()

1
q

q} dt) 7

IN

()
25 (L) ([ ra-m |ror

- e () ([ ()] o]y
52 () (o

(o))
-5 () ()
<Jar (|7 (D) rr) 4k (o ()

1 1 1
/ [t|P dt / N —tPdt=——,
0 0 p+1
2

/O(ts+(l—t)s)dt = o1

)i

where

This completes the proof of the theorem. [J
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Theorem 2.3. Let f: I C R — R be a differentiable mapping on I°, a,b € 1° with
a < b and assume that f' € L[a,b] and s € (0,1] If|f'|*,q > 1, is an (s, P)-function
on the interval [a,b], then the following inequality holds

= ‘f(agb) B bia/abf(z)dx <2l (;) (L)
A () )

Proof. From Lemma 2.1, well known power-mean integral inequality and the prop-
erty of the (s, P)-function of the function |f’|?, we get

(45 -k [ s

@]+ o+

< [l (5 o)
el (ro-ntst)
< b;a(/oltdty;</Oltf’(ta+(1_t)b)|th);
s (/01(1_t)dt>1‘17 (/(Jl(l_t)f/ s -oma)’
L (/Oltdt)l_é (f ool (45)[ s dt>é
([ —t)dt>1_é
(ot si-m o (22)])
S HONCH)
x{[f' () < 1r@r] + [iror+ | (422 H
where

1 1 1
/tdt = /(17t)dt:f,
0 0 2

/1t(ts+(1—t)s)dt - /1(1—t)(ts+(1—t)s)dt: !
0 0

s+1°
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This completes the proof of the theorem. O

Corollary 2.1. Under the assumption of Theorem 2.3, If we take q = 1 in the
inequality (2.3), then we get the following inequality:
,(a+0b
()

()

This inequality coincides with the inequality (2.1).

1
2 s+1

[ £ @], 1 ®)) +

Theorem 2.4. Let f : I — R be a differentiable mapping on I°, a,b € I° with
a < b and assume that f' € L[a,b] and s € (0,1]. If |f'|*, ¢ > 1, is an (s, P)-
function on interval [a,b], then the following inequality holds

2.0 ‘f<a+b>
: 21b1a<si1)q (<p+1>1<p+2>)é+<piz);

Lo () e (b (%37)

where 1% + % =1 and A(.,.) is the arithmetic mean.

=

q»’(b)ﬁ)] |

Proof. Using Lemma 2.1, Hélder—Ecan integral inequality and the following inequal-
ities
a+b a+b\l|?
7 (2 + 0= na) (55| + 1]

'(tb+(1t)a;b)q /(a;b) q},

we have

(:19)

q

IN

-1 |

IN

(t° + (1 1)) [If/(b)lq +

< b;a{/ f’(ta;b+(1—t)a)‘dt
(tb+ 1—t)a—2|_b>’dt]
< b;a (/01(1—t)tpdt>; (/01(1—15) ’(ta;b—k(l—t)a) th);
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A L
R L s )
e o (o3
- b1a<<p+1><p+z> (el (2] 1 D
A5 (k) Gl (55 o]
A2 () G ror e (45°) D |
+l);a<(19+1)1(p+2> <s+1 (pra-0g ) )
- 5 () (o) + Gia) | I (530) o]

1

T

)

((p+1)1(p+2)>; n (p}%)‘l”
(o) *+ (7a)
qvf’(a)|q> + Aq ( /<a;rb>

b—a 1 a /
20 () [ECIE

1b—a 1 a

= T (+1>
1 ' a+b

<[ (I (*57)

Liror)].

where
1 1 1

1—t)tPdt = /tl—t”dtzi,
fru=n o T e

1 1 1 1
/ tp+1dt — / (1 _ t)p+1dt — , 7

0 0 p+2 s+1

1 1 1

1-1¢ 1-¢t)%)dt = tt*+(1—1t)°%)dt = .
[a-owra-ma = [era-nya-—

This completes the proof of the theorem. [J

Remark 2.1. The inequality (2.4) gives better result than the inequality (2.2). Let us

show that
1 1 1 1 1 1
P P P
+ <20 | ——
((p+1)(p+2)> <p+2) - (p+1>

Q=
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If we use the concavity of the function h : [0,00) = R, h(z) = 2,0 < X < 1, we get

(s (7)< 2 (o) +1G9)]

which completes the proof of remark.

Theorem 2.5. Let f: I C R — R be a differentiable mapping on I°, a,b € I° with
a < b and assume that f' € Lla,b] and s € (0,1] If | f'|",q > 1, is an (s, P)-function
on the interval [a,b], then the following inequality holds

)
5 (Eli> <s+2 s+3);]{
() (et [ 52
g :D (<s+i><§f§<j+3>>q] ol (57

4
226 (wwmrm) ol (5]

Proof. From Lemma 2.1, improved power-mean integral inequality and the property
of the (s, P)-function of the function |f’|?, we get

2+

(2.5)

IN

" If’(a)lq]é

,(a+b\]|?
2

+irar]’

q}é

< b4a{/0 f’(ta;b+(1—t)a>’dt
+/01| (tb+(1—t) ;b)‘dt}
< (L) (sl (e an)[a)’

1

B 1 -1 1
42 a(/ t2dt> (/ 2
4 0 0

a \7q
dt)

f <ta2+b +(1- t)a)
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+b7Ta (/01(1 —t)gdt)lé (/01(1 —t)? ‘f’ (tb+ (1 —t)“;b) ‘th);
e (/Olzs(lt)dt>l_é </01t(1t)’f/ (tb+(1t)a;b>’th>;
bjTa (/01(1—1t)tdt)1_é

X (Hf/ (a;—b”q + |f/(a)q} /01(1 SO+ (1 - t)s)dt>;
+bjTa </olt2dt>1q <H‘f/ (T) ‘q + If’(a)|q} /Oth (t°+ (1 - t)s)dt)q
g (/;Ot)?dt)l_é

* <[f/(b)q+‘f/ (a;b)ﬂ /01(1—75)2 (ts+(1—t)5)dt>;
+bjTa (/Olt(l — t)dt)li

x ([f/(b)qu ‘f’ <a;b)ﬂ /Olt(1_t) (ts+(1—t)8)dt>;

o T fatn\ [ %
) |(wrmwem) | (5[ o]

)
s :1a>1}1<<s+i<§f§<j+3)>éﬂf(a;l)ﬂq”f’(“)'qr
5
1
6

IN

((wi(ﬁfz?(jw))q] o +|r (;b)H

()" (emtomn) ol (431
/01(1—t)tdt = %, /Othdtz/Ol(l—t)zdt:;,

/1(1—t)t(ts+(1—t)5)dt =
0

where

(s+2)(s+3)’
s2+3s+4

1 1
/0 (5 + (1-t)°)dt = / =0+ (=) dt = s S a3y

This completes the proof of the theorem. [J
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Corollary 2.2. Under the assumption of Theorem 2.5, If we take ¢ = 1 in the
inequality (2.5), then we get the following inequality:

f(“‘;b) - bia/abﬂx)dx
) )

(50)| +1r@i) + o+
3. Applications for special means for the (s, P)-functions

2

Throughout this section, for shortness, the following notations will be used for
special means of two nonnegative numbers a, b with b > a:
1. The arithmetic mean
a+b
5

A= Aa,b) = a,b>0.

2. The geometric mean

G = G(a,b) = Vab, a,b>0.

3. The harmonic mean
2ab

H:= H(a,b) = b .
(a,b) = ——, a,b>0
4. The logarithmic mean
b—a
L:=L(a,b) = { mo-ha 70y,
a, a=1b
5. The p-logarithmic mean
1
prtl_gp+1\ P
Lp = Lp(a’ b) = ((p—',—l)(b_a)) bl a # bap S R\ {7170} ’ a’ b > 0.
a, a=>b

6.The identric mean

1
A=
I:—I(a,b)—1<b> , a,b>0.

e \ a?

These means are often used in numerical approximation and in other areas.
However, the following simple relationships are known in the literature:

H<G<L<I<A

It is also known that L, is monotonically increasing over p € R, denoting Lo = I
and L_y = L.
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Proposition 3.1. Let a,b € [0,00) with a < b, s € (0,1] and n > 2. Then, the
following inequalities are obtained:

n n n(b_a) n—1 pn—1 n—1
|A —Ln|§m[A(a ") + AV Ha, b))

Proof. The assertion follows from the inequalities (2.1) for the function
flx)=2", z€][0,00).
O

Proposition 3.2. Let a,b € (0,00) with a < b and s € (0,1]. Then, the following
inequalities are obtained:

’A_l _L—1| < Qb—a [H_l (a2,b2> +A_2(a,b)].

(s+1)
Proof. The assertion follows from the inequalities (2.1) for the function

flx)y=2""1 2€(0,00).

4. Conclusion

In this paper, some new Hermite-Hadamard type inequalities are obtained for func-
tions whose first derivative in absolute value is the (s, P)-function by using the
Hélder, power-mean and Holder-Iscan integral inequalities. In addition, better ap-
proaches have been obtained for such functions. The method applied in this study
can be applied to different types of convex functions.
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