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Abstract. The present study introduces the notions of lacunary statistical convergence
of order a and strongly g— summability of order « in partial metric spaces. We examine
the inclusion relations linked to these concepts.

Keywords: lacunary statistical convergence, partial metric spaces, inclusion relations.

1. Introduction

Partial metric spaces were introduced by Matthews [12] to denote a generaliza-
tion of the usual metric spaces. The main difference between the partial metric and
the standard metric is that the self-distances does not need to be equal to zero. The
partial metric was first used in computer science and later applied to many other
fields such as fixed point theory.

For the non-empty set X, the function p : X xX — R is called a partial metric,
and the pair (X, p) is called a partial metric space if for all z,y, z € X, the following
assertions hold:

i. 0 < p(z,2) < p(z,y),
ii. If p(z,z) = p(z,y) = p(y,y) then x =y,
iii. p(z,y) = p(y, ),
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. P(x, y) < P(xa Z) + P(Z,y) - ,O(Z,Z),
Let (x,) be a sequence in the partial metric space (X, p). Then

i) (zy,) is bounded if there exists a real number M > 0 such that p(z,, xy,) < M
for all n,m € N,

i) (x,) is called convergent to x in (X, p), written as lim x, = z, if
n—oo

Jim p(zn, ) = lm p(en, 2n) = p(2, ).

Similarly, statistical convergence is a generalization of sequential convergence.
The definition of statistical convergence (as almost convergence) was given by Zyg-
mund [19] in the first edition of his monograph, published in Warsaw. Steinhaus
[18] and Fast [8] and later Schoenberg [14] introduced the concept of statistical
convergence independently. The concept of statistical convergence has been used in
many areas of mathematics, such as number theory, probabilistic normed spaces,
ergodic theory, Fourier analysis, measure theory, trigonometric series, and others,
therefore, being a very active and intensively studied subject in many contexts.
The concept of statistical convergence has been approached from various angles,
and various definitions of convergence have been provided. For further reading on
some recent relevant studies on lacunary statistical convergence, see [1], [2] and [16].

A sequence (zj) of complex numbers is said to be statistically convergent to
some number L if for every positive number ¢,

1
im — <n: —L| > =0.
nh_)néon Hk<n:|lzy—L|>e}|=0
The number L is called statistical limit of (x)) and is written as S —limxy, = L or
xr — L (S) and all statistically convergent sequences are denoted by S, i.e.

1
S = {m = (71) ey € w : for everye > 0, ILm - {k<n:|zp,—L| >e}| = O}

Similarly, a sequence (z}) is statistically convergent of order « to some number L
if for every € > 0, )

nh_}ngon—aHkSn |z, — L] > €}| = 0.
All statistically convergent sequences of order « are denoted by S®. Some results
on statistical convergence of order o can be found in Altin et al [3], Colak[5] and
Colak et al.[6].

Fridy and Orhan, in [9] and [10], defined the concepts of lacunary convergence
and lacunary summability with lacunary sequences. An increasing sequence of
integers 0 = (k;),cy is called lacunary sequence if k = 0 and h, = k. — k,_1 — o0

as r — oo. In our results, we use I,. = (k,_1,k,] and ¢, = kkrl. A sequence (xy) is

lacunary statistically convergent and, respectively, lacunary s}atistically convergent
of order « to some number L if for every ¢ > 0,

1
limh—|{k‘EIr:\mk—L|2€}|:0

r—oo h,.
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and, respectively,

.1
Tl;rrgoh—g|{k61r:|xka|25}|:0.

All lacunary statistically convergent sequences and all lacunary statistically con-
vergent sequences of order o are denoted by Sp and Sg, respectively. Lacunary
statistically convergent and strongly summable sequences of order o were studied
by Sengiil and Et in [15] and [7].

Some results on statistical convergence in usual metric spaces can be found in
Bilalov [4] and Sengiil et al.[17]. The concept of statistical convergence in partial
metric spaces was firstly given by Nuray [13] as it follows: Let (zj) be a sequence
in partial metric space (X, p); the sequence (xy) is said to be p— statistically con-
vergent to x if there exists a point x € X such that

1
lim = |{k <n: |p(ap,a) - p () > <} =0

n—oon
for every € > 0. In addition, Nuray [13] also examined the relationship between
the concept of statistical convergence in partial metric spaces and strong Cesaro
summability.

All lacunary statistical convergence sequences in PM S are shown as

So.p = { T = (2p),ey € w: there exists a 2 € X, for every € > 0,

.1

lim —{k el :|p(zk,x)—pz,x)| >} = O}.
T—00 r

The results on lacunary statistical convergence and lacunary summability in partial

metric spaces are given in Giille et al. [11]. It is natural to ask lacunary statistical

convergence sequences of order « in PM S. We define such sequences as

Sy, = { x = (k) ,ey € w : there exists a 2 € X, for every € > 0,

1
lim T |{k €l : |p(xk7x) —p(x,z)| > 5}| = 0}‘

T—00

Our motivation for this study is prompted by Sengiil and Et[15], [7] and Giille et
al. [11]. The results on lacunary statistical convergence and lacunary boundedness
order «a for usual metric spaces are also given in Sengiil et al. [17].

2. Inclusion Theorems in PMS

For the 1 < o € R, lacunary statistical convergence is not well defined (see Et,
2014 [15]). Therefore, when we consider, for example, the natural partial metric of
real numbers, we generally arrive at the same conclusion for partial metric spaces.
Also, taking a = 1, we get Sﬁp(X) = Sp,p(X). Therefore, in the rest of article, we
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consider the case o € (0,1) and, unless otherwise stated, 6 = (k;),cy is lacunary

sequence, I, = (kq_1,k,] and ¢, = kkil.
that the sequence (1) and the element x, which we use in the proofs are chosen
from the partial metric space (X, p), although we do not emphasize it every time.

For the sake of brevity, we shall use PM S instead of partial metric space.

For the sake of simplicity, it is considered

Definition 2.1. If there exists a point « € X such that
1
lim —= [{k € I : p (x, @) — p (2, 2)] 2 €}[ = 0

for every e > 0. In this case, it is stated that () is p— lacunary statistically con-

vergent of order  to # which is denoted by Sg' , —limz), = z or 2, — = (Sgip (X))

Throughout this paper, Sy (X)) denotes the class of sequences in partial metric space
(X, p) which are p— statistically convergent of order .

Theorem 2.1. For some reals a and 8 such that 0 < a < 8 < 1, the inclusion
Sgo(X) C ngp(X) holds and clearly xj, — x (Sap (X)) implies x, — x (Sgﬁ,p (X))

Proof. Suppose that 0 < o < 8 < 1. Then, the inequality # < h% holds, so

. 1
lim 5 |{k € L s |p (2 2) = p (2,2)| 2 e}

T—>00
1
<l (ke L p (o, e) — p(2,2)] 2 2}
T oo r

is provided for every € > 0 and this clearly gives the desired inclusion Sg, p(X ) C
Sy (X). O

The inclusion may be strict and this can be seen by the following example.

Example 2.1. Let us consider the partial metric of real numbers defined p : R x R —
R, p(z,y) = max{z,y}, the lacunary sequence # = (2") and the sequence (zx) C R such
that
- { 1, k is a square
0, otherwise
Clearly, for e > 0, |[{k € I, : |p (zk,0) — p(0,0)| > €}| < +/n holds. This means that (z) €
Sy ,(X) for 3 < B<1but (zx) ¢ S5,(X) for 0 < a <}, that is S§ ,(X) C Sy (X).

As a consequence, from the last inequality above, we see Sg',(X) C Sp,,(X).
Theorem 2.2. For « € (0,1) the inclusion

Sp(X) € 55,(X)

holds whenever lim inf},:—g >0 and z, — x (S, (X)) implies x), — (Sg,p (X))

r—00
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Proof. Under the hypohtesis, there exists a real § > 0 such that % > 0 for suffi-
ciently large r. Hence k—lr >0 h% and

(k< ke o (@rsa) — p(2,2)] = e} = [k € L ¢ [p(an,a) — p(2,2)] = 2}
hold. Therefore, we obtain

1 1
ok <keilp(on,2) —plea)l 2z e}l =2 —Hkel:lplan, ) - p(z,2)] 2 €}

\%

1
0 Kk € It |p(ar, @) = p (2, 2)] 2 €}
Taking limit as r — oo, we get x — z (S,(X)) implies z — = (S&p(X)> . O

Theorem 2.3. For any lacunary sequence 6 = (k,.) and o € (0,1), if

lim sup 7(]% — ki)

< 0
r—00 kf}_l ’

(j =1,2,...,7) then the following inclusion holds
S6.p(X) C S,(X)

and clearly xy, — x (S{,’"p (X)) implies x — x (S, (X)).

Proof. From the hypothesis there exists reals H; > 0 such that WJ < Hj,

(j = 1,2,..,7) for all r. Choose a sequence x = (zy) € 5§ ,(X) such that

Tp T (S(‘}p(X)) which means that lim % [{k € I, : |p (wp,2) — p (z,2)| > €} =
’ r—00 ""r

0. Then there exists a 19 € N such that for given € > 0

1 1
Ik < o (okw) = p (@) 2 2} < oo [k € L o (on,7) — p @, 0)] 2 2} <€

r

hold for all r > ry. Similarly, the fact that the being z; — x(S,(X)) can be
followed from (Giille et all, Theorem 10 [11]). O

Combining the last two results and Theorem 9 and 10 in [11], we can easily see the
following results.

he
kr

Corollary 2.1. For any lacunary sequence 0 = (k,) and o € (0, 1), if lim inf
T—>00
0 and lim sup(kj;f#”a < o00,(j=1,2,...,7r) then the equality
77— 00 r—1
56.p(X) = 5,(X)
holds.
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3. Lacunary Summability Of Order o in PMS
In this section, the definition of strongly g—lacunary summability of order «
in partial metric spaces and some properties of the set [Ngf p}q related to this
are given according to differenet conditions. Also, some relationships between

q
[N; p} —summability and Sgﬁ ,—convergence are given.

Definition 3.1. The sequence (z) in a partial metric space (X, p) is called strongly
g—lacunary summable of order « if there exists an element x € X such that

.1
lim —— Z |p(xk,x) - p(x,x)|q =0.

In this case, we say that the sequence (zy) is strong g—lacunary summable to x of
q q

order o and we show that x, — x ({Ngfp} ) From now on [Ngfp} denotes the

class of all sequences in the partial metric space (X, p) which are strong g—lacunary

summable of order a.

First, we compare different order summable sequence spaces.

Theorem 3.1. For some reals o and B such that 0 < a < B < 1, the inclusion
q q q q
[Ngjp} C [ng] holds and clearly x — x ({Né’jp} ) implies T, — x ([ng} )

q
Proof. For an arbitrarily chosen sequence (xy) € {Ngf p] , the desired result can be
easily seen with the help of the following inequality:

5 I @) = ple,a)l! < 5 3 Iplawa) = plao)l’

T kel T kel

O

The result points to a relation between lacunary statistically convergence of order
« and strong g—lacunary summability of order «.

Theorem 3.2. For some reals a and 8 such that 0 < a < 8 < 1, the inclusion
q q
[Neofp] - Seﬁ,p holds and clearly xrp — x ([Neojp} ) implies T, — x (Sgp).

q
Proof. Assume that (z) € [Ngf p} and € > 0. Then, following inequalities

Y lpra) —pl@a) =3 kel o (xr, ) = p (2, 2)|"

el |p(@r,a)—p(z,a)|>e
+> kel, p (zg, ) — p(z,2)|*

|p(@r,a)—p(z,2)|I<e
>3 kel lp (x,x) — p(z,2)|?

|p(@ @) —p(z,2)|>e
>etl{k el :|p(zr,z)—p(z,z)| > e}



Lacunary Statistical Convergence of Order « in Partial Metric Spaces 767

hold and hence we obtain

1 1
gk e Lt lp(an,a) = p(z,2)| 2 e} < o > lp (k) = pla,2)]7.
r " kel

Taking limit as r — oo, we have (zy) € Sfyp- a

The next two results are inclusion results obtained by taking different lacunary
sequences.

Theorem 3.3. Assume that 0 = (k) and 0’ = (s,) are two lacunary sequence
such that I, C J, for all r € N where I, = (ky_1, k.| and J, = ($,—1,.|. For some
reals o and B such that 0 < a < <1, if

he
liminf—% >0
7—00 lf

q q q
then the inclusion [Ng,p} C {Ngfp} holds and x, — x ({ng} ) implies xp —

(v,

q
Proof. For the sequence (xy) € {Neﬁ, p] , we have the inequalities:

1
iz 2 @) —p (o)l < Ve, | (@n ) —p (o)
T kel,

18
LA o) - p(e).

Taking limit as r — oo, under the assumption of the theorem, we have (x) €
q
(Ng,| O

Theorem 3.4. Assume that 6 = (k) and 0’ = (s,) are two lacunary sequence
such that I, C J, for all v € N where I, = (ky—1,k;] and J,. = (sy—1,8,]. For some
reals a and B such that 0 < a < 8 <1, if

[e3%

lim infh—r >0

r—00 ZE

q q
then the inclusion {Nﬁ,’p} C S;p holds and clearly xi, — x ({ng} ) implies

xk—>x(Sg"p).
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q
Proof. Assume that (xy) € [Ng’ p} and € > 0. Then, following inequalities

S ek ) —pl@a)! =X ke, lp (g, ) — p(z,2)|

LSS lp(zk,z)—p(x,z)|1>e
+2 ke, lp (xg, ) —p(x,x)|q

lp(zk,z)—p(z,z)|1<e
=D ke, lp (xg, ) — p(x,2)|*

lp(@r,@)—p(aa)|I>e
> et |{k € J.: |p(zy,2) — p(z,2)] > €}
> el |{k € I : |p (zr,2) — p(x,2)| > e}

hold and hence we obtain

[e%

he 1
15 e Wk € Lo, 2) = p (@, 2)] 2 2}

IA

1
Z—Beq Hk e J,:|p(xk,x) —p(z,2)] > e}

IN

5 3 o)~ plaa)l”.

T ked,

Taking limit as r — oo, under the assumption of the theorem, we have (xy) €
S¢ . O
P
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