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1. Introduction

Partial metric spaces were introduced by Matthews [12] to denote a generaliza-
tion of the usual metric spaces. The main difference between the partial metric and
the standard metric is that the self-distances does not need to be equal to zero. The
partial metric was first used in computer science and later applied to many other
fields such as fixed point theory.

For the non-empty set X, the function ρ : X ×X → R is called a partial metric,
and the pair (X, ρ) is called a partial metric space if for all x, y, z ∈ X, the following
assertions hold:

i. 0 ≤ ρ(x, x) ≤ ρ(x, y),

ii. If ρ(x, x) = ρ(x, y) = ρ(y, y) then x = y,

iii. ρ(x, y) = ρ(y, x),
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iv. ρ(x, y) ≤ ρ(x, z) + ρ(z, y)− ρ(z, z),

Let (xn) be a sequence in the partial metric space (X, ρ). Then

i) (xn) is bounded if there exists a real number M > 0 such that ρ(xn, xm) ≤ M
for all n,m ∈ N,

ii) (xn) is called convergent to x in (X, ρ), written as lim
n→∞

xn = x, if

lim
n→∞

ρ(xn, x) = lim
n→∞

ρ(xn, xn) = ρ(x, x).

Similarly, statistical convergence is a generalization of sequential convergence.
The definition of statistical convergence (as almost convergence) was given by Zyg-
mund [19] in the first edition of his monograph, published in Warsaw. Steinhaus
[18] and Fast [8] and later Schoenberg [14] introduced the concept of statistical
convergence independently. The concept of statistical convergence has been used in
many areas of mathematics, such as number theory, probabilistic normed spaces,
ergodic theory, Fourier analysis, measure theory, trigonometric series, and others,
therefore, being a very active and intensively studied subject in many contexts.
The concept of statistical convergence has been approached from various angles,
and various definitions of convergence have been provided. For further reading on
some recent relevant studies on lacunary statistical convergence, see [1], [2] and [16].

A sequence (xk) of complex numbers is said to be statistically convergent to
some number L if for every positive number ε,

lim
n→∞

1

n
|{k ≤ n : |xk − L| ≥ ε}| = 0.

The number L is called statistical limit of (xk) and is written as S − limxk = L or
xk → L (S) and all statistically convergent sequences are denoted by S, i.e.

S =

{
x = (xk)k∈N ∈ w : for everyε > 0, lim

n→∞

1

n
|{k ≤ n : |xk − L| ≥ ε}| = 0

}
Similarly, a sequence (xk) is statistically convergent of order α to some number L
if for every ε > 0,

lim
n→∞

1

nα
|{k ≤ n : |xk − L| ≥ ε}| = 0.

All statistically convergent sequences of order α are denoted by Sα. Some results
on statistical convergence of order α can be found in Altın et al [3], Çolak[5] and
Çolak et al.[6].

Fridy and Orhan, in [9] and [10], defined the concepts of lacunary convergence
and lacunary summability with lacunary sequences. An increasing sequence of
integers θ = (kr)r∈N is called lacunary sequence if k = 0 and hr = kr − kr−1 → ∞
as r → ∞. In our results, we use Ir = (kr−1, kr] and qr = kr

kr−1
. A sequence (xk) is

lacunary statistically convergent and, respectively, lacunary statistically convergent
of order α to some number L if for every ε > 0,

lim
r→∞

1

hr
|{k ∈ Ir : |xk − L| ≥ ε}| = 0
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and, respectively,

lim
r→∞

1

hα
r

|{k ∈ Ir : |xk − L| ≥ ε}| = 0.

All lacunary statistically convergent sequences and all lacunary statistically con-
vergent sequences of order α are denoted by Sθ and Sα

θ , respectively. Lacunary
statistically convergent and strongly summable sequences of order α were studied
by Şengül and Et in [15] and [7].

Some results on statistical convergence in usual metric spaces can be found in
Bilalov [4] and Şengül et al.[17]. The concept of statistical convergence in partial
metric spaces was firstly given by Nuray [13] as it follows: Let (xk) be a sequence
in partial metric space (X, ρ); the sequence (xk) is said to be ρ− statistically con-
vergent to x if there exists a point x ∈ X such that

lim
n→∞

1

n
|{k ≤ n : |ρ (xk, x)− ρ (x, x)| ≥ ε}| = 0

for every ε > 0. In addition, Nuray [13] also examined the relationship between
the concept of statistical convergence in partial metric spaces and strong Cesàro
summability.

All lacunary statistical convergence sequences in PMS are shown as

Sθ,ρ =

{
x = (xk)k∈N ∈ w : there exists a x ∈ X, for every ε > 0,

lim
r→∞

1

hr
|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| = 0

}
.

The results on lacunary statistical convergence and lacunary summability in partial
metric spaces are given in Gülle et al. [11]. It is natural to ask lacunary statistical
convergence sequences of order α in PMS. We define such sequences as

Sα
θ,ρ =

{
x = (xk)k∈N ∈ w : there exists a x ∈ X, for every ε > 0,

lim
r→∞

1

hα
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| = 0

}
.

Our motivation for this study is prompted by Şengül and Et[15], [7] and Gülle et
al. [11]. The results on lacunary statistical convergence and lacunary boundedness
order α for usual metric spaces are also given in Şengül et al. [17].

2. Inclusion Theorems in PMS

For the 1 < α ∈ R, lacunary statistical convergence is not well defined (see Et,
2014 [15]). Therefore, when we consider, for example, the natural partial metric of
real numbers, we generally arrive at the same conclusion for partial metric spaces.
Also, taking α = 1, we get Sα

θ,ρ(X) = Sθ,ρ(X). Therefore, in the rest of article, we
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consider the case α ∈ (0, 1) and, unless otherwise stated, θ = (kr)r∈N is lacunary

sequence, Ir = (kr−1, kr] and qr = kr

kr−1
. For the sake of simplicity, it is considered

that the sequence (xk) and the element x, which we use in the proofs are chosen
from the partial metric space (X, ρ), although we do not emphasize it every time.
For the sake of brevity, we shall use PMS instead of partial metric space.

Definition 2.1. If there exists a point x ∈ X such that

lim
r→∞

1

hα
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| = 0

for every ε > 0. In this case, it is stated that (xk) is ρ− lacunary statistically con-

vergent of order α to x which is denoted by Sα
θ,ρ− limxk = x or xk → x

(
Sα
θ,ρ (X)

)
.

Throughout this paper, Sα
ρ (X) denotes the class of sequences in partial metric space

(X, ρ) which are ρ− statistically convergent of order α.

Theorem 2.1. For some reals α and β such that 0 < α < β ≤ 1, the inclusion

Sα
θ,ρ(X) ⊆ Sβ

θ,ρ(X) holds and clearly xk → x
(
Sα
θ,ρ (X)

)
implies xk → x

(
Sβ
θ,ρ (X)

)
.

Proof. Suppose that 0 < α < β ≤ 1. Then, the inequality 1

hβ
r
≤ 1

hα
r
holds, so

lim
r→∞

1

hβ
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

≤ lim
r→∞

1

hα
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

is provided for every ε > 0 and this clearly gives the desired inclusion Sα
θ,ρ(X) ⊆

Sβ
θ,ρ(X).

The inclusion may be strict and this can be seen by the following example.

Example 2.1. Let us consider the partial metric of real numbers defined ρ : R × R →
R, ρ (x, y) = max {x, y}, the lacunary sequence θ = (2r) and the sequence (xk) ⊂ R such
that

xk =

{
1, k is a square
0, otherwise

.

Clearly, for ε > 0, |{k ∈ Ir : |ρ (xk, 0)− ρ (0, 0)| ≥ ε}| ≤
√
n holds. This means that (xk) ∈

Sβ
θ,ρ(X) for 1

2
< β ≤ 1 but (xk) /∈ Sα

θ,ρ(X) for 0 < α ≤ 1
2
, that is Sα

θ,ρ(X) ⊂ Sβ
θ,ρ(X).

As a consequence, from the last inequality above, we see Sα
θ,ρ(X) ⊆ Sθ,ρ(X).

Theorem 2.2. For α ∈ (0, 1) the inclusion

Sρ(X) ⊆ Sα
θ,ρ(X)

holds whenever lim inf
r→∞

hα
r

kr
> 0 and xk → x (Sρ (X)) implies xk → x

(
Sα
θ,ρ (X)

)
.
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Proof. Under the hypohtesis, there exists a real δ > 0 such that
hα
r

kr
⩾ δ for suffi-

ciently large r. Hence 1
kr

⩾ δ 1
hα
r
and

|{k ≤ kr : |ρ (xk, x)− ρ (x, x)| ≥ ε}| ≥ |{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

hold. Therefore, we obtain

1

kr
|{k ≤ kr : |ρ (xk, x)− ρ (x, x)| ≥ ε}| ≥ 1

kr
|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

≥ δ
1

hα
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| .

Taking limit as r → ∞, we get xk → x (Sρ(X)) implies xk → x
(
Sα
θ,ρ(X)

)
.

Theorem 2.3. For any lacunary sequence θ = (kr) and α ∈ (0, 1), if

lim
r→∞

sup
(kj − kj−1)

α

kαr−1

< ∞,

(j = 1, 2, ..., r) then the following inclusion holds

Sα
θ,ρ(X) ⊂ Sρ(X)

and clearly xk → x
(
Sα
θ,ρ (X)

)
implies xk → x (Sρ (X)).

Proof. From the hypothesis there exists reals Hj > 0 such that
(kj−kj−1)

α

kα
r−1

≤ Hj ,

(j = 1, 2, ..., r) for all r. Choose a sequence x = (xk) ∈ Sα
θ,ρ(X) such that

xk → x
(
Sα
θ,ρ(X)

)
which means that lim

r→∞
1
hα
r
|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| =

0. Then there exists a r0 ∈ N such that for given ε > 0

1

n
|{k ≤ n : |ρ (xk, x)− ρ (x, x)| ≥ ε}| ≤ 1

hα
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| < ε

hold for all r > r0. Similarly, the fact that the being xk → x (Sρ(X)) can be
followed from (Gülle et all, Theorem 10 [11]).

Combining the last two results and Theorem 9 and 10 in [11], we can easily see the
following results.

Corollary 2.1. For any lacunary sequence θ = (kr) and α ∈ (0, 1), if lim inf
r→∞

hα
r

kr
>

0 and lim
r→∞

sup
(kj−kj−1)

α

kα
r−1

< ∞, (j = 1, 2, ..., r) then the equality

Sα
θ,ρ(X) = Sρ(X)

holds.
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3. Lacunary Summability Of Order α in PMS

In this section, the definition of strongly q−lacunary summability of order α

in partial metric spaces and some properties of the set
[
Nα

θ,ρ

]q
related to this

are given according to differenet conditions. Also, some relationships between[
Nα

θ,ρ

]q
−summability and Sβ

θ,ρ−convergence are given.

Definition 3.1. The sequence (xk) in a partial metric space (X, ρ) is called strongly
q−lacunary summable of order α if there exists an element x ∈ X such that

lim
r→∞

1

hα
r

∑
k∈Ir

|ρ (xk, x)− ρ (x, x)|q = 0.

In this case, we say that the sequence (xk) is strong q−lacunary summable to x of

order α and we show that xk → x
([

Nα
θ,ρ

]q)
. From now on

[
Nα

θ,ρ

]q
denotes the

class of all sequences in the partial metric space (X, ρ) which are strong q−lacunary
summable of order α.

First, we compare different order summable sequence spaces.

Theorem 3.1. For some reals α and β such that 0 < α ≤ β ≤ 1, the inclusion[
Nα

θ,ρ

]q
⊆

[
Nβ

θ,ρ

]q
holds and clearly xk → x

([
Nα

θ,ρ

]q)
implies xk → x

([
Nβ

θ,ρ

]q)
.

Proof. For an arbitrarily chosen sequence (xk) ∈
[
Nα

θ,ρ

]q
, the desired result can be

easily seen with the help of the following inequality:

1

hβ
r

∑
k∈Ir

|ρ (xk, x)− ρ (x, x)|q ≤ 1

hα
r

∑
k∈Ir

|ρ (xk, x)− ρ (x, x)|q .

The result points to a relation between lacunary statistically convergence of order
α and strong q−lacunary summability of order α.

Theorem 3.2. For some reals α and β such that 0 < α ≤ β ≤ 1, the inclusion[
Nα

θ,ρ

]q
⊆ Sβ

θ,ρ holds and clearly xk → x
([

Nα
θ,ρ

]q)
implies xk → x

(
Sβ
θ,ρ

)
.

Proof. Assume that (xk) ∈
[
Nα

θ,ρ

]q
and ε > 0. Then, following inequalities∑

k∈Ir

|ρ (xk, x)− ρ (x, x)|q =
∑

k∈Ir
|ρ(xk,x)−ρ(x,x)|q≥ε

|ρ (xk, x)− ρ (x, x)|q

+
∑

k∈Ir
|ρ(xk,x)−ρ(x,x)|q≤ε

|ρ (xk, x)− ρ (x, x)|q

≥
∑

k∈Ir
|ρ(xk,x)−ρ(x,x)|q≥ε

|ρ (xk, x)− ρ (x, x)|q

≥ εq |{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|
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hold and hence we obtain

εq
1

hβ
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}| ≤ 1

hα
r

∑
k∈Ir

|ρ (xk, x)− ρ (x, x)|q .

Taking limit as r → ∞, we have (xk) ∈ Sβ
θ,ρ.

The next two results are inclusion results obtained by taking different lacunary
sequences.

Theorem 3.3. Assume that θ = (kr) and θ′ = (sr) are two lacunary sequence
such that Ir ⊆ Jr for all r ∈ N where Ir = (kr−1, kr] and Jr = (sr−1, sr]. For some
reals α and β such that 0 < α ≤ β ≤ 1, if

lim inf
r→∞

hα
r

lβr
> 0

then the inclusion
[
Nβ

θ′,ρ

]q
⊆

[
Nα

θ,ρ

]q
holds and xk → x

([
Nβ

θ,ρ

]q)
implies xk →

x
([

Nα
θ,ρ

]q)
.

Proof. For the sequence (xk) ∈
[
Nβ

θ′,ρ

]q
, we have the inequalities:

1

hα
r

∑
k∈Ir

|ρ (xk, x)− ρ (x, x)|q ≤ 1
hα
r

∑
k∈Jr

|ρ (xk, x)− ρ (x, x)|q

≤ lβr
hα
r

1

lβr

∑
k∈Jr

|ρ (xk, x)− ρ (x, x)|q .

Taking limit as r → ∞, under the assumption of the theorem, we have (xk) ∈[
Nα

θ,ρ

]q
.

Theorem 3.4. Assume that θ = (kr) and θ′ = (sr) are two lacunary sequence
such that Ir ⊆ Jr for all r ∈ N where Ir = (kr−1, kr] and Jr = (sr−1, sr]. For some
reals α and β such that 0 < α ≤ β ≤ 1, if

lim inf
r→∞

hα
r

lβr
> 0

then the inclusion
[
Nβ

θ′,ρ

]q
⊆ Sα

θ,ρ holds and clearly xk → x
([

Nβ
θ,ρ

]q)
implies

xk → x
(
Sα
θ,ρ

)
.
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Proof. Assume that (xk) ∈
[
Nβ

θ′,ρ

]q
and ε > 0. Then, following inequalities

∑
k∈Jr

|ρ (xk, x)− ρ (x, x)|q =
∑

k∈Jr

|ρ(xk,x)−ρ(x,x)|q≥ε
|ρ (xk, x)− ρ (x, x)|q

+
∑

k∈Jr

|ρ(xk,x)−ρ(x,x)|q≤ε
|ρ (xk, x)− ρ (x, x)|q

≥
∑

k∈Jr

|ρ(xk,x)−ρ(x,x)|q≥ε
|ρ (xk, x)− ρ (x, x)|q

≥ εq |{k ∈ Jr : |ρ (xk, x)− ρ (x, x)| ≥ ε}|
≥ εq |{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

hold and hence we obtain

εq
hα
r

lβr

1

hα
r

|{k ∈ Ir : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

≤ 1

lβr
εq |{k ∈ Jr : |ρ (xk, x)− ρ (x, x)| ≥ ε}|

≤ 1

lβr

∑
k∈Jr

|ρ (xk, x)− ρ (x, x)|q .

Taking limit as r → ∞, under the assumption of the theorem, we have (xk) ∈
Sα
θ,ρ.
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6. R. Çolak and Ç.A. Bektaş: λ-statistical convergence of order α, Acta Mathematica
Scientia, 31(3), (2011), 953–959. doi: 10.1016/S0252-9602(11)60288-9.
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17. H.Şengül, M. Et and H. Çakallı: Lacunary d-statistical boundedness of order α in
metric spaces. Azerbaijan Journal of Mathematics, 12(1), (2022), 98-108.

18. H. Steinhaus: Sur la convergence ordinaire et la convergence asymptotique, Collo-
quium Mathematicum, 2, (1951), 73-74.

19. A. Zygmund: Trigonometric Series, Cambridge: Cambridge University Press, 1979.


