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Abstract. In the present paper, we introduce the concept of I'-convergence of a double
sequence of functions defined from a metric space into real numbers. This convergence
is useful as it is a convenient concept of convergence for approximating minimization
problems in the field of mathematical optimization. First, we compare this convergence
with pointwise and uniform convergence and obtain some properties of I'-convergence.
Later we deal with the problem of minimization. We prove that, under some additional
assumptions, the I'-convergence of a double sequence (fr;) to a function f implies the
convergence of the minimum values of fi; to the minimum value of f. Moreover, we
prove that each limit point of the double sequence of the minimizers of fi; is a mini-
mizer of f.

Keywords: Double sequence of functions, Pringsheim convergence, Set-valued func-
tion, Kuratowski convergence, Gamma-convergence, Minimizers.

1. Introduction

The pointwise convergence of sequence of functions, while useful in many ways,
is insufficient for purposes such as setting up approximations of problems of op-
timization (see,[20]). First of all, it fails to preserve the lower semicontinuity of
functions. Furthermore, it may not be able to keep the maximum or minimum
values of the sequence of the functions.
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In order to overcome these shortcomings, the type of convergence called infimal
convergence was first studied by Wijsman [24, 25]. De Giorgi and Franzoni [§]
called it T-convergence. De Giorgi [9], who deals with the variational compactness
property of a class of integral functionals, examined the main ideas and techniques
of I'-convergence in function spaces. The main idea of using I'-convergence is to
obtain infimum values. Hence it provides the convenience of solving optimization
problems. The notion of gamma convergence is a fundamental convergence theory
for sequences of the lower semicontinuous functions in optimization theory, decision
theory, homogenization problems, integral function theory, algorithmic procedures,
and variational analysis. A noteworthy description of the theory was given by Wets
[27] under the name of epi convergence in 1980 for the first time. The books ”an
introduction to gamma convergence” written by Dal Maso [15], and ”"T"-convergence
for Beginners” written by Braides [5] are remarkable comprehensive books on this
subject. For more detailed information on I'-convergence, we refer to [7, 6, 12].

Various types of convergence for double sequences can be defined (see [4, 13, 19].
The best known and well-studied convergence notion for double sequence spaces is
Pringsheim convergence of double sequences is defined as the convergence of nets,
where the set of indexes N x N is ordered in the natural way. In case of this
convergence the row-index and the column-index tend independently to infinity.
The main drawback of this convergence is that a convergent double sequence fails
in general to be bounded.

In theory and applications, we may need to work with double sequences of
functions. For example, uniform convergence of a double sequence of functions is a
useful tool to obtain an approximation of the function of two variables [3, 10, 26, 21].
Minimization is preserved in this type of convergence, but the conditions are strong.
For this reason, in this paper, we define I'-convergence for a double sequence of
functions and extend some fundamental results known concerning I'-convergence in
the literature to double sequences of functions. Furthermore, under some additional
conditions, we prove that the limit of a double sequence of points selected from
minimum points of fi; is a minimum point of f when the double sequence (fx;) T’
converges to the function f.

2. Definitions and notation

The well-known Pringsheim [19] convergence of double sequences is defined using
the natural ordering of pairs of positive integers (there are several definitions of the
limit of a double sequence that are not mutually identical). Since then, this concept
of convergence has been studied in various areas of mathematics. Throughout the
paper, the convergence of a double sequence means convergence in the Pringsheim
sense.

A double sequence x = (x;;) is said to be convergent to [, written lim; , x;, = [
or xjr — [, if for given ¢ > 0 there exists an integer ng such that |z, — 1] < ¢
whenever j,k > ng. In this type of convergence, the indices j and k tend to be
infinity independently of each other. A double sequence z is bounded if ||z| =
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supj k|zjx| < 0o. Double sequences have a variety of distinguishing characteristics
as opposed to ordinary sequences. One of the reasons why double sequences theory
presents difficulties not encountered in ordinary sequences theory is that a double
sequence may converge without being a bounded sequence.

A double sequence z of points of a metric space (X,d) convergence to point
I € X if lim; ky00 d(xjk,1) = 0. Patterson [17] gave the definition of subsequence
and the Pringsheim limit point of a double sequence. A number ! € X is said to be a
Pringsheim limit point of a double sequence (z,1) if there exist two strictly increas-
ing sequences (j;) and (k;) such that lim; ,o 2,5, = [. The set of all Pringsheim
limit points of a double sequence (i) will be denoted by L(, ).

Lemma 2.1. [16] Let x = (z;x) be a double sequence of real numbers. Then the
limitlim; o0 x5 = [ exists if and only if for all increasing index sequences (j;), (ki)
such that, the ordinary limit lim;_, o 2,5, = | exists.

Definition 2.1. [18] Let « = (z;) be a double sequence of real numbers and for
each n, let a,, = sup,,{z;x : k,l > n}. The Pringsheim limit superior of z is defined
as follows:

(i) if ap = 400 for each n, then limsup,, . k= +00;
(ii) if oy < +oo for some n, then limsup;,_, . =k = inf,{a,}.

Similarly, let 5, = inf,{z;x : j,k > n} then the Pringsheim limit inferior of =
(xjk) is defined as follows:

(i) if B, = —oo for each n, then lUminf; ;o x5 = —00;

(ii) if B,, > —oo for some n, then liminf; s .o ik = sup,{Bn}-

In all that follows, X will be a metric space equipped with the distance d, unless
we explicitly state otherwise.

A double sequence ( fx;) of functions defined from X into R is said to be pointwise
convergent to f on a set S C X, if for each point € S and for each € > 0, there
exists a positive integer N = N(z,¢) such that | fr(z) — f(z)] < e for all k,1 > N.
It is denoted by limy ;o0 fri(z) = f(z) on S.

A double sequence (fi;) of functions defined from X into R is said to be uniformly
convergent to the function f on a set S C X if for each € > 0, there exists a positive
integer N = N(g) such that k,I > N implies |fri(x) — f(z)] < e, for all x € S (see
[22]) .

Let A C X and z € X. Then the distance from a point x to A is given by

d(z,A) = ;relgd(ama),

where we set d(z, D) := oo. As long as A is closed, having d(z, A) = 0 is equivalent
to having = € A.
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The open ball with center z and radius € > 0 in X is denoted by B(z,¢), i.e.,
B(z,e) ={y € X | d(z,y) <e}.

There are different types of convergence for sequences of sets that are important
for certain applications. The most studied of them are Kuratowski [14], Wijsman
convergence [24, 25]. See also [1, 2, 11]. Sever et al. [23] have presented these types
of convergence for double sequences of sets and investigated the relations between
these types of convergence. We now recall the definition of Kuratowski convergence
for a double sequence of sets.

Definition 2.2. [23] Let (Ak;)k,1en be a double sequence of subsets of X. We say
that the subset

lim sup Ay := {x€X|V€>O, Vn € N, Hk,lzn:B(z,s)ﬂAkl#@}

k,l—o0

is the upper limit of the double sequence (Ay;) and that the subset
lgrlniankl = {m €X|Ve>0, IneN: B(z,e)N Ay # O, Vk,1> n}
J—00

is its lower limit. If there exists a set A C X such that

A =liminf Ag; = limsup Ay
k,l—o00 k,l—o00

then the double sequence set (Ay;) converges to A, denoted limy ;oo Apy = A, in
the sense of Kuratowski.

By Proposition 3.5 in [23], the sets lim infy, ;oo Agy and lim SUDg, 1500 Akl are closed
in X.

Also, the upper and lower limits of a double sequence of sets are characterized
by the following various ways.

Proposition 2.1. [23] Let (Agi)k,1en be a double sequence of closed subsets of X.
Then

(i) Himsupy ;o Ak = {z € X : liminfy ;o0 d(, Ag) = 0},

(ZZ) lim infk’li)oo A = {1’ e X: limkﬁlﬁoo d(l’, Akl) = 0}

Proposition 2.2. [23] If (Aki)kien is a double sequence of closed sets in X, then
1]illn inf Ay = {33 | there exists a double sequence (yr1), yri € Ag for anyk,l € N,
J—00

with limk’lg)oo Ykl = x}
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Proposition 2.3. (23] If (Ax)k,ien is a double sequence of closed sets in X, then

limsup Ay = {x | there exist two increasing sequences ki, li, yr,i;, € Ak,1, for any
k,l—o0

i €N, with lim; o0 Y1, = x}

The double sequence set (Ag;) is said to be Pringsheim bounded if there exist a
compact set K and n € N such that Ay; C K whenever k,[ > n.

Let f : X — R, where R := R U {—0c0,+00}. Epigraph and level set of the
function f on X are defined by

epif :={(z,a) € X xR | f(z) < a}
and for all « € R

{f<a}={zeX]| flzx) <al,

respectively.

The function f is level bounded if for each o € R there exists a compact set By,
such that {f < a} C B,.

The function whose epigraph is equal to the closure of the epigraph of f is called
the closure of f and is denoted by clf, that is

cl(epif) = epi(clf).

For every z € X

(clf)(x) = sup inf f(y).

UeN (z) YEU

The function f is said to be lower semicontinuous at © € X if f(x) = (¢l f)(x). The
sets of points of x where the minimum of f over X is regarded as being attained

argminf = {z € X : f(z) :ng(f(x)}

Theorem 2.1. [15] Assume that the function f : X — R is level bounded and
lower semicontinuous. Then f has a minimum point in X.

For every a,b € R we set a V b = max{a,b}. For ¢ > 0, the set ¢ — argminf is
the set of all points z € X satisfying

flz) < (ygg)f( f(@) +€) v (‘i)
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3. TI'-convergence of Double Sequences of Functions

In this section, we state the definition of the I'-limit of a double sequence of
functions with the help of equality of two semi-limits, upper and lower I'-limits,
which are always defined and which can be studied separately.

From now on, let X be a metric space, N (z) be the family of all open neighbor-
hoods of € X and (f;) be a double sequence of functions from X into R.

Definition 3.1. The lower I'-limit of the double sequence of functions (fx;) is
defined by

(3.1) (T - lim inf fr) (@) = S liminf inf fu(y)

and the upper T'-limit of the double sequence of functions (fy;) is defined by

(3.2) (I‘ — lim sup fkl)(x) := sup limsup inf fr;(y).
k,l—oc0 UEeN (z) kl—oo YEU

Moreover, a double sequence of functions (fy;) T'-converges if and only if

I' = liminf fx; =T — limsup fx

k,l—o00 k,l—oco
and the I'-limit is common function of I' — liminf and I' — lim sup. In this case we
denote f :=T —limg ;00 fri-
Remark 3.1. If the functions fii(z) are independent of z, i.e., for every k,l € N there

exists a constant ax; € R such that fri(z) = aw for every x € X, then

(T — liminf fx;)(z) = liminfar; and (T —limsup fx)(z) = lim sup ax.
k,l—o00 k,l—o00 k,l—o00 k,l—o00

If the functions fii(x) are independent both of & and [, i.e., there exists f : X — R
such that fri(x) = f(z) for every k,l € N then

I' — liminf fr; = — limsup fr; = clf.
k,l—o0

k,l—oc0

First, we compare I'-convergence with pointwise convergence. I'-convergence
neither implies nor is implied by pointwise convergence. The following examples
show how a double sequence of functions can have both a I'-limit and a pointwise
limit but are different in general.

Example 3.1. Let fi; : R — R defined by fui(z) = klze 2*°""®  Then the double
sequence of function (fx;) I'-converges in R to the function

, ©#0

where as (fx) converges pointwise to function g(z) = 0 in R.
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Example 3.2. Define fi; : R - R by

—2k21242 :
Fulz) = klxe , k-+liseven
M Uelze=21" L4 lis odd.

Then the double sequence of function (fr:) converges pointwise to function f(x) = 0 but
(fr1) does not I'-converge in R. In fact

[N

R _ ) —e , =0
(r=timint ) = { 77 22
and
(T — limsup fr1)(x) _%67% » #=0
_ 1l -
k,l%oop M 0 5 x 7é 0.

Example 3.3. Define fi; : R = R by fii(z) = sin(k + !)z then the double sequence of
functions (fr:) I'-converges in R to the function f(x) = —1 but (fx;) does not converge
pointwise.

Note that even if the double sequence (fr;) converges pointwise to f, the se-
quence (infzex fri(x)) cannot converge to mingecx f(x). We can see this fact in the
following example.

Example 3.4. Define fi; : R — R by

0o, =z=

futa) = {

1
i+l
, otherwise.

Then the double sequence of function (fx;) I'-converges in R to the function

1@ ={ 0 e

, otherwise

where as (fk;) converges pointwise to the function g(z) = 1 in R. On the other hand, If
we examine the limit of the minimum values of the functions and the minimum value of
the limit function, it will be seen that they are different from each other.

lim inf fii(z) = lré%f(x) =0,

k,l—oco xER

but

Jm, i fu(@) # Infg(0) =1

In the next example we show that the iterated I'—limits and I'—limit of a double
sequence of (f;) are unrelated.

Example 3.5. Define fi; : R = R by fu(z) = 1#1372' Then I' — limg(T" — limy fr) = z?
and I'—lim; (' =limy, fx;) = 0. However, I'—limy ;oo fi: does not exist. On the other hand
—1kt o

define gri(x) =
does not exist.

Ww . Then I' — limg ;00 gt = 0. But either of iterated I'—limits
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We next give the relationship between uniform convergence and I'-convergence
of a double sequence of functions.

Proposition 3.1. If a double sequence of functions (fi;) converges to the function
f uniformly, then the double sequence (fi;) T'-converges to clf.

Proof. Suppose that double sequence of functions (fx;) converges to f uniformly.
For every open subset U of X we have

S— ot
Gl inf fri(y) Jnf f(),

hence for every z € X

sup lim inf fu(y)= sup inf f(y),
UEeN (z) Fil=ooyel UeN (z) YEU

which yields that the sequence (fx;) T-converges to clf. [

We showed above that I'-convergence and pointwise convergence of a double
sequence of functions are independent, in general. Now we investigate the relation-
ship between them and some conditions under which I'-convergence and pointwise
convergence of a double sequence of functions are equivalent.

Proposition 3.2. Let (fi;) be a double sequence of functions from X into R. Then

(3.3) T —liminf fg; <liminf fy; and T —limsup fy; < limsup fi;.
k,l—o0 k,l—o0 k,l—oc0 k,l—o00

In particular, if (fr) T-converges to f and converges to pointwise to g then f < g.

Proof. For every x € X and for every U € N (z) we obtain inf ey fri(y) < fru(z).
Consequently,

it .
I el fu) = il ful@),

s

limsup inf fi;(y) < limsup f(z).

kl—oo YEU k,l—00

The result is obtained by taking supremum over all U € N'(z). O

To obtain the reverse inequalities of (3.3) we give the concept of Pringsheim
equi-lower semicontinuous for a double sequence of functions.

Definition 3.2. A double sequence function (fx;) is said to be Pringsheim equi-
lower semicontinuous at a point € X if for every € > 0 there exist U € N (z)
and n € N such that fi(y) > fri(x) — ¢ for every y € U and for every k,l > n.
(fx1) is said to be Pringsheim equi-lower semicontinuous on X if (fy;) is Pringsheim
equi-lower semicontinuous at each point x € X.
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Theorem 3.1. Let a double sequence function (fr;) be Pringsheim equi-lower semi-
continuous at a point x € X. Then

(I — liminf fi)(z) = liminf fi(z) and (T —limsup fi)(z) = limsup fi ().
k,l—o00 k,l—o00

k,l—o0 k,l—oc0

In particular, if (fr) T'— converges to f if and only if (fx1) converges to f pointwise
in X.

Proof. We prove only the first equality, the proof of the other one being similar. By
Proposition 3.2 it is sufficient to show that

liminf fi(z) < (I = liminf fi)(z).
k,l—o00

k,l— o0

Since (fx:) is Pringsheim equi-lower semicontinuous at x, for every € > 0 there exist
U € N(z) and n € N such that fy;(y) > fr(z) — ¢ for every y € U and for every
k,l > n. Hence

fr(z) < 125 fri(y) +e, whenever k,1 > n.
y

We deduce that

liminf fi(z) < llim inf inf fr(y) +e.

k,l—o00 =00 yeU
Since € > 0 is arbitrary and U € N (z), we get

lim inf < lim inf inf
it ful(e) < sup Yo fof fiuv).

which is the desired conclusion. [

The following theorem shows the relation between I'-convergence of a double
sequence of functions and Kuratowski convergence of their epigraphs. This is the
reason why I'-convergence is sometimes called epi-convergence.

Theorem 3.2. Let (fx1) be a double sequence of functions defined from X into R.
Then

(3.4) epi(T' — liminf fi;) = limsup(epi fi;),
k,l— o0 k,l—00

and

(3.5) epi(T' — lim sup fx;) = lim inf (epi fx;).
k,l—oc0 k,l—o00

Proof. Since the proofs of equality (3.4) and (3.5) are quite similar, we only prove
the first one. For the convenience, set I' — liminfy, ;o fr; = h. For this we must
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show inclusion epih C limsupy ;.. (epifx) and vice versa. Let (x,a) € epih if
and only if h(z) < a. By the definition of the lower I'-limit of the double sequence
of functions (fy;), for every € > 0, and for every U € N (x) we have

lim inf inf
im inf inf fru(y) <a+e,

and which is equivalent to say that for every n € N there exist k,I > n such that
infyer fri(y) < o +e. This gives us

epifu N (U X (a+e,a—¢)) # 0.
Since U x (a+ ¢, — €) is an arbitrary neighborhood of (x, a),

(z, ) € limsup(epifi)-
k,l—o0

Consequently, we have proved that (x,«) € epih if and only if

(z,«) € limsup(epifi),

k,l—o00

thus we have completed the proof. J

Remark 3.2. We know that the lower limit and upper limit of the double sequence
(epifii) are closed. Therefore, from (3.4) and (3.5) the functions I — lim infy ;o fri and
I' — limsupy, ;_, o, fr are lower semicontinuous on X.

The following theorem shows the relationship between I'-convergence of a double
sequence of functions and Kuratowski-convergence of their level sets.

Theorem 3.3. Let (fxi) be a double sequence of functions defined from X into R,

I' —liminf fr; =h and T —limsup f; =g.
k,l—o0

k,l—o0
Then for every s € R we have
(3.6) {h<s}= ﬂ lim sup{ fr; < t},
t>s ,t—00
. < = im i <tt.
(3.7) {9 <5} Q lim inf{ fuu < t}

In particular, (fr;) T-converges to [ if and only if

{f<s}= ﬂ limsup{fy <t} = ﬂ llil}l_inf{sz <t}
t>s o

t>s ,6t—00

for every s € R.
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Proof. We shall prove only (3.6), the proof of (3.7) being analogous. Let us take an
arbitrary point € X belongs to the set {h < s}. Then for each ¢t > s, h(z) < t.
By definition lower I'-limit for every U € N (z) we obtain

lim inf inf .
i inf inf fr(y) <t

Therefore, for every n € N there exist k,! > n such that inf, ey fri(y) < t. The
equivalent of this inequality is { fr; < t}NU # @. This yields = € limsupy, ; , . {fru <
t}. Since ¢ is arbitrary number grater than s we have

x € n lim sup{ fr; < t}.

t>s k,l—oc0

We now assume that € X belongs to the intersection set on the right hand side
of (3.6). Then for each t > s, x € limsup,; ,,.{fu < t}. From (3.2), for every
U € N(x) and for every n € N there exist k,I > n such that {fi; <t} NU # O.
Since this is equivalent to infy ey fri(y) < t, we have

lim inf inf <t
im inf ;gUsz(y),

Since U € N (xz) is arbitrary, we obtain h(z) < t. As a consequence, t > s implies
t > h(x). This gives us s > h(x), that is € {h < s}, and the proof is complete. [

Remark 3.3. In general the equalities

{T' — liminf fi; < s} =limsup{fi < s}, and {T —limsup fiu < s} = lUminf{fi; < s}
k=00 k,l—00 k,l—00 k,l—o0

do not hold, even if (fi) T-converges to f. For instance if X = R, fu(z) = 7, and
f(x) =0, then (fx;) I-converges to f but

{f<Ob=R#£0O= lim {fu <0}

4. Convergence of Minima and of Minimizers

In this section we focus on a minimization problem and investigate conditions
ensuring that the double sequence of the minimum values of fi; converges to the
minimum value of f.

Proposition 4.1. Let (fy;) be a double sequence of functions from X into R and
Let U be an open subset of X. IfI'=liminfg 00 fri = h and I'—limsupy ;o fri =
g, then the following inequalities hold.

inf > liminf inf
Jof hw) 2 Timinf inf fu (),
inf g(x) > limsup inf fx(z).

zecU k,l—00 xzeU
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Proof. Let U be an open subset of X. For any x € U, we have U € N (z). By the
definition of I'-lower limit of double sequences of functions, the inequality

< Timinf |
h(z) > liminf ylrellff S (y)

k,l—o00
is obtained. Consequently,

6 Bl > inf if Fo
22 ) 2 el Jay)

In the same manner, we can see that

inf g(z) > limsup inf
IlgUg( ) > i J_}gop;gU fri(y)

and the proof is achieved. [

In particular, taking U = X, we obtain

inf A(z) > liminf inf d inf >l inf .

Jnf h(x) > liminf inf fu(z) and  inf g(z) > LTjipigxfkl(x)
Proposition 4.2. Let K be a compact subset of X and I' — liminfy ;o fr1 = h.
Then

in h(x) < liminf inf .
mphe) = ol ek ful)
Proof. First of all, let us note that the h takes the minimum value on K since
I' — liminfy ;00 fri is lower semicontinuous on K. Assume that

lim inf inf T) < 00
k,l—o0 zGkal( )

and « € R is an arbitrary number satisfying

Bl Sl <o
Then for every n € N there exist k,! > n such that inf,cx fri(z) < a. So there
exists a xg; € K such that fy(zg) < a. Since K is compact, so there exist two
increasing index sequence k;,[; such that lim; ,. k1, = o € K. Therefore for
every U € N(zo) there exists a ig such that zy,,, € U for all i« > iy. Hence
infoer fr,, (l’) < [, (zkili) < «a and we obtain

lim inf inf z) < a.
k,l— 00 zeUfkl( )<

s

Since U € N () is arbitrary

h(zg) = sup liminf inf fy(x) < a.
UEN (z0) k,—oo zeU

Consequently, we have minge i h(z) < h(zp) < «. This implies that
in h(x) < liminf inf
R () < el g Fu)

which completes the proof. [
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The following example shows that, when the double sequence (fy;) is not I'-
convergent, the inequality

4.1 in (T — i <1i inf
(4.1) min ( im sup ) (z) < msup inf fi(2)

may not be true for some compact subset K of X.

2
Example 4.1. Let X =R, fiu(z) = (x — (—1)’“”) , and let K = [—1,1]. Then we can
evaluate

(F — liminf fkl)(x) = min {(JJ — 1)27 (z+ 1)2}»

k,l—o00

(F — lim sup fkl)(x) = max {(x 12 (z+ 1)2}.

k,l—oco

Since mingzer {(1"flimsupk,l_mO fkl)(ac)} = mingex {(Fflim SUD 1 o0 fkl)(m)} =1 and

minger fri(z) = mingek fri(z) =0, for all k,l € N, the condition (4.1) is not satisfied.

Theorem 4.1. Let I' — limy ;o frr = f. Suppose that there exists a compact
subset K of X and ng € N such that

. . _ > .
(4.2) ;g( fri(x) zléllf(sz(x) whenever k,1 > ng

Then f attains its minimum on X and

4. i — lim inf .
(4.3) gggf(x) ol inf fr()

Proof. By Propositions 4.1 and 4.2 we have the following inequality

nf f(z) < minf(z)

oo
< g )
= liminf inf

im inf inf fui(2)
< limsup inf fr(x)

kl—oo T€X
< inf .
< inf fu (z)
Consequently, we obtain equality (4.3). O

Example 4.2. Define fi; : R — R by

() = (ac:zkﬂ , l=1, for all k,
1+% , 1>1, for all k.

Then I — limg ;00 frz = 1. We can not find a compact set K such that for all £,l € N,
il fu(e) = jnf fu)

However, K = [—1,1] and for all k,l > 1 we have condition (4.2). By Theorem 4.1, equality
(4.3) holds.
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To provide a practical criterion for verifying condition (4.2), we appeal to the
concept of Pringsheim level boundedness.

Definition 4.1. A double sequence of functions (fi;) from X to R is Pringsheim
level bounded if for each « € R there exists a compact set B, along with n € N
such that {fi < a} C B,, whenever k,1 > n.

Lemma 4.1. Let (fi;) be Pringsheim level bounded. IfT' —limy ;o fri = f, then
f is level bounded.

Proof. Let s be a real number and ¢ > s. Since (fy;) is Pringsheim level bounded,
there exist n € N and compact set B; such that {fi; < ¢} C B; whenever k,1 > n.
So liminfy, ;oo {fri <t} C B,. By Theorem 3.3 we obtain

{f<sy<) B
t>s

Since (), , Bt is compact, f is level bounded. [

Theorem 4.2. Suppose that a double sequence of functions (fyx) is Pringsheim
level bounded and T' — limy, ;o0 frr = f. Then equality (4.3) holds.

Proof. Since (fi;) is Pringsheim level bounded and by Lemma 4.1, f is level bounded.
Therefore f attains minimum on X. Hence inf,cx f(z) = mingex f(x). On the
other hand, by Proposition 4.1,

li inf < mi < 0.
im sup fnf fu(z) < min f(z) < oo

Hence there exists an o such that

lim sup in)f{ fri(x) < a.

k,l—oco TE

Thus there exists n; € N such that inf,cx fri(z) < «, whenever k,I > n;. Since
(fr1) is Pringsheim level bounded, there exist a compact set B, and ny € N such
that {f < a} C B,, whenever k,l > ny. Let ng = max{ni,n2}, then for every
k,l > Un)

) = o o)
So condition (4.2) is satisfied. By Theorem 4.1 we have equality (4.3). O

Example 4.3. Define fi; : R — R by

Fu(z) = -1 , =1, for all k,
W)= 1 422 , 1>1, for all k.

Then, (fx) is Pringsheim level bounded and I' — limy ;o0 frr = 1 = f(z). By Theorem
4.2, we have mingex f(x) = limy, ;o0 infrex fri ().
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Remark 4.1. The single sequence version of Theorem 4.2 says that a single sequence of
functions (fx) need to be eventually level bounded. That is, for each o € R there exists
a compact set B, along with n € N such that {fx < o} C B, whenever k > n (see
Theorem 7.8 in [15], and Theorem 7.33 in [20]). However, in Examples 4.2 and 4.3 we see
that infinitely many terms of (fx:) can be level unbounded, but Theorem 4.2 still is valid.
The number of level unbounded functions leads to one of the main difference between
single sequence and double sequence in I'—convergence.

In the rest of the paper, we suggest the procedure to find the minimizers of a
function.

Lemma 4.2. Assume that I’ —limy ;oo frr = f and (zx1) be a double sequence in
X.

(i) If x is a Pringsheim limit point of the double sequence (xy;), then

(4.4) f(x) <limsup fr(zr).

k,l—oc0
(i) If limy oo T = x € X, then

(4.5) f(x) < lminf f(zx).

k,l—o0

Proof. First, we prove (i). Assume that x is a Pringsheim limit point of (zx;). Then
there exist two strictly increasing sequences (k;) and (I;) such that lim; o 2,1, = .
Let U € N(z). For every n € N we can find k;,l; > n such that zy,;, € U and thus

inf inf < fui. )<
Jof inf fe(®) < fro(Tra,) < Sup Tri(zr)

holds. Letting n — oo the above inequality yields

liminf inf fg(z) < limsup fr(zx)-
k,l—oo0 z€U k,l—00

Since U € N (x) is arbitrary we have (4.4).

Now we prove (ii). Assume that limy_ oo T = z. For each U € N (x) there
exists ng € N such that for every k,l > ng, xx; € U and thus inf,cy fr(z) <
fri(zkr). This implies

liminf inf < liminf .
i inf inf fi(x) < liminf fi(2)

Since U € N (x¢) is arbitrary, we have (4.5). O

Theorem 4.3. Assume that I' — limy ;o0 fri = f. Then

(4.6) lim sup(argmin fy;) C ﬂ lim sup(e — argmin fy;) C argminf.

k,l—o0 >0 k,l—o0
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If

(4.7 m limsup(e — argmin fy;) # O,

e>0 k,l—o0
then argmin f # O and

4.8 i — i inf .
(4.8) ;Iggf(y) }:,Izljgop [nf fri(y)

Proof. For every € > 0 and k,l € N, since argmin fi; C € —argmin fi;, we have the
first inclusion in (4.6).

We now prove for each ¢ > 0

(4.9) lim sup(e — argmin fi;) C e — argminf.
k,l—o0

Let ¢ be an arbitrary but fixed positive number and = € limsupy, ;_, ., (e—argmin fy;).
Then there exists a double sequence (z;) C € —argmin fz; such that = € L(,,,). By
Lemma 4.2,

f(x) < limsup fr ().

k,l—o0

Since xy; € € — argmin f; we have

Jri(zr) < (ylél)f{ fr(y) +¢) Vv (_é)

Therefore,
f(x) < limsup fu(zm)
k,l—o00
1
< 1. 'f \/ —_—
< (}Crzljip;gxsz(y)+5) (=2)

< (int f(g) +2) v (=2)

This implies that « € ¢ —argmin f. Therefore inclusion (4.9) holds. Since for every
¢ > 0 inclusion (4.9) holds, we have

ﬂ lim sup(e — argmin f;) C ﬂ (e — argminf) = argminf.
e>0 k,l—o0 e>0

This completes the proof of (4.6).
If condition (4.7) holds, then argmin f # @. Let

T € ﬂ lim sup(e — argmin fy;).
>0 k,l—o0
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For every e > 0, x € limsupy, ;_, (¢ — argmin fi;). From first part of the proof

i F) < @) < Qimsup il fu) +)V (=)

Since ¢ is arbitrary, we obtain

[nf f () < f(2) < limsup inf fu(y) < nf f (y)-

k,J—o0 Y

Hence, z is a minimizer of f and (4.8) holds. [

In the following example, we show the advantage of approaching a function by using
a double sequence in I'-convergence.

Example 4.4. Let X = R and let fu(z) = (z* — 1) V &5 (z — (—l)kJ’l)z. Then the

(12 1) V0. . On the other hand
5% (x — 1)? is -convergent to the

+

double sequence fi; I'-converges to the function f(x) =
we take k = [ the sequence gr = frr(z) = (as2 — 1) vV
function f(z) = (2* — 1) V0.

. —1}, ifk+1is odd .
argmin fiu = { {{1}} ifk + lis even and argming; = {1}.

So limsupy, ; ., argminfi; = {—1,1} and limsup, _, ., argmingx = {1}. By Theorem 4.3,

both —1 and 1 are in argminf. Therefore, it can find more points that minimize the
function f if we use a double sequence instead of a single sequence in I'-convergence.

Theorem 4.4. Assume that I' — limg ;o0 fry = f and

(4.10) liminf(e — argminfy;) # O.
k,l—o00

e>0

Then argmin f # @ and

(4.11) min f (y) = G inf fia(y)-

Proof. If condition (4.10) holds, then from (4.7) we have argminf # . Let

412 lim inf(c — argmin fry).
(4.12) NQO i inf (= — argmin )

Then for every € > 0, x € liminfy ;o (¢ — argminfy;). By Proposition 2.2 there
exists a double sequence (zg;) in € — argmin fi; such that xy; — x. By Lemma 4.2

1
S < i i RN
flz) < lim inf fri(zr) < (lg}gggof ylg( Jr(y) +¢) Vv ( E)

)
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Since € > 0 is arbitrary,

, - < Tminf i
ylg)f( fly) < flx) < lér;a;gjf ylg)f( fra(y)
< 1 inf
= limsup inf Ju(y)
< i .
< ;g)f( fri(y)

Hence, we have (4.11). O

Corollary 4.1. LetI' —limy ;00 fri = f.

(i) If there exists a double sequence (ex;) of positive numbers converging to 0 such
that im supy, ;_, o (€x — argmin fy;) # O, then argmin f # O and (4.8) holds.

(ii) If there exists a double sequence (gy;) of positive numbers converging to 0 such
that iminfy ;o0 (641 —argmin fi) # O, then argmin f # O and (4.11) holds.

Proof. Since (gy;) is convergent to 0, for arbitrary fixed e > 0 there exists ng € N
such that ex; < &€ whenever k,l > ng. Therefore g — argmin fj; C ¢ — argmin f;.
This implies

limsup(eg; — argminfy;) € limsup(e — argmin fx;),
k,l—o00 k,l—o0

liminf(eg; — argminfy;) C  liminf(e — argmin fy;).

k,l—o0 k,l—o0

Since € > 0 is arbitrary, (4.7) and (4.10) are satisfied. This completes the proof. O

Corollary 4.2. Let I’ — limy ;o0 frzx = f. For every k,l € N, let xp € (ep1 —
argmin fy;) where e \ 0.

(i) If x is a Pringsheim limit point of xy;, then x is a minimizer of f and

;réi;g fly) = f(z) = lﬁjip Jri(zr)

(ii) xx — x, then

min f(y) = f(z) = lm fru(zw)

yeX k,l—00

Proof. First, we will prove (). Suppose that z is a Pringsheim limit point of x;.
Then x € limsupy, ;_, o (€x —argminfy;). So (4.7) holds. Therefore x is a minimizer
of f and since zy; € (e, — argminfy;), we have

limsup fxi(zx) = limsup inf fri(y).
ko0 koo YEX
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From (4.8), we have

flz) = gg{l fly) = lgljgop Tri(zrr).

Now, we will prove (i¢). Assume that z5; — x. Then x € liminfy ;o0 (ek —
argminfx;). So (4.10) holds. By xy; € (e — argminf;) and (4.11), we have

lim fr(zr) = lim inf fi(y) = f(z) = min f(y),

k,l—o0 kl—ocoyeX yeX

which completes the proof. O

In the next theorem, we will give a necessary and sufficient condition for the
convergence of minimum values.

Theorem 4.5. Assume that I' — limg ;o0 fry = f and argminf # @. Then
(4.13) ﬂ lim inf(e — argmin f;) = argminf.
>0 k,l—o0

if and only if (4.11) holds.

Proof. Assume that (4.13) holds. Since argminf # (@, (4.10) holds. By Theorem
4.4, we have (4.11).

Now assume that (4.11) is satisfied. Let z € argminf. Then f(z) = minycx f(y)
and

f(z) = lim inf fr(y).

k,l—oc0yeX

Given € > 0. Then there exists ng € N such that for every k,l > ng we have
f(z) = = < inf_fia(y)
2 yeX Y-
On the other hand, since I — limg ;00 frr = f, for each U € N (z)

limsup inf fi;(y) < f(x).
kl—oo YEU

Thus, there exists n; € N such that for every k,l > n, we have
inf fu(y) < f(x) + 5
in )+ =.
ool k\Y 2

Let ny = max{ng,n1}. Then for every k,l > ny we obtain

inf inf )
Jnf fr(y) < [nf Tr(y) +¢
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This implies that U N (¢ — argminfy;) # . It follows that z € liminfy ;,o0(e —
argmin fx;). Since € is arbitrary,

€ [ ] liminf(e — i :
x !]0 ér&l&(a argmin fr;)

Applying this result together with Theorem 4.3 we obtain

argminf C llirlnﬁlgof(e — argmin f;)
ok

- ﬂ lim sup(e — argmin fx;)
>0 k,l—o0

N

argmin f

which completes the proof. O

5. Conclusion

In the present paper, we defined the concept of I'-convergence of a double se-
quence of functions. First, we showed that I’-convergence and pointwise convergence
of a double sequence (fi;) of functions are independent, and proved uniform con-
vergence of a double sequence of functions implies I'-convergence. Later, we proved
I'-convergence of a double sequence of functions coincides with Kuratowski con-
vergence of their epigraphs. Finally, we gave some conditions ensuring that the
I-convergence of a double sequence (fx;) to a function f implies the convergence
of the minimum values of fj; to the minimum value of f and proved if the double
sequence (fx;) T' converges to the function f, then the limit of a double sequence of
points selected from minimum points of fy; is a minimum point of f

In [6, 9] the notion of I'-limit is extended from the case of functions with values in
R to the case of those with values in an arbitrary complete lattice. So, the definition
and results in this paper can be also given for double sequences of functions with
values in an arbitrary complete lattice in this framework.
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