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SOME NEW RESULTS ON PARA-SASAKIAN MANIFOLD WITH A
QUATER-SYMMETRIC METRIC CONNECTION

Abdul Haseeb

Abstract. The objective of the present paper is to study some new results on para-Sasakian
manifold with a quarter-symmetric metric connection. We classify the para-Sasakian
manifold with respect to the quarter-symmetric metric connection satisfying the condi-
tions P.S =0, R.S = 0 and S.R = 0. Also, we obtain the conditions for the manifold with
a quarter-symmetric metric connection to be &-projectively flat and &-conformally flat.
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1. Introduction

In 1924, the idea of semi-symmetric linear connection on a differentiable mani-
fold was introduced by A. Friedmann and J. A. Schouten [2]. In 1930, E. Bartolotti
[5] gave a geometrical meaning of such a connection. Further, H. A. Hayden [6]
introduced the idea of metric connection with the torsion on a Riemannian man-
ifold. K. Yano studied some curvature conditions for semi-symmetric connection
in Riemannian manifold [12] and this was further studied by various authors such
as Kalpana and P. Srivastava [11], Venkatesha, K. T. P. Kumar and C. S. Bagewadi
([13],[27]), I. E. Hirica and L. Nicolescu ([9], [10]) and many others.

In 1975, S. Golab defined and studied the quarter symmetric connection in a
differentiable manifold with affine connection [14]. In 1977, T. Adati and K. Mat-
sumoto defined para-Sasakian and special para-Sasakian manifold [15], which are
special classes of an almost paracontact manifold introduced by I. Sato ([7], [8]).
Recently, semi-symmetric non-metric connection on P-Sasakian manifolds has been
studied by A. Barman [1]. P-Sasakian manifolds satisfying various curvature con-
ditions have been also studied by C. Ozguir [3], D. Tarafdar and U. C. De [4], U. C.
De and G. Pathak [16] and others.
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A linear connection V in an n-dimensional differentiable manifold is said to be
a quarter-symmetric connection [6] if its torsion tensor T is of the form

(1.1) T(X,Y) = VxY = Vy X = [X, Y]
satisfies
(1.2) T(X,Y) = n(Y)pX = n(X)oY,

where 71 is a 1-form and ¢ is a (1,1) tensor field. In particular, if X = X and
@Y =Y, then the quarter-symmetric connection reduces to the semi-symmetric
connection [2]. Thus, the notion of quarter-symmetric connection generalizes the
idea of semi-symmetric connection. And if quarter-symmetric linear connection V
satisfies the condition

(13) (Vxg)(Y,2) =0

forall X, Y, Z € x(M), where x(M) is the Lie algebra of vector fields on the manifold
M, then V is said to be a quarter-symmetric metric connection.

A relation between the quarter-symmetric metric connection V and the Levi-Civita
connection V in an n-dimensional para-Sasakian manifold M is given by[13]

(L4) VxY = VxY +n(Y)pX - g(@X, Y)E.

Definition 1.1. Analmost paracontact Riemannian manifold M" is called &-projectively
flat (resp., £&-conformally flat) if the condition P(X, Y)& = 0 (resp., C(X, Y)& = 0) holds

on M", where the projective curvature tenor (resp., conformal curvature tensor) is
defined by (1.5) (resp., (1.6))

(1.5) P(X,Y)Z = R(X,Y)Z - ﬁ[S(Y, 2)X — S(X, 2)Y]

for any vector fields X, Y, Z € x(M).

1

(1.6) C(X,Y)Z =R(X,Y)Z - =2

[S(Y, Z)X — S(X, 2)Y

+9(Y, 2)QX - g(X, 2)QY] + [9(Y, 2)X = g(X, 2)Y]

r
(n=1(n-2)

for any vector fields X,Y,Z € x(M), where R, S and r are the curvature tensor,
the Ricci tensor and the scalar curvature respectively on M with respect to the
Levi-Civita connection and Q is the Ricci operator with respect to the Levi-Civita
connection and is related to g(QX, Y) = S(X,Y).
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Motivated by the above studies, in this paper we study some curvatures con-
ditions in a para-Sasakian manifold with respect to the quarter-symmetric metric
connection. The paper is organized as follows : In section 2, we give a brief in-
troduction to the para-Sasakian manifold and define the quarter-symmetric metric
connection. In section 3, we discuss the curvature tensor R, the Ricci tensor S and
the scalar curvature r with respect to the quarter-symmetric metric connection. In
sections 4, 5 and 6, we classify the manifold with respect to the quarter-symmetric
metric connection satisfying the conditions P.S = 0, R.S = 0 and S.R = 0, where
P is the projective curvature tensor with respect to the quarter-symmetric met-
ric connection. In section 7, we consider Weyl conformal curvature tensor with
respect to the quarter-symmetric metric connection and discuss its characteristic
properties. In section 8, we investigate the conditions for the manifold with respect
to the quarter-symmetric metric connection to be Weyl conformally flat and Weyl
&-conformally flat.

2. Preliminaries

An n-dimensional differentiable manifold M is said to admit an almost para-
contact Riemannian structure (¢, &, 1, ), where ¢ is a (1, 1) tensor field, & is a vector
field, n is a 1-form and g is a Riemannian metric on M such that

(2.1) P& =0, n(@X) =0, n&) =1, n(X)=g(X <),

(2.2) PPX = X =1(X)E, gdX, DY) = g(X,Y) = n(X)n(Y)

for all vector fields X, Y € x(M). The equation n(&) = 1 is equivalent to || = 1
and then ¢ is just the metric dual of 1, where g is the Riemannian metric on M. If
(¢, &, 1, g) satisfy the following equations:

(2.3) dn =0, Vx&=o¢X,

(2.4) (Vx@)Y = =g(X, Y)& = n(Y)X + 2n(X)n(Y)<,

then M is called a para-Sasakian manifold or briefly a P-Sasakian manifold [14].
Especially, a P-Sasakian manifold M is called a special para-Sasakian manifold or
briefly a SP-Sasakian manifold if M admits a 1-form n satisfying

(2.5) (Vxn)Y = =g(X,Y) + n(X)n(Y).

Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator Q in a
para-Sasakian manifold M with respect to the Levi-Civita connection V satisfies [2]

(2.6) n(R(X, Y)Z) = n(Y)g(X, Z) — n(X)g(Y, Z),

(2.7) R(X, Y)E = n(X)Y = n(Y)X,
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(2.8) R(E X)Y =n(Y)X = g(X, Y)<,

(2.9) S(X, &) = =(n—=Dn(X), Q& =-(n-1),
where g(QX,Y) = S(X,Y). It yields to
(2.10) S(PX, dY) = S(X, Y) + (n = 1)n(X)n(Y)

for any vector fields X, Y, Z € x(M).

An almost paracontact Riemannian manifold M is said to be an n-Einstein
manifold if the Ricci tensor S of type (0,2) is of the form

(2.11) S(X, Y) = ag(X, Y) + by(X)n(Y),
where a and b are smooth functions on M. In particular, if b = 0, then an n-Einstein

manifold is an Einstein manifold.

3. Curvature tensor on a para-Sasakian manifold with respect to the
quarter-symmetric metric connection

If R and R, respectively, are the curvature tensors of Levi-Civita connection V
and quarter-symmetric metric connection V in a para-Sasakian manifold M. Then
we have

(3.1) R(X,Y)Z = R(X, Y)Z + 3¢(¢X, 2)Y — 39(pY, Z)pX

+[NX)Y = n(V)X]n(2) — [n(X)g(Y, Z) — n(Y)9(X, 2)]¢,

where X, Y, Z € x(M).
Contracting X in (3.1), we have

(32 S(Y,2)=S(Y,2) +24(Y,2) - (n + V)n(V)n(Z) - 3 9(dY, 2) ¥,

where S and S are the Ricci tensors of the connections V and V, respectively on M
and 1 = trace ¢.

This gives
(3.3) QY = QY +2Y — (n+ V)n(Y)E — 3 Y .
Contracting again Y and Z in (3.2), it follows that
(3.4) r=r+n-1-3¢?

where F and r are the scalar curvatures of the connections V and V, respectively on
M.



Some New Results on Para-Sasakian Manifold 769

Now, from (2.1), (2.7)-(2.9) and (3.1)-(3.3), we have

(3.5) R(X, Y)E = 2[n(X)Y = n(Y)X],

(3.6) R(X, &)Y = —R(& X)Y = 2[g(X, Y)& = n(V)X],
(3.7) S(Y, &) = -2(n - 1)n(Y),

(3.8) Q& = -2(n - 1)¢,

where X, Y € x(M).

4. Para-Sasakian manifold with respect to the quarter-symmetric metric
connection satisfying P.S =0

The projective curvature tensor P on a para-Sasakian manifold with respect to
the quarter-symmetric metric connection V is given by

1
(n-1)
for any vector fields X, Y, Z € x(M). The manifold is said to be projectively flat with
respect to the quarter-symmetric metric connection if P vanishes identically on M.

(4.1) P(X,Y)Z =R(X,Y)Z - [S(Y, Z)X — S(X, 2)Y]

In this section we study para-Sasakian manifold with a quarter-symmetric met-
ric connection V satisfying the condition

(4.2) P(X,Y).S = 0.
Then we have
(4.3) S(P(X, Y)U, V) + S(U, P(X, Y)V) = 0,

for any vector fields X, Y, Z, U,V € x(M).
Putting U =Y = £ in (4.3) and using the fact P(X, &)& = 0, it follows that

(4.4) S(&, P(X, &)V) = 0.
This implies that

— 1 - —
gIRX OV = =55 (B VIX = S(X V)E), €] = 0.
Using (2.1), (3.6) and (3.7), we get
(4.5) S(X, V) = —2(n — 1)g(X, V).

Thus (4.5) is of the form §(X, V) = ag(X, V) + bn(X)n(V), where a = =2(n — 1) and
b=0.

This result shows that the manifold under the consideration is an Einstein
manifold. Hence we can state the following theorem:
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Theorem 4.1. If a para-Sasakian manifold with respect to the quarter-symmetric metric
connection V satisfies P.S = 0, then the manifold is an Einstein manifold with respect to
the quarter symmetric metric connection.

Now using (3.1) and (3.2) in (4.1), we have

(4.6) P(X, Y)Z = P(X, Y)Z + 3g(pX, 2)Y — 3g(Y, Z)pX

+[MX)Y = n(Y)X]1(2) — [n(X)g(Y, Z) = n(Y)g(X, 2)]&

o200 DX =29, 2)Y = (14 D)X

+Hn+ DnX)n(2)Y = 39(dY, 2)¢ + 39($X, Z)y],

where

4.7) P(X,Y)Z = R(X, Y)Z — [SCY, Z)X — S(X, Z)Y]

(n-1)

is the projective curvature tensor with respect to the Levi-Civita connection. Putting
Z = £ in (4.6) and using (2.1), we get

(4.8) P(X, Y)E = P(X, Y)E.
Thus we have

Theorem 4.2. An n-dimensional para-Sasakian manifold is &-projectively flat with re-
spect to the quarter-symmetric metric connection if and only if the manifold is also &-
projectively flat with respect to the Levi-Civita connection.

5. Para-Sasakian manifold with quarter-symmetric metric connection
satisfyingR.S=0

Now we consider a para-Sasakian manifold with respectto the quarter-symmetric
metric connection V satisfying the condition
(5.1) R(X,Y).S = 0.
Then we have
(5.2) S(R(X, Y)U,V) + S(U,R(X, Y)V) = 0

for any vector fields X, Y, Z, U,V € x(M).
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Putting X = £ in (5.2), it follows that
(5.3) S(R(&, Y)U, V) + S(U,R(&, Y)V) = 0.
In view of (3.6), we have
(54)  nU)S(Y, V) = g(Y, U)S(E, V) + 1(V)S(U, Y) = (Y, V)S(U, &) = 0.
By setting U = ¢ in (5.4) and using (2.1) and (3.7), we get
(5.5) S(Y,V) = =2(n - 1)g(¥, V).

Thus (5.5) is of the form S(Y,V) = ag(Y, V) + bn(Y)n(V), where a = -2(n — 1) and
b=0.

This result shows that the manifold under the consideration is an Einstein
manifold. Hence we can state the following theorem:

Theorem 5.1. If a para-Sasakian manifold with respect to the quarter-symmetric metric
connection V satisfies R.S = 0, then the manifold is an Einstein manifold with respect to
the quarter symmetric metric connection.

6. Para-Sasakian manifold with respect to the quarter-symmetric metric
connection satisfying SR =0

In this section we consider a para-Sasakian manifold with respect to the quarter-
symmetric metric connection V satisfying the condition
(6.1) (S(X, Y).R)(U,V)Z = 0

for any vector fields X,Y,Z, U,V € x(M).
This implies that

(6.2) (XAsY)R(U, V)Z + R((XAsY)U, V)Z + R(U, (XAsY)V)Z

+R(U, V)(XASY)Z =0,
where the endomorphism XAgY is defined by
(6.3) (XAsY)Z = S(Y, Z)X — S(X, 2)Y.
Taking Y = ¢ in (6.2), we have

(6.4) (XAsER(U, V)Z + R(XA58)U, V)Z + R(U, (XAsE)V)Z

+R(U, V)(XAs&)Z = 0.
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From (6.3), (6.4) and (3.7), we have
(6.5) —2(n — D)[nR(U, V)2)X + n(V)R(X, V)Z + (V)R(U, X)Z

+n(Z2)R(U, V)X] - S(X, R(U, V)Z)& — S(X, U)R(E, V)Z

—S(X, V)R(U, £)Z — S(X, Z)R(U, V)& = 0.
Taking inner product of (6.5) with &, we get

6.6) —2(n - D[R, V)Z)n(X) + n(U)n(R(X, V)Z) + n(V)n(R(U, X)2)
+n(2)N(R(Y, V)X)] = S(X, R(U, V)Z) - S(X, U)n(R(E, V)2)

—S(X, V)n(R(Y, £)Z) — S(X, Z)n(R(U, V)&) = 0.
By setting U = Z = £ in the last equation and using (3.5), (3.6) and (3.8), we get
(6.7) §(X, V) =2(n-1)g(X, V) = 4(n = D)n(X)n(V).

Thus (6.7) is of the form §(X, V) = ag(X,V) + bn(X)n(V), where a = 2(n — 1) and
b=-4(n-1).

This result shows that the manifold under the consideration is an n-Einstein
manifold. Hence we can state the following theorem:

Theorem 6.1. If a para-Sasakian manifold with respect to the quarter-symmetric metric
connection V satisfies S.R = 0, then the manifold is an n-Einstein manifold with respect to
the quarter symmetric metric connection.

7. Weyl conformal curvature tensor on para-Sasakian manifold with respect to
the quarter-symmetric metric connection

The Weyl conformal curvature tensor 53 on a para-Sasakian M with respect to
the quarter-symmetric metric connection V is defined by

(7.1) C(X,Y)Z = R(X,Y)Z - ﬁ[é(\c Z)X — S(X, Z)Y

+9(Y, Z)QX - g(X, Z)QY] + [9(Y, 2)X - g(X, Z2)Y],

;
(n-1)(h-2)

where (3 is the Ricci operator with respect to the quarter-symmetric metric connec-
tion and is related to g(QX, Y) = S(X, Y) and r is the scalar curvature with respect
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to the quarter-symmetric metric connection.
By taking inner product of (7.1) with U and using (3.1)-(3.4), we have

7(C(X,Y)Z,U) = g[R(X, Y)Z + 3g(¢X, Z)¢Y — 3g(9Y, Z)pX
+n(X)n2)Y — n(YV)n(Z2)X — n(X)g(Y, 2)¢ + n(Y)g(X, 2)¢, U]

-G L 3 71S0Y, Z)X + 29(%, Z)X ~ (n+ Dn(V)n(2)X

— 39(Y, Z)Xt — S(X, 2)Y — 29(X, Z)Y

+(n+ DO +39(X, 2V

+ 9(Y,2)(@QX + 2X - (n+ D(X)E - 3pX)

—g9(X, Z)(QY +2Y — (n + )n(Y)E — 3¢pYy), U]
r+n-1-3y?

+ mg[g(\ﬂ 2)X - g(X, 2)Y,U].

(7.2)

From which we have
(7.3) C(X,Y,Z, U) = C(X,Y,Z U) + F(X,Y,Z V),
where g(C(X, Y)Z U) = C(X, Y, Z U) and g(C(X, Y)Z U) = C(X, Y, Z, U) are the Weyl

conformal curvature tensor with respect to the Levi-Civita connection and quarter-
symmetric metric connection, respectively on M and

(7.4) F(X,Y,Z,U) = 3[g(¢X, 2)9(pY, V) = g(§Y, Z)g(¢X, U)]

1
-2

[=3n(X)n(2)g(Y, U) + 3n(Y)n(2)g(X, U) + 3n(X)n(V)g(Y, Z)

=3n(V)n(U)g(X, Z) — 49(Y, 2)9(X, U) + 4g(X, 2)g(Y, U) + 3g9(¢Y, Z)g(X, U)y
=39(pX, 2)g(Y, U)p + 39(Y, Z)g(pX, U)y — 39(X, Z)g(Y, U)Y]

n-1-3y?

= D= 229X V) = 9(X, 2)9(Y, U)]-

Thus the Weyl conformal curvature tensor on a para-Sasakian manifold with respect
to the quarter-symmetric metric connection satisfies the following properties:

(7.5) C(X,Y,Z,U) +C(Y,X,Z,U) =0,

(7.6) C(X,Y,Z,U)+C(Y,Z X, U) + C(Z X, Y,U) = 0,

where X,Y,Z, U € x(M).
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8. Para-Sasakian manifold with Weyl conformally flat and Weyl é-conformally
flat conditions with respect to the quarter-symmetric metric connection

Let us assume that the manifold M with respect to the quarter-symmetric metric
connection is Weyl conformally flat, that is, C = 0. Then from (7.1), it follows that

(8.1) R(X, Y)Z = (n—fz)[é(v, Z)X - S(X, 2)Y + g(Y,2)QX

-9(X, 2)QY] - [9(Y, 2)X - g(X, 2)Y].

r
(n-1)(n-2)
Taking inner product of (8.1) with & and using (2.1), we have

8.2) IR 2) = =5 1504, 2100 = S(%, 2)n(Y)

+9(Y, Z)n(QX) — g(X, Z)n(QY)] - [9(Y, 2)n(X) - g(X, Z)n(Y)].

r
(n=1(n-2)
Putting X = £ in (8.2) and using (2.1) and (3.6)-(3.8), (8.2) reduces to
53) S(Y,2) = 2+ —)g(%,2) - 2n + ——)n()().

Thus (8.3) is of the form S(Y,Z) = ag(Y,Z) + bn(Y)n(Z), where a = (2 + =) and
b=-@2n+ ).

This result shows that the manifold under the consideration is an n-Einstein
manifold. Hence we can state the following theorem:

Theorem 8.1. An n-dimensional Weyl conformally flat para-Sasakian manifold with re-
spect to the quarter-symmetric metric connection V is an n-Einstein manifold.

Now from (7.1) and (3.1)-(3.4), we have

(8.4) C(X, Y)Z = C(X, Y)Z + 3g(dX, Z)pY — 3g(dY, Z)pX

1

=2 [=3n(X)n(2)Y + 3n(Y)n(2)X + 3n(X)g(Y, 2)¢

=3n(Y)g9(X, 2)& — 4g(Y, 2)X + 4g(X, Z)Y + 3g(Y, Z)Xy

=3g9(pX, 2)Y¢ + 3g(Y, Z)pXyp — 39(X, Z)pY ]
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n—1-3y?

DY DX -9 Y],

where

C(X,Y)Z =R(X,Y)Z - ﬁ[sw, Z)X - S(X, 2)Y + (Y, Z)QX

—9(X,2)QY] + [9(Y, 2)X = g(X, 2)Y]

r
(n=1(n-2)
is the Weyl conformal curvature tensor with respect to the Levi-Civita connection.
By putting Z = £ in (8.4) and using (2.1), we obtain

1

(85  C(XY)E=C(XY)E+ oy [IOY = n0NX +3n(NPXy

—1-3Y2
3000V + 1 X = 0OV,

Hence we can state the following theorem:

Theorem 8.2. An n-dimensional para-Sasakian manifold is Weyl &-conformally flat with
respect to the quarter-symmetric metric connection if and only if the manifold is also Weyl
&-conformally flat with respect to the Levi-Civita connection provided the trace of ¢ is zero.

Acknowledgement. The author is grateful to the editor and the anonymous refer-
ees for their valuable comments and suggestions.
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