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Abstract. Some generalizations of Pell sequence and Pell-Lucas sequence, namely,
(k, h)-Pell sequence and (k, h)-Pell-Lucas sequence are considered in this paper. We
obtain generating functions, some identities and formulas for the sums of a finite number
of terms and consecutive terms, sums of squares of consecutive terms and alternating
sums of consecutive terms of these sequences. Then, we obtain the eigenvalues and
determinants of particular circulant matrices involving (k, h)-Pell sequence and (k, h)-
Pell-Lucas sequence. Finally, we obtain some upper and lower bounds for the spectral
norms of these circulant matrices.
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1. Introduction

Circulant matrices have excited many researchers ever since their first occurrence
in a paper by Catalan and have been widely used in the analysis of time series .
Also, being a special type of Toeplitz matrix, it has many applications in solutions to
differential and integral equations, spline functions and various problems in physics,
mathematics, statistics and signal processing [14].

Because of interesting and exciting applications of well-known Fibonacci se-
quences and some generalizations of this sequence in the area of numerical analysis,
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combinatory theory, matrix theory and computer sciences, mathematicians have
been fascinated by these sequences.

For instance, Bueno [1] considered a particular right circulant matrix involving
Fibonacci sequence and obtained the formulae for the Euclidean norm and eigen-
values of this matrix.

Bozkurt [4] computed the spectral norms of some matrices connected integer
sequences such as Fibonacci, Lucas, Pell and Perrin numbers. Cerda Morales [5]
considered a particular Jacobsthal sequence, namely, g-Jacobsthal sequence {J, .}
and obtained a generating matrix for the terms of sequence {J, x,} for a positive
integer k. Then, by the aid of this matrix, new identities for this sequence were
established.

Nali and Sen [11] obtained norms of circulant matrices involving a generalization
of Fibonacci numbers. The authors in [12] studied (k, h)-Pell sequence and (k, h)-
Pell-Lucas sequence and found a formulae of n** term and sum of the first n terms
of these sequences.

The first objective of this paper is to investigate new results about (k, h)-Pell
sequence and (k, h)-Pell Lucas sequence. The second objective is to study the norm
properties of circulant matrices associated these recursive sequences. The paper is
organized as follows:

In section 2, we give the generating functions of (k, h)-Pell sequence and (k, h)-
Pell-Lucas sequence. We obtain some new identities and give formulas for the sums
of a finite number of terms and squares of finite terms of (k, h)-Pell sequence and
(k, h)-Pell-Lucas sequence .

In section 3, inspired by the work of Cerin [6], firstly, we demonstrate a theorem
that gives formulas for the sums of a finite number of consecutive terms of (k, h)-
Pell sequence and (k, h)-Pell-Lucas sequence. By using this theorem, we give some
examples that state formulas for the sums of squares of consecutive terms, product
of consecutive terms alternating sums of consecutive terms and alternating sums of
product of consecutive terms of these sequences.

In section 4, we consider particular circulant matrices involving (k, h)-Pell se-
quence and (k, h)-Pell-Lucas sequence. We obtain some formulas for computing the
eigenvalues and determinants of these circulant matrices. Then, we obtain upper
and lower bounds for their spectral norms.

In section 5, we give numerical examples related to eigenvalues, determinants
and Euclidean norm of particular circulant matrices connected (k, h)-Pell sequence
and (k, h)-Pell-Lucas sequence for k =1 and h = 1.

The well-known Pell sequence {P, } has the recursive relation

(11) Pn :2Pn—1+Pn—25

[6], where Py = 0, P, = 1. Now, we consider a generalization of this sequence [12]
which is called (k, h)-Pell sequence and is denoted by I',,. This sequence has the
recursive relation

(1.2) Iy =2k 1 + Ao,
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where 'y = 0, I'y = 2k and k,h € Z, k> +h > 0. Also, we consider generalization
of Pell-Lucas sequence which is called (k, h)-Pell-Lucas sequence and is denoted by
{©,} . This sequence has the recursive relation

(1.3) O, = 2Oy _1 + hOp_s,

where, ©¢ = 2 and O = 2k (see [12]).

More information about Pell sequence, Pell -Lucas sequence, Fibonacci sequence
and some generalizations and applications of these sequences can be found in [3],
[7])- [10] and [13]- [18].

It is known that

" —1

x—1"

n—1
(1.4) sz=1+x+x2+---+x"71:
k=0

Let A= (a;j) isann xn matrix then the maximum column length norm ¢4 (.) and
maximum row length norm 71 (.) of matrix A are defined respectively by

(1.5) max\/m max\/m-
J

The ¢, norm of A is defined by

(1.6) 1Al = (sziﬂp)%

i=1 j=1

For p = 2, this norm is called ” Frobenius” or ”Euclidean” norm and showed by
1Al 5.

Let A = (a;5) and B = (b;;) are m x n matrices. Then, the Hadamard product of
A and B is defined by Ao B = (a;;b;;).

The spectral norm of A is defined by

(17) All2 =/ max X,

where, \; is the eigenvalue of matrix AAY and A¥ is conjugate transpose of matrix
A. There is a relation between Frobenius and spectral norm, that is

(1.8) < [lAllz < [ Alle.

1
—|A
TrlAls

Let A, B and C be m x n matrices and A = B o C, (Hadamard product of B and
C') then we have

(1.9) [All2 < 7r1(B)er(C).
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2. New identities and summation formulas

In this section, we give the generating functions of (k,h)-Pell sequence and (k,h)-
Pell-Lucas sequence. Then, using the Binet like formulas of (k,h)-Pell sequence and
(k,h)-Pell-Lucas sequence, we represent new identities related to these sequences.
Also, we obtain some formulas for the sums of a finite number of terms, sums of
squares of finite terms of (k,h)-Pell sequence and (k,h)-Pell-Lucas sequence.

We start this section with a lemma, which is similar to the well-known Binet formula
[12].

Lemma 2.1. (Binet-Like formula)Let T, be a sequence asl.2 in and ©, be a
sequence as in 1.8. Then, we have

_ 2

(2.1) Do="2(" =), On=a 46"

where, a =k +VEk2+h,B=k—+VEk2+handp=a—f.
As a result of lemma 2.1, we have the following theorem.

Theorem 2.1. Let I',, be a sequence as in 1.2 and ©,, be a sequence as in 1.3.
Then, the following identities are valid.

Dpialno1 = T = 4k%(=1)"A" 7,

0,110, 1 — 02 =4(=1)" A"k 4 h),
Ti1©n 1 — 10,41 = 4k(—1)" 1At
Inyilnge —Dplhys = 8k3(—1)nhn,
0111012 — 0,0,43 = 8k(—1)" T A" (k* + h),
an+1 —Top 1lopy3 = —F%h%_l7

03,41 — ©2,-1O02,43 = 16k*(k* + h)R*" 1,

12
K2+ h
.0, =Ts,,
02,02p41 = Oupy1 + 2h2nk‘,

2
Fonlngilnge = WLHL[F:;M — (=h)"(h*T—1 + kT'n + 2)),

0101+1Ons0 = Osnrs + (—h)"(h20,_; + kOn + 2).

F2nF2n+1 = [@477,4_1 — Qthk] s

Proof. We prove the first identity. By lemma 2.1, we have:

2k % wn omn 2k
Dol T3 = 2 = g2 jant = gt - 2l (an — )P
p p p

2k
(7)2 [2anﬂn _ CY’n+16n—1 _ an—lﬁn-&-l]
p



Generalization of Pell Sequence and Pell-Lucas Sequence 455

- <%>2[—an-lﬁ"—l<a2 + 82— 20p)
4k

— S las" e -

_ ‘;lfz (=)™ 1p? = 4k2(—1) A" L,

Thus, the proof of first identity is completed. The other cases can be proved by
the similar method. O

Theorem 2.2. Let I'), be a sequence as in 1.2 and ©, be a sequence as in 1.3.
Then, the generating function of I, is

2kx
2.2 = -
(22) f(@) 1 —2kx — 22k’
and the generating function of ©,, is
2+ 2kx
(2.3) 9(z) = 1—2kx — x2h

Proof. Suppose that the generating function of I',, has the formal power seriesf(z) =
oo o Tna™. Thus, we get

f(zx) = 2kxf(x) — 2*hf(x) = Z Tpz" — 2kz Z 2™ —2%h Z r,z"
n=0 n=0 n=0

i ann — 2k i Fn_l.’L’n —h i Fn_gl‘n
n=0 n=1 n=2

= To+ (1 —2kTo)z + Y (T — 2k, 1 — Al _p)a™.

n=2

Since '), — 2kI',,_1 — h'_2 = 0, by substituting the initial values I'y and I'y, we
obtain that f(z)(1 — 2kz — 2%h) = 22. Hence, we get

> , 2k
fla) =) Tna" = 1— 2%z — 22h°

m=0

Similarly, we obtain the generationg function of ©,,. [

Theorem 2.3. Let I',, be a sequence as in 1.2 and i be a natural number. Then,
we have 4
- F’L - F(n+1)i + (_h)ll—‘ni
2.4 T = - .
( ) mZ:O 1-0;+ (*h)l
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Proof. According lemma 2.1 we have

S Pwi= 23 (ami gy = 2 lzww - Z(ﬁﬂm] .
m=0 p m=0 p m=0 m=0

By 1.4 we get

n o % 1— (ai)n+1 B 1— (ﬂi)nJrl

Y = S S -

2k [(1 —(a)™H(A - 8) — (1 - (B)"H)(A - ai)]
p (1-a’)(1-p) '

m=0

After some computations, we deduce that

n o % (ai _ ﬂz) _ ((ai)nJrl _ (Bz)n+1) + azﬂz((az)n o (51)71)
2 Tmi = p { 1—(ai +p') +a'p }
2 (af - B7) - ()" — (8)") + Ealfi((al)" — (8)")
1 —(af + B7) + a'B
Li = Lingry + (=h) T
1-0;+ (=h)!

m=0

Thus, the proof is completed. O

Theorem 2.4. Let ©, be a sequence as in 1.3 and i be a natural number. Then,
we have

= _2-0; = O(t1)i + (=1)'On;
(2.5) > O = =6, 1 (b .

m=0
Proof. The proof is similar to Theorem 2.3. [

Example 2.1. For ¢ = 1,2 by theorems 2.3 and 2.4 we have the following summation
formulas.

= 2k —T'(ng1y) — hl'n z Ty — Ttz + h2Ta2,
' = 5 Top = )
mZ:O 1—2k—h mzzo 2 1—0y+h2
- 2—2k —0©,+1 — hO, - 2— 02 — Ot + h?04,
@m = 5 © m = 3
Pt 1—-2k—h mZ:O : 1- 6y +h?
Also, for i = 3 we have
< I's — spi3 — R%Ts, - 2 — O3 — O3p43 — KO3y,
Tam = , m = .
mz:; 3 1—03—h3 ;::0@3 1— 03 —h?
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Theorem 2.5. Let '), be as in 1.2 and ©,, be as in 1.3. Then, we have

2 = 2
m 2 h?2 — 05 +1 + h+1

nil - % l:h2@2n2 —O9, — 65 +2 (_h)n _ 1]
p )

m=0
"21@2 _ (2— 05+ 12Oy, 5 — O, (L
= 1— 0, + h? 1+h )’

Proof. See [12] O

3. More summation formulas

457

In this section, similar to the last section, inspiration by the work of Cerin [6],
we obtain formulas for the sums of a finite number of consecutive terms of (k,h)-
Pell sequence and (k,h)-Pell-Lucas sequence. Furthermore, we give some theorems
that state formulas for the sums of squares of consecutive terms and product of
consecutive terms of these sequences. Also, we present formulas, for the alternating
sums of consecutive terms and alternating sums of product of consecutive terms of

(k,h)-Pell sequence and (k,h)-Pell-Lucas sequence.

Theorem 3.1. Let T, be as in 1.2 and ©,, be as in 1.3. Then, we have

i r o hrm+n + 1_‘m—Q—n—Q—l - th—l - rn
rar n+i — h+2k’+1 )

m

_ h(@m—i-n - @n—l) + ®m+n+1 - @n
Z ®n+i -
=0

h+2k—1 ’
me(—w‘r (D™ A+ (1) T — hLog + T
v n+i — h+ 2k + 1 )
i(fl)i@ _— (_1)m+1h@m+n - h@n,1 + (_1)m@m+n+1 + @n
gt e 2k —h+1 '

= T _ h2 (F2m+2n - F2n—2) - F27n+2n+2 + FQn
Z 2n+27 — 2 _0 +1 )
=0 2

< o ~ h2(O2mi2n — O2n—2) — Oomionia + Oy
Z In+2i =
=0

h? —©5+1 ’
i(—l)’I‘ - h2 [(_1>mr2m+2n + F2n72] + (_1>mr2m+2n+2 + F2n
yard 2n+21 h2 + @2 ¥ 1 9

m

e h? +05+1

i R [(—1)™O2mp2n + O2n—2] + (=1)"O2pmt2n42 + O2p
> (~1)'Osntai = .
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Proof. By definition of I',,, we have I',,; = %(a”” — B, Thus, we get

m m

Z Poyi = Z %(anﬂ - 8"
i=0

i=0 p

_ % - n+i _ 2k n+1i

- p =0 : p ; ﬁ

_ 27 Z o 7571 Z 51
p =0 =0

By using 1.4, we obtain

m _ om+1 _ An+l1
Zrn+i = Qk{an(la) 5”(15)}

i=0 p I-a B
_ 2k {(04" —amtmh (A - B) — (8" — (1 - a)}
p (1-a)1-p5) ’
Hence, by doing a process similar to theorem 2.3, we get the following result
i r o *th+n - F7rL+n+1 + hrn—l + Fn
A —h—2k+1
o hrm+n + Fm+n+1 - hl—‘nfl - Fn
B h+2k—1 '

Other summation formulas can similarly be proved. O

The following theorems present new summation formulas about the consecutive
terms and alternative consecutive terms of (k, h)-Pell sequence and (k, h)-Pell-Lucas
sequence, which we have presented without any proofs.

Theorem 3.2. Let I, be as in 1.2 and ©,, be as in 1.3. Then, we have

- R2[Tomt2n+1 — D2n—1] — Tomt2n+3 + Dont1
> Toptoipr = e, 11

)

il _ h%[O2mi2nt1 — O2n—1] — O2miont3 + O2ny1
Z O2nt2i41 = 6,7 1

)

m

Z(fl)if‘ o R2[(—1)™T2m+2n+1 + Tan—1] + (=1)™Tom+2n+3 + Cont1
s 2n+2i+1 h2 +®2 +1 .

i(—l)l@ R D)™O2miont1 +Oom1] + (=1)"O2mi2nt3 + Oy
« 2n+2i+4+1 h2 +@2 +1 .

1=
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Theorem 3.3. Let '), be as in 1.2 and ©,, be as in 1.3. Then, we have
Sore,
i=0

_ kK [©2n +h*(O2miom — O2n—2) — Oamiani2 o(—h)" 1— (=h)mt!
k24 h h? — O3 +1 1+h '

m
D O
i=0

_ (@2n + h2(@2m+2n — O2p—2) — 92m+2n+2) +2(—h)n ((*h)"hLl - 1) 7

h? —©2 +1 1+h

m
Z F%n+2i
i=0

_ k2 h*(Oam+4an — Oun—a) — Oumitanta + Oup ~ (an2n) h2m+2 _q

k2 +h ht—04+1 h2 -1 ’
m
Z @§n+2i
i=0
h4(@4m+4n - ®4n—4) — ®4m+4n+4 + Oyn o h2m+2 _ q
= + @) —— )
ht—04+1 h2 —1

m
Z T3, 2041
i=0

_ kK [h(Oamiant2 —Oun—2) — Oamiante + Ouni2 +(2n2n ) h2m+2 _ 1

k2 +h ht —04+1 h2 -1 ’
m
Z 9%n+2i+1
i=0
4 _ _ 2m+2 _
_ {h (O4mtan+t2 — Oan—2) — Oum+tants + ®4n+2:| — (2h2n 1y (h 1)
h4 —04+1 h2 —1 '

Theorem 3.4. Let Ty, be as in 1.2 and ©,, be as in 1.3. Then, we have

m

S(=nirs,

=0

kK O2pn + h*((—1)™O2my2n + O2n_2) + (—1)" O 2nt2 _ (e 1—hpmtt
T k24 h h2 + 65 +1 1-h ’
do(=n'en,

i=0

O2n + R2((—1)"O2pmian + O2n—2) + (—1)"O2mi2ni2 nf1—hmtt
= + 2(—=h) _,
h? +©2+1 1—nh

m

S (=13, 0

1=0

Ok R ((=1)™Oumtan + Oan—1) + (1) Oumtanta + Oan (21" R (1) 41
T k2+nh hi4+O04+1 h2 +1 ’

RY((—1)™O4myan — Oun—s) + (—1)"Oumisntas + Oun omy [ BFTTE(=D)™ +1
_ T (onrmy (BEEDT ALY
h*+04+1 h2+1
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m

in2
Z(*l) Dont2it1

i=0

_K? R ((=1) ™ Oumtant2 + Oun—2) + (—1)" Oumtantc + Oany2 + (227 R (=)™ 41
T k24 h ht +04+1 h2 +1 ’

Z(—l)i®§,L+2i+1

=0
[ HED" Oumsinss + Osna) + ()™ Oumtantn + Ounsa] _ ppaniry (BN 41
n ht4+04+1 h2 +1

Theorem 3.5. Let I, be as in 1.2 and ©,, be as in 1.3. Then, we have
m k2 ©1(1+h) +h®O2mi1 — Oamys 1+ hMH(—1)™
Zriri-H _
=0

_ e
e 1— O+ h2 1+h )©1l;

m
O1(1+h) + h?O2imt1 — O2mgs, , 1+ hMH(—1)™
0,0i41 = O1,
; Gt = | 1- 6, +h2 I e
m
Zr2n+2ir2n+2i+1
i=0
_ k2 [@4n+1 + h*(Oamtant1 — Oun—3) — Ountam+s B (1 — h2m+2 Jh26,]
k24+h 1—04+h4 1—h2 ’
m
Z®2n+2i@2n+2i+1
i=0
e —hi© —Oun_3)- O 1 — p2m+2
:[ 4An+4m+5 Am+4n+1 4n—3 4n+1 )h2n@ }
1—04+ht 1— h2

4. Circulant matrices aspects

In this section, we consider particular circulant matrices involving (k,h)-Pell se-
quence and (k,h)-Pell-Lucas sequence. We obtain the eigenvalues and determinants
of these circulant matrices. Then, we find some upper and lower bounds for the
spectral norm of these circulant matrices.

Definition 4.1. [11] A matrix C = [¢; ;] € M, is called a Circulant matrix if it is
of the form ¢; ; = a;—; for j > ¢, and ¢; j = an4j—; for j <.

Now, we define the n x n circulant matrices C,, and D,, with (k, h)-Pell sequence
and (k, h)-Pell-Lucas sequence respectively by

(41) Cn :C’L.’I’C(].—Wo,].—11,].—12,"',].—‘n,l)7
and
(42) Dn :circ(@o,@1,®2,~~,®n_1),

where, T',, is the n'* term of (k, h)-Pell sequence and ©,, is the nt" term of (k, h)-
Pell-Lucas sequence.

From [3] we have the following theorem that presents a formula to compute the
eigenvalues of a circulant matrix.
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Theorem 4.1. Let C = circ(co,c1,¢2,+,Cn—1) @S an n X n circulant matriz.
Then, the eigenvalues of C' are

n—1
)\jzzckwjk7 j:O71,"'7’I’L—1
k=0

where, w = exp(2%) and i = /—1.

n

By applying this theorem, we have the following corollary about the eigenvalues
of circulant matrix 4.1.

Corollary 4.1. Let C, be a circulant matriz asin 4.1 and Aj forj =0,1,2,--- ,n—
1, be the eigenvalues of Cy,. Then, we have

n—1
T, +hl'_1 — 2k
A = Fm = 9
0 mz::O 2%k +h—1

and for j > 1 we have
(2k — hTy,_1)w? — T,

Aj = —
/ 1 — (2k 4+ hw?)wd

where, w = exp(2%Y) and i = /—1.

n

Proof. For j = 0 the result follows from Corollary2.1 and theorem4.1.
For j > 1, by lemma2.1 and theorem4.1 we have

n—1 n—1
; 2k 2mij \ M
A = X mw = 3 a5 ()
m=0 m=0 p
2% T2 2mij 2
= 23 (lae™ )™ - (ge5™)
p m=0

According to 1.4, we get

n 2mij \ n 2mij \ T
A72k 11—« (6”) 1—5 (6 ") 72](7 1—a™ 17671
]717 1—04622” 1_ﬁe¥ 7p 1 — aw’d 1—Bwi|’

where, w = exp(2X) and i = /= 1.
By some computations, we obtain
(a—B)w’ — (" — ") + af(a" ! — " Hw
(1 —awi)(1— Puwl)
[<a — Byw — (a" — B") + af(a" " — 6”‘1)w]}
1—(a+ B)w! + (af)w? ‘

A =

SRR
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Consequently, by lemma 2.1, we deduce that

Tyw! — Ty — hDy_qw?  (2k — A0 )wd — T,
1—2kwi —hw? 1 —(2k + hwi)w?

A=
Thus, the proof is completed. [

Now, we obtain the determinant of circulant matrix 4.1. Firstly, we need the
following lemma from [3].

Lemma 4.1. Let z and y are real variables and w = exp(%) where, 1 = /—1.
Then

n—1

H(x—ywj) =z" —y".

j=0
As a result of the lemma 4.1 we have the following corollary.

Corollary 4.2. Let C, be a circulant matriz as in 4.1. Then, determinant of Cy,
is given by

(2k — hT'p_q)™ — (Tp)™

det(Cy) = =6, + (—hr

Proof. By corollary 4.1, we have

det(C’ ) o ﬁ 1:[ 2]’(} th 1)’LU — F H;l;ol ((Qk - th—l)wj - Fn)
" = s (1 — aw’)(1 — Bw) H?:_()l(l — aw’) H;‘L:_Ol(l — Bwi)
Consequently, according to lemma 4.1 we get

(2k — hT,_1)" — (T)™  (2k — hDy_q)™ — (T,)"
(1—am)(1-p87) —  1-0,+(=h)"

det(Cyp) =
0

Also, we have the following corollaries about the eigenvalues and determinant
of circulant matrix 4.2.

Corollary 4.3. Let D, be a circulant matriz as in 4.2 and v; forj =0,1,2,--- ,n—
1 be the eigenvalues of D,,. Then, we have

me 2k+h—1 ’

and for j > 1 we have

b 2-0, - (2k+hO,_1)uw’
T 1 — (2k + hwi)w’

where, w = exp(2%) and i = /1.
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Proof. The proof is similar to corollary4.1. O

Corollary 4.4. Let D, be a circulant matriz as in 4.2. Then, determinant of of
D, is given by

(2—0,)"—(2k+ hO,_1)"
det(D,) = |Dy| = .
Proof. The proof is similar to corollary 4.2. [

By next theorem, we give the Euclidean norm of circulant matrix C,,.

Theorem 4.2. Let C, be a circulant matriz as in 4.1. Then, the Euclidean norm
of Cy, is

2\/ﬁk‘ h2@9,_9 — O, — Oy +2 (—h)” -1
ICnlle == \/ W20, 41 H

Proof. By definition of Euclidean norm, we have
n—1
ICal =n (T3 +T2 4T3+ +T2 ) =n) I}
k=0

By theorem?2.5 we obtain

2 4k2 h2@2n,2 — 62n — @2 +2 (—h)n -1
W% =n—s 2
”C ||E np2 h2—@2+1 + h+1

Consegently, by taking (%)th power from the both sides of the above equality,
we get

2 2\/516 h2@2n,2 — @2n — @2 +2 (_h)n -1
N2 = p .
1Cull p \/ h2 —0,+1 + h+1
0

Corollary 4.5. Let C,, be a circulant matriz as in 4.1. Then, we have the follow-
ing upper bound and lower bound for the spectral norm of C,

2k hz@gn,Q — O9, — O3 +2 (_h)n -1
v 2 <o,
P h?2—05+1 h+1 < €l

< 2\/’5;{5 h204,,_2 —©O9, — Oy +2 Iy (7h)n7 1
- p h? —05+1 h+1 '
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Proof. Tt follows from 1.8 and theorem 4.2. O

Now, we find the Euclidean norm of circulant matrix D,,.

Theorem 4.3. Let D,, be a circulant matriz as in 4.2. Then, the Euclidean norm
of Dy, is

. 2—0,+ h2@2n72 — O9, 1-— (_h)n
||Dn||E¢ﬁ\/ (RO Oy (L),

Proof. The proof is similar to theorem4.2. [

Corollary 4.6. Let D,, be a circulant matriz as in 4.2. Then, we have the follow-
ing upper bound and lower bound for the spectral norm of D,

2 — Oy + h209,_9 — O, 1-— (7h)n
2 < || D,
\/ 1-0, 112 2 1) S 1Pnll

_ 2 _ _ (—}h\n
<\/ﬁ\/2 O + h20s,_» @2n+2(1 (—h) >

1—09+h2 1+h
Proof. Tt follows from 1.8 and theorem4.3. [

By using the definition of Hadamard product, we obtain an upper bound for the
spectral norm circulant matrix 4.1.

Theorem 4.4. Let C, be a matriz as in 4.1. Then, we have the following upper
bound for the spectral norm of C,,.

4 2 2 = _ ) _R)" 1
p2 h?2 — 05 +1 h+1

Proof. By definition of Hadamard product for C,,, we have

[ Ty It Ty -+ Tpoq |
rhn T I's -~ Ty
c, = Iy I's Ty -+ I4
| Tnr To T -0 Tho |
[1 Iy Ty -+ Th_ Ty 1 1 - 1
1 1 Ty - Ty r, T 1 - 1
_ 1 1 1 I o Ty I's I'y --- 1
11 1 1 Ty To Iy T, ,
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By definition of maximum row length norm and maximum column length norm, we

have
ri(4) = max |y |a;l? =
J

. 471{)2 h204,,_9 — Og,, — Oy +2 P (—h)”—l
o P2 h2 —0Oy+1 h+1 ’

Also, we have

ci(B) = max /zi:|bij|2 =
- 47]{52 h2®2n—2 — @277, — @2 + 2 " 9 (7}1,)” —1
n p2 h? — 0y +1 h+1 '

According to 1.9, we obtain

ICullz < 71(A)ci(B)

2
. 47k2 h204,,_5 — B9, — Oy + 2 4o (_h)n -1
N P2 h? — 0y +1 h+1
% h2@2n_2 — Oy, — 65 +2 9 (7h)n —1
p? h?—05+1 h+1

O

Now, we obtain an upper bound for the spectral norm of 4.2.

Theorem 4.5. Let D, be a matrix as in 4.2. Then, we have the following upper
bound for the spectral norm of D,,.

2 — Oy + h2Og,_5 — Oy, 1— (=h)"
< _— .
|D"”2—< 1—0,+h? >+2( 1+h

Proof. The proof is similar to theorem4.4. [

5. Numerical example

In this section, by using MATLAB software, we present two numerical exam-
ples about the eigenvalues, determinants and Euclidean norm of circulant matrices
C,, and D,, for some values of n.
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Example 5.1. Following table shows the eignvalues, determinants and Euclidean norm
of circulant matrix C, associated with (k, h)-Pell sequence for some values of n (for h =
1,k=1).

[ n [ det(Cn) [ l[Cullz | Eigenvalues of circulant matrix C, ‘
2| 4 2.8284 | -2,2
3| 72 7.7460 | -3.4641, 3.4641, 6
4 | 10240 21.9089 -8.9443, -8, 8.9443, 16
5 | 8067200 58.9915 | -24.67.6, -18.2034, 24.6706, 18.2034, 40
6 | -3.8259+4-¢10 || 156.0769 | -66.0908, 46.1303, 66.0908, 46.1303, -42, 98

Example 5.2. Following table shows the eignvalues, determinants and Euclidean norm
of circulant matrix D,, associated with (k, h)-Pell-Lucass sequence for some values of n
(for h=1,k=1).

l n [ det(D»,) H ||Dnl & [ Eigenvalues of circulant matrix D,,
2] 4 2.8284 | -2,2
3| -224 10.9545 -5.2915, 5.2915, 8
4 | 39600 30.7246 | -13.4164, -10, 13.4164, 22
5 | 4.024e7 83.4266 -35.4980 , -25.5322 , 35.4980 , 25.5322 , 56
6 | -3.0554+ell || 220.6717 | -93.8723 , -65.8179, 93.8723, 65.8179 , -58, 138
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