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Abstract. Let G = (V, E) be a simple graph. A set D C V is a strong dominating
set of G, if for every vertex € V \ D there is a vertex y € D with zy € E(G) and
deg(z) < deg(y). The strong domination number v (G) is defined as the minimum
cardinality of a strong dominating set. In this paper, we study the strong domination
number of Hajés sum and vertex-sum of two graphs.
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1. Introduction

A dominating set of a graph G = (V, E) is a subset D of V such that every
vertex in V'\ D is adjacent to at least one member of D. The minimum cardinality
of all dominating sets of G is called the domination number of G and is denoted
by v(G). This parameter has been extensively studied in the literature and there
are hundreds of papers concerned with domination. We recommend a fundamental
book [8] about domination in general. The various different domination concepts are
well-studied now; however, new concepts are introduced frequently and the interest
is growing rapidly.
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A set D C V is a strong dominating set of G, if for every vertex v+ € D =V \ D
there is a vertex y € D with zy € E(G) and deg(z) < deg(y). The strong domina-
tion number v (G) is defined as the minimum cardinality of a strong dominating
set. A ~yg-set of G is a strong dominating set of G of minimum cardinality st (G).
If D is a strong dominating set in a graph G, then we say that a vertex u € D is
strong dominated by a vertex v € D if wv € E(G), and deg(u) < deg(v).

The strong domination number was introduced in [10] and some upper bounds
on this parameter presented in [9, 10]. Similar to strong domination number, a set
D C V is a weak dominating set of G, if every vertex v € V' \ S is adjacent to a
vertex u € D such that deg(v) > deg(u) (see [6]). The minimum cardinality of a
weak dominating set of G is denoted by 7,,(G). Boutrig and Chellali proved that
the relation v, (G) + A%rl%t(G) < n holds for any connected graph of order n > 3.
Alikhani, Ghanbari and Zaherifard [3] examined the effects on 74 (G) when G is
modified by the edge deletion, the edge subdivision and the edge contraction. Also
they studied the strong domination number of k-subdivision of G.

Motivated by enumerating the number of dominating sets of a graph and the
domination polynomial (see e.g. [1, 4]), the enumeration of the strong dominating
sets for certain graphs has been studied in [14]. Study of the strong domination
number in graph operations is a natural and interesting subject, including join
and corona products, which has been studied in ([14]). In this paper, we consider
other kinds of graph operations which are called Hajos sum and vertex sum of two
graphs. The Hajos sum is useful when either of the network is disrupted and certain
node(s) is(are) not functioning. Then that node(s) is(are) to be identified(fused)
with the node of a network which is functioning properly and thus new network is
constructed.

2. Hajos sum

In this section, we study the strong domination number of Hajos sum of two
graphs. First we recall its definition. Given graphs G; = (V1, E1) and Gy = (Va, E2)
with disjoint vertex sets, an edge z1y; € F1, and an edge x2y> € FEo, the Hajds
sum Gz = Gi(x1y1) +1 Ga(zay2) is the graph obtained as follows: begin with
G3 = (V1 UV, E7 U Ey); then in G5 delete the edges 1y and x2ys, identify the
vertices x1 and zo as vy (x122), and add the edge y1y2 [7]. Figure 2.1 shows the
Hajoés sum of K¢ and Cg with respect to x1y; and xays.

The following theorem gives the lower bound and the upper bound for the strong
domination number of Hajés sum of two graphs.

Theorem 2.1. Let G; = (V1, E1) and Gy = (Va, E3) be two graphs with disjoint
vertex sets, x1y1 € F1 and xoys € Ey. Also, suppose that x1 and xo are not pendant
vertices. Then for the Hajos sum

Gz = Gi(z1y1) +u Ga(22y2),

we have:

,}/st(Gl) + ’Yst(G2) - deg(xl) - deg(l‘g) + 2 S ’Yst(G3) S r)/st(Gl) + Vst(GQ) + 1.
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o Y2

K Ce Ke(z131) +1 Co(zay2)

Fi1G. 2.1: Hajos construction of Kg and Cy.

Proof. First we find the upper bound. Since x; and x5 are not pendant vertices,
then by the definition of the Hajos sum we know that deg(vy (z112)) = deg(z1) +

deg(w2) — 2. Also, deg03 (1) = deg01 (y1), and degG3 (y2) = deng (y2). Suppose
that D, is a ys-set of Gy, for ¢ = 1,2. We have the following cases:

(i)

(iii)

y1 is strong dominated by x1, and ys is strong dominated by x5. Without loss
of generality, suppose that deg(y;) > deg(y2). Let

D3 = (D1 \ {z1}) U (D2 \ {z2}) U {vm(2122), 91 }-

D3 is a strong dominating set of G3, because y is strong dominated by y1,
and every other vertices in D3 is strong dominated by the same vertices as
before or vy (z122). So we have

’Yst(G?)) S VSt(Gl) + 'VSt(G2)-

Y1 is strong dominated by z1, and y» is not strong dominated by z3. In this
case, we may have yo € Dy or yo € Do, and we may have x5 € Do or zo € Ds.
Let

D3 = (D1 \{z1}) U (D2 \ {x2}) U {vg (2122), 91}

D5 is a strong dominating set of Gs, because if y5 € D,, then it is strong
dominated by the same vertex as before, and every other vertices in Ds is
strong dominated by the same vertices as before or vy (zix3). So, in the
worst case, which is 2o € Do, we have

Y5t (G3) < Vst (G1) + 75t (G2) + 1.

y1 is not strong dominated by x1, and y, is not strong dominated by z5. By
a similar discussion as part (ii),

D3 = (D1 \ {z1}) U (D2 \ {z2}) U {vu(z122)},
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is a strong dominating set of G35, and in the worst case, we have
Vst (G3) < Y5t (G1) + Y61(G2) + 1.
x1 is strong dominated by 1, and xs is strong dominated by 5. Then clearly
D3 = Dy UDyU {vg(z122)},
is a strong dominating set of G3, and we have

'Yst(G?)) < '7st(G1) + ’Yst(GQ) + 1L

x1 is strong dominated by 1, and x2 is not strong dominated by ys. Then we
may have g5 is strong dominated by x2, which we have the result by similar
argument as case (ii). Otherwise, by a similar argument as part (ii),

D3 = (Dl U Doy \ {{L‘Q}) @] {UH(:El.TQ)}.
is a strong dominating set of GG3, and in the worst case, we have

Y5t (G3) < Yt (G1) + 75t (G2) + 1.

x1 is not strong dominated by y1, and x5 is not strong dominated by ys. Then
we may have y; is strong dominated by z1, and ¥s is strong dominated by s,
which gives us the result by case (i), or we may have y; is strong dominated
by x1, and ys is not strong dominated by 2, which gives us the result by case
(ii). Otherwise, by similar argument as before,

D3 = (D1 \ {z1}) U (D2 \ {z2}) U {vm(z122)},

is a strong dominating set of GG3, and in the worst case, we have

Y5t (G3) < Yt (G1) + 75t (G2) + 1.

So, in general, we have V5t (G3) < Yst(G1) + 75t (G2) + 1. Now, we find the lower
bound. Suppose that S5 is a vs¢-set of G3. We find strong dominating sets of G
and G2 based on S3. We consider the following cases:

(i)

vy (z129) € S3. Here we consider the following sub-cases:

(a) n € Sz and yp € S3. If vy (z122) is not strong dominating any vertices
in S3, then

S = (53 \ (V(Gg) U {UH(xle)})) U {a1)

is a strong dominating set of GGy, and

Sy = (53 \ (V(Gl) U {UH(xle)})) U {a2)
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is a strong dominating set of Gy. But, if vy (zi22) is strong dominat-
ing some vertices in Ss, then after forming G; and G from G, then if
deg(x1) > max{deg(u) | v € N(z1)}, and deg(z2) > max{deg(v) | v €
N(z2)}, we consider Sy and So as mentioned. If deg(x;) > max{deg(u) | u €
N(z1)}, But deg(zz) # max{deg(v) | v € N(z2)}, we consider Sy as
mentioned, and let

Sy = (Sg\ (V(Gl) U {vH(xwz)})) U N(z2),

then one can easily check that S5 is a strong dominating set of Gs. If
deg(z1) # max{deg(u) | u € N(z1)}, and deg(z2) # max{deg(v) | v €
N(z2)}, we consider

S1= (8a\ (V(G2) U{vn(r22)}) ) UN (),

and

Sy = (53\ (V(Gl) U {UH(xlxz)})) U N(z2).

Here S; and S; are strong dominating sets of G; and G4, respectively.
So in the worst case we have

Y5t (G1) + Vst (G2) < 75t(G3) — 1 + deg(z1) — 1+ deg(z2) — 1.

(b) y1 € Sz and y2 ¢ S3. If vy (w172) is not strong dominating any vertices
in S3, then one can easily check that

Sy = (53 \ (V(Gg) U {UH(g;m)})) U {a1)

is a strong dominating set of GG, and one of the

S2= (S5 (V(G) U fvm (0122)}) ) U {aa},

or

Sy = (82 \ (V(G1) U{va(er22)}) ) U fu)

is a strong dominating set of G (or possibly both are strong dominating
sets of G2). Otherwise, by similar argument as part (a), we conclude
that

’Yst(Gl) + Vst(GQ) S ’Yst(GS) -1 + deg(xl) -1 + deg(xg)
(¢) y1 ¢ S3 and y2 ¢ S5. Then there exists y; € V(G1) such that y; is

strong dominated by that, and there exists y5 € V(G2) and is strong
dominating y,. Then one can easily check that

S = (53 \ (V(Gg) U {UH(xle)})) U {a1)
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is a strong dominating set of G, and

Sy = (Sg \ (V(Gl) @] {UH(.’L‘ll’Q)}>) U {.’L‘Q}
is a strong dominating set of G2, and we have
Vst(Gl) + ’75t(G2) S ’Yst(GS) + 1.

(i) vg(x122) ¢ S3. Without loss of generality, suppose that there exists x} €
V(G1) such that vy (x122) is strong dominated by a}. We consider the fol-
lowing cases:

(a) y1 € S3 and yo € S3. Then one can easily check that
S1= 83\ V(G2)
is a strong dominating set of GGy, and
Sz = (93 \ V(G1)) U{xz}
is a strong dominating set of G3. So
Yst(G1) + Y5t (G2) < 7s(G3) + 1.
(b) y1 € S5 and yo ¢ S5. Then
S1 =53\ V(Ga)
is a strong dominating set of GGy, and
Sz = (93 \ V(G1)) U {x2}
or
Sy = (S3\ V(G1)) U {2}
is a strong dominating set of G (or possibly both are strong dominating

set of G3). So
Vst (G1) + Y5t (G2) < 75t (G3) + 1.

(¢) y1 ¢ S3 and yo ¢ S3. Then by considering similar sets as part (a), we
have
Yt (G1) + st (Ga) < 7:e(G3) + 1.

Therefore we have 7st(G3) > 5t (G1) + 7st(G2) — deg(z1) — deg(w2) + 2, and we are
done. O

Remark 2.1. The lower bounds in Theorem 2.1 is tight. Consider Figure 2.2. One can
easily check that the set of black vertices in each graph is a strong dominating set and
the equality holds. This idea can be generalized and therefore there is an infinite family
of graphs such that the equality of the lower bound holds. Also, the upper bounds in
Theorem 2.1 is tight. Consider Figure 2.3. By an easy argument, the set of black vertices
in each graph is a strong dominating set of that and the equality of the upper bound holds.
Since this idea can be generalized, then there is an infinite family of graphs such that the
equality of the upper bound holds.
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Gi(ziyt) +1 Ga(zay)

Fi1G. 2.2: Hajos construction of G; and Gbs.

O

e}

m U3 ‘e

e G Gi(z1y1) +u Ga(xamp)

A

Fi1G. 2.3: Hajos construction of G; and Gbs.

3. Vertex-Sum

In this section, we focus on the strong domination number of vertex-sum graphs.
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Given disjoint graphs Gi,...,Gg with u; € V(G;), i = 1,..., k, the vertex-sum of
G1,...,Gyg, at the vertices uy, ..., ug, is the graph Gl—L—GQ—L— e jZGk obtained from
G1,...,Gy by identifying the vertices u;, 1 = 1,...,k, as the same vertex u. This
definition is from [5] by Barioli, Fallat and Hogben. We call u the central vertex of
the vertex-sum. The vertex-sum of ¢ copies of a graph G at a vertex u is denoted by
G!, t > 2. For the sake of simplicity, we may assume that the vertex u belongs to
all the G;. Recently the distinguishing number and the distinguishing threshold of
some vertex-sum graphs have been studied in [11]. The following theorem gives the
lower bound and the upper bound for the strong domination number of vertex-sum
of two graphs.

Theorem 3.1. For the vertex-sum of disjoint graphs G1,Gs,...,G, with u; €
V(G;),1=1,2,...,k, we have

k k
<Z 'Yst(Gi) - deg(”z)) +1 S stt(Gl + G2 +...+ Gk) S <Z W/st(Gi)> +1
i=1 i=1

Proof. First we find the upper bound. Suppose that D; is a ~g-set of G;, for
i=1,2,...,k. Then clearly

k
D=JD;u{u},
i=1

is a strong dominating set of Gy —|— Gao+. —l—Gk, and we are done. Now, we consider
u

the lower bound and prove it. Suppose that S is a yg-set of Gy + Go + .+ Gy

u
We find strong dominating sets of G;, for ¢ = 1,2,...,k, based on S. We have two
cases:

(i) u ¢ S. Then there exists v’ € S and is strong dominating u. Without loss of
generality, suppose that v’ € V(G1). Then one can easily check that

k
S1=5\ (U V(G»)

is a strong dominating set of GGy, and for 1 =2,3,...,k,

Si = (SU {Ui}> \ Q V(G;)

is a strong dominating set of GG;. So we have

vat ) <Gt Gat 4G+ h -1,

u

which is not in contradiction of the lower bound.
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(ii) u € S. If after forming each G;, foralli = 1,2,..., k, deg(u;) > max{deg(v) | v €
N (u;)}, then

SZ-:(SU{ul) Uv YU {u}

J#L

is a strong dominating set of G;, for i = 1,2,...,k. So we have

Z’Yst <’Yst(G1+G2+ A+ G+ k-1,

u

which is not in contradiction of the lower bound. The worst case happens
when after forming each G;, for all i = 1,2,... k, deg(u;) < max{deg(v) | v €
N(u;)}. Then by considering

Si = (SUN(@u))\ UV JUf{u} |,

J#l

one can easily check that S; is a a strong dominating set of G;, for i =
1,2,...,k. So we have

k
Z'yst < ’Yst(Gl + Gso + —z'; Gk) + <Z deg(uﬁ) —1.
=1

Therefore we have the result. [
As an immediate result of Theorem 3.1, we have:

Corollary 3.1. For the vertez-sum of t copies of a graph G at a vertex u, we have
t(vst(G) — deg(u)) +1 < 94(Gh) <ty (G) + 1.

Remark 3.1. Bounds in Theorem 3.1 are tight. For the upper bound, consider G; as
shown in Figure 3.1. The set of black vertices is a ~st-set of G;. Now, if we consider
G1+ G2 + ...+ Gg, then we need all black vertices and u in our strong dominating set.

u u u
Therefore the equality holds. By generalizing this idea, we have an infinite family of
graphs such that the equality of the upper bound holds. For the lower bound, consider
G as shown in Figure 3.2. The set of black vertices, say S;, is a vst-set of G;. Now, if we
consider G —|— Gz +. —|— G, then clearly (U S U {u}) \ (U N(u1)> is a 7s¢-set, and

u
we are done. By generahzmg this idea, we have an infinite family of graphs such that the

equality of the lower bound holds.
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Fic. 3.2: Graph G;, fori =1,2,... k.
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