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Abstract. In this paper, a new method is given for counting cycles in the Tanner
graph of a (Type-1) quasi-cyclic (QC) low-density parity-check (LDPC) code which the
complexity mainly is dependent on the base matrix, independent from the CPM-size of
the constructed code. Interestingly, for large CPM-sizes, in comparison to the existing
methods, this algorithm efficiently counts the cycles of any lengths in the Tanner graphs
of QC-LDPC codes. In fact, the algorithm recursively counts the cycles in the parity-
check matrix column-by-column by finding all non-isomorph tailless backtrackless closed
(TBC) walks in the base graph and enumerating theoretically their corresponding cycles
in the same equivalent class. Moreover, this approach can be modified in few steps to
find the cycle distributions of a class of LDPC codes based on Affine permutation
matrices (APM-LDPC codes). Interestingly, unlike the existing methods which count
the cycles up to 2¢g — 2, where g is the girth, the proposed algorithm can be used to
enumerate the cycles of arbitrary length in the Tanner graph. Moreover, the proposed
cycle searching algorithm outperforms a number of previously known methods, in terms
of computational complexity and memory requirements.
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1. Introduction

Low-density parity-check (LDPC) codes, first discovered by Gallager [7], were redis-
covered about 30 years later to be Shannon limit-approaching codes over additive
white Gaussian noise (AWGN) channels [18],[13]. It is established that the perfor-
mance of LDPC codes under iterative decoding depends upon certain combinatorial
structures such as multiplicities and distribution of short cycles in the Tanner graph.
When there are short cycles in the Tanner graph, the belief-propagation algorithm
(BPA) does not converge to maximum likelihood performance [24]. This is because
a message delivered by a node along a cycle will propagate back to the node it-
self after several iterations causing decreasing of independence in the messages sent
afterward.

Large girth, however, is not sufficient to ensure a good graphical model. The
performance of two LDPCs with the same girth, but a different number of short
cycles, can be significantly different. The regularity or non-regularity of the cycle
structure of a graph (i.e., how a randomness effect of the graph appears) also af-
fects graphical code model quality. For example, the introduction of irregularity to
LDPC designs is known to improve performance [23]. In summary, good graphical
models of codes imply to have large girth, small number of short cycles, or some
cycle structures which are not overly regular. Based on the connection between the
performance of a code and the properties of its associated graphical model, charac-
terizing the cycle structure of a graphical model is of great interest. The difficulty
in enumerating and counting cycles and paths in arbitrary graphs may prevent an
efficient search of good LDPC codes with small short cycles. To solve the problem,
this paper presents a new algorithm of counting short cycles by analyzing the shapes
of the cycles of Tanner graph in base matrix for designing good LDPC codes which
is less complex than the existing algorithms.

Uunlike the existing algorithms based on matrix multiplication [11], [13], which
are computationally complex and time-consuming, the proposed method has a lower
complexity for counting short cycles. In the proposed method, all of the chains
associated to TBC walks in the protograph of a QC-LDPC code are classified by
a non-isomorphic relation, while each chain corresponds to some cycles which are
enumerated by the period of some sets (in fact, these sets are the row indices
of the nonzero elements in a block which have the same topological shapes when
traversing the walk by starting from each element of the set). This method can be
used effectively to evaluate the performance of LDPC codes according to their short
circle distributions.

Several methods have investigated the parity-check matrices to ensure that the
associated TGs are free of short cycles [18], [13]. However, LDPC codes are often
designed without explicit constraints on the girth. In [1], a method for counting
cycles of length less than 8 is presented, however, this method is complex for longer
cycles and addresses the restricted problem of counting the cycles of length g, g + 2
and g + 4 in bipartite graphs with girth g. In [14], a novel theoretical method is
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proposed to evaluate the number of closed paths of different lengths in an all-one
base matrix up to closed paths of length 10. The algorithm in [11], [17], which is
capable of counting short cycles g,g + 1,--- ,29g — 1 in a general graph, and short
cycles of length g,g+2,--- ,2¢g—2 in the Tanner graph. The algorithm [17] is based
on performing integer additions and subtractions in the nodes of the graph and
passing extrinsic messages to adjacent nodes. The complexity of the method [17] is
O(g|E|?), where |E| is the number of edges in the graph. The proposed method in
[21] is based on the relationship between the number of short cycles in the graph
and the eigenvalues of the directed edge-adjacency matrix of the graph. In order to
find the eigenvalues of the directed edge matrix of the graph, one needs to find the
eigenvalues of N matrices, each of size |Ey| x | Ep|. This reduces the complexity from
O(N3|Ey|?) to O(N|E,|?), which |Ep| is the number of directed edges in matrix
of the base graph. Compared to the complexity O(g|E|?) = O(gN?|Ep|?) of the
algorithm in [17], the proposed algorithm is less complex if gN grows faster than
|Ep|. This would be the case for protograph codes with small base graph and
large lifting degree. In terms of memory requirements, for example, for a regular
LDPC code of variable node degree d,,, the proposed method needs N|Ey|?> memory
location eigenvalues of N matrices. The algorithm of [17], on the other hand, needs
2d,|E| locations, which would be less than that of the proposed method if |Up| > 2.

For fixed values of k < 13, there are explicit formulae [12], [3] and [22], ex-
pressing the number of cycles of length k£ through adjacency matrix graph. The
computational complexity of these formulae for £ < 7 is of the same order as the
multiplication of n x n matrices, and for k > 8, it is the amount of O(nl*/? logn),
where n is the number of vertices. It is known that the complexity of counting
cycles of length k in arbitrary graphs inevitably increases with &k [5]. A number
of works devoted to counting short cycles in bipartite graphs LDPC-code is char-
acterized by low density and the value of the girth ¢ > 6. The feature of most
the methods discussed below is that by limiting the length of the cycle (relative to
girth) is achieved while the O(n*). Thus, the authors of [11] (Halford) presented
an algorithm for girth g bipartite graph, and count the number of cycles of length
g,9 + 2 and g + 4 with the same order of complexity that multiplication n x n
matrices (for fixed g). They showed that in addition to the girth, the number and
statistics of short cycles are also important performance metrics of the code. The
complexity of their method is O(gn?), where n is the size of the larger set between
the two node partitions.

In [8], [19], some affine permutation matrices (APM) are used to generate a class
of LDPC codes, called APM-LDPC codes, which are not QC in general. Unlike
Type-I conventional QC-LDPC codes, the constructed (J,L) APM-LDPC codes
with the J x L all-one base matrix can achieve minimum distance greater than
(J 4+ 1)! and girth larger than 12. Moreover, the lengths of the constructed APM-
LDPC codes, in some cases, are smaller than the best known lengths reported for
QC-LDPC codes with the same base matrices. As an advantage, the constructed
APM-LDPC codes are flexible in lengths and rates. In some cases the lengths of the
constructed codes are smaller than the best known lengths reported for the lengths
of QC-LDPC codes in [2], [16], [6], [20], [10], [4]. Another significant advantage
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of the constructed APM-LDPC codes is that they have remarkably fewer cycle
multiplicities compared to QC-LDPC codes with the same base matrices and the
same lengths. Simulation results show that the constructed APM-LDPC codes with
lower girth outperform QC-LDPC codes with larger girth.

This paper is organized as follows. In Section 2., first, some preliminaries and
notations useful for the next sections of the paper are provided. Then, cycles
of QC-LDPC codes and APM-LDPC codes are investigated in Section 3.. Some
modular equations and allowable and non-allowable chains are defined to estimate
the number of cycles in the Tanner graph of a QC (APM) LDPC code. Finally,
for a given binary matrix B, an algorithm for counting the cycles of a QC (APM)
LDPC codes is introduced in Section 4. and then, the complexity of this algorithm
is investigated.

2. Preliminaries and Definitions

An undirected Graph G = (V, E) is defined as a set of nodes V and a set of edges
E, where E is some subset of the pairs {{u,v} : u,v € V,u # v}. A walk of
length k in G is a sequence of nodes v1,va, -+, V541 in V such that {v;,vi41} € E
for all ¢ € {1,---,k}. Equivalently, a walk of length k can be described by the
corresponding sequence of k edges. A walk is closed if the two end nodes are
identical, i.e., v; = vi41 in the previous description. A closed walk is backtrackless
if e;, # e;,41 for each 1 < s < k and it is tailless if e;; # e;,. Let v,k be some
positive integers and V = {1,2,...,v}. By a (v, k) block-design, we mean a list of
k subsets B;, 1 < i < k, of V, denoted by B = [By, Ba,..., Bg]. In this definition,
B;, 1 < i <k, are called the blocks and the term list is used to allow the repetition
and the ordering of the blocks. A bipartite graph, called Tanner graph TG(H), is
associated to an LDPC code with the parity-check matrix H. It collects variable
nodes and check nodes corresponding to the columns and rows of H, respectively,
and each edge connects a check node to a bit node if nonzero entry exists in the
intersection of the corresponding row and column of H. The girth of a code with a
given parity-check matrix H, denoted by g(H), is the length of a shortest cycle in
TG(H) which is always an even number.

Protograph codes [25] are a class of structured LDPC codes, constructed from
a bipartite graph with relatively small number of variable nodes and check nodes,
called a protograph. In the construction, the first step is to choose a protograph
with a near capacity decoding threshold as a building block and then to make copies
of the chosen protograph and permute the edges of copies according to certain rules
to connect them into a Tanner graph of larger size. The parity-check matrix of
a protograph code can be obtained from the incidence matrix of protograph with
the replacement of each 1 and 0 by some m x m permutation and zero matrices,
respectively. By considering such permutations as circulant permutation matrices
(CPM) or affine permutation matrices (APM), two classes of protograph codes,
called (Type I) QC-LDPC codes and APM-LDPC codes, respectively, can be defined.
For some integers m, s and a, satisfyingin 0 < s < m, 1 < a < m and ged(a,m) =1,
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by the APM I with slope s and shift a, briefly 7°** when m is known, we mean a
m x m binary matrix (e; j)oi,j<m in which e; ; = 1 if and only if ¢ = aj+ s mod m.
In fact, I®% is the m x m binary permutation matrix for which the only non-zero
element in the first column occurs in position s, and each other column is shifted
down by a positions, regard to the previous column. In particular, if a =1, I;;* is
denoted by I? which is called a CPM of size m and slope s. Hence, APM LDPC
codes can be considered as a generalization of QC-LDPC codes.

Based on the evidence obtained that connecting the performance of a code and
the properties of its associated graphical model, characterizing the cycle structure
of a graphical model is of great interest. The difficulty in enumerating and counting
cycles and paths in arbitrary graphs may prevent an efficient search of good LDPC
codes with small short cycles. To solve the problem, we first present a new recursive
algorithm for counting short cycles in QC LDPC codes based on analyzing the TBC
walks in protograph having less complexity rather than the other existing methods.
Then, we use a modified version of this algorithm to count the cycles in APM-LDPC
codes.

3. Cycles in QC & APM LDPC codes

As QC-LDPC codes can be embraced in the class of APM LDPC codes and for
simplicity of notations, we first set up the notations and terminologies for the case
of APM-LDPC codes, then we apply them for QC-LDPC codes. For some positive
integers v, k, v < k, let B be a v x k binary matrix and B = [By, Bs, ..., Bi] be
the corresponding (v, k) block-design with blocks B; C V = {1,2,...,v}, where
each B; is the row-indices of non-zero elements of the ith column of B. For positive
integer m, by a (m, BB)-slope vector and a (m, B) shift vector, we mean two finite
sequences S = (8;;)1<i<v,jen;, and A = (a; ;j)1<i<v,jeB;, respectively, such that
each s; ; belongs to Z,, and a;; belongs to Zy,, where Z,, is the ring of integers
modulo m and Z}, = {a € Z : ged(a,m) = 1}. Now, for given (m, B)-slope vector
S and (m, B)-shift vector A, let H,, 5,54 be the vm x km parity-check matrix of
an APM-LDPC code with APM size m obtained by replacing each zero and (3, j)
non-zero element of B by the m X m zero matrix and I°i-%.i  respectively. For the
case of QC-LDPC codes, i.e. when A is a fully one matrix, we just use H,, 5,5 to
denote the corresponding parity-check matrix. Now, the following theorem is very
useful to verify the cycles in the Tanner graph of each APM-LDPC code.

Theorem 3.1. ([8]) Each 2i—cycle in TG(H.,,8,5,4) corresponds to a finite chain
(i07 jOa ila .j17 RS Z.l—lv jl—l)a Z.l = 7;07 such that for each 1 g k g lv {ik—laik} g
Bjk—l’ k-1 7& Ik, Jk—1 7é Jk, and for A = Zic;lo(pksik»jk - pk+1sik+1,jk)7 where
pp = Hi;lh Qi i a;jjk mod m, 0 < h <1 —1, one of the following relations holds:

1. pp=1and A =0.
2. ged(po — 1,m)|A.
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F1c. 3.1: An unallowable 14-cycle sequence.

Especially, for QC-LDPC codes, Theorem 3.1 can be simplified as follows.

Theorem 3.2. ([6]) Each 2]—cycle in TG(H,, 5,s) corresponds to a 2{-cycle chain
(i0, jos i1, J1s -+ i1—1, ji—1) in which S (si, jo — Siy, ) =0 (mod m).

Hereinafter, each finite chain (ig, jo, %1, j1, .- ., @1—1, ji—1) satisfying in Theorem 3.1
for APM-LDPC codes (or Theorem 3.2 for QC LDPC codes) is called a 2[-cycle
chain.

The converse of Theorem 3.1 is not true in general. In other words, each 2[—cycle
chain may be induces a cycle in the Tanner graph with length less than 2[. In this
case, this cycle chain contains a 2k-cycle chain, for some k£ < [ and some middle
points in the cycle return on their owns. This situation describes a non-allowable
cycle chain, otherwise, i.e. if the cycle chain doesn’t contain smaller cycle chain, we
say that the cycle chain is allowable. For example, Fig. 3.1 shows the cycle chain
(2,2,0,1,1,2,0,1,1,0,2,2,1,0) which is non-allowable, because it contains smaller
cycle chain (2,2,0,1,1,0,2,2). For non-allowable cycle chains, it is noticed that the
elements of the proper sub-chain are not essentially successive in the parent cycle
chain.

In the next section, we give a necessary and sufficient condition for a cycle-chain
in a APM LDPC code to be allowable. Let L = (ig, jo,%1,71,---,%—1,ji—1) be a
2l-cycle chain in a APM LDPC code with (m, BB)-slope vector S = (s; ;)1<i<v,jeB:
and (m, B) shift vector A = (a; ;)1<i<v,je, Wwhere B = [By,Bs,...,By] is a (v, k)
block-design for some v, k. Now, for a given 0 < r < m — 1, define the sequences
(67128 and (671)1Z) recursively, as follows:

—,0 __ —,t+1 o —1 —,t o X .

o7 =, 07T = aiy gy g,aq, 5, (07" = Sig5,) + Siy g5, mod m,
10 _ =1 Tkl —1 Y

0" _aig,jo(r Slodo) mod m, §" _ait+1,jt+1(a’2t+ldt6 TSy Slt+1,h+1) mod m

Lemma 3.1. L is allowable if and only if for each p,q,7, 0 < p < ¢ <1 —1,
0<r<m-—1, wehave 7% # §7P when i, = i,, and 679 # §"P when j, = j,.
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Fia. 3.2: An allowable 16—cycle chain (1,2,0,0,1,1,0,0,1,2,0,0,1,1,0,0) in H.

Proof. Corresponding to the cycle chain L = (ig, jo, i1, 1, - -, 41—1, ji—1), let P =
V1V ... Ug¥2141, U1 = Vgi4+1, be the closed path starting from the point v; having
row-index r in the block (ig,jo) of the parity-check matrix H. Without loss of
generality, let vy be the point having the same column-index with vy, therefore
each vertex vg, 1 < k < 2[, with the odd or even index k belongs to the block
(ip jp) OF (ip, jp—1), respectively, where p = | £]. Clearly, the column-index of vy is

;0}]-0 (r — Siy,5,) mod m. Moreover, for each 1 < k < 21, it can be seen easily that
6% and T* are the row and column indices of the point vy, respectively. Now,
if L in not allowable, then for some 0 < r <m—1land 1 < k+1< k' <2l two
middle (not successive) points v and vy belong to the same column-block of H,
whereas they have the same column-indices, i.e. 677 = §™% and j, = j,, where
p = LgJ < q = L%/J, or v and vy belong to the same row-block of H, while
their row-indices are the same, i.e. 67 = 679 and 4, = i4. Now, the proof is

completed. [

For QC-LDPC codes, allowability of cycle-chains in Lemma 3.1 can be simplified
as follows.

Lemma 3.2. Let L = (ig,j0,%1,71,---,%—1,Ji—1) be a 2l-cycle chain in a QC
LDPC code with (m, B)-slope vector S = (s; j)1<i<v,jeB;; Where B = [Bq, Ba,. . ., By]
is a (v, k) block-design for some v, k. Then, L is allowable if and only if for each
p,q, 0 < p <gq<1l—1,if we define A = ZZ:p(siHl,jk — Siy.jx) mod m and
AL =2k (Sivirdngr — Sinser.gp) mod m, then for each 0 < p < ¢ <1—1, we have
Ay, # 0 when i, = ig, and A;’q # 0, when j, = j,.

Example 3.1. Let H be the parity-check matrix of a QC LDPC code shown in
Fig. 3.2 with (10, B)-slope vector (so0,51,0,50,1,51,1,50,2,51,2) = (0,0,0,1,0,4),
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where B = [{1,2},{1,2},{1,2}]. The dash lines indicates the 16—cycle chain
(1,2,0,0,1,1,0,0,1,2,0,0,1,1,0,0) in H which corresponds to the relation (sj 2 —
50,2) + (50,0 —51,0) + (51,1 — 50,1) + (50,0 — 51,0) + (51,2 — S0,2) + (50,0 — S1,0) + (51,1 —
5071) + (80,0 — 8170) =10=10 (mod 10).

Hereinafter, we just consider allowable cycle chains, unless stated otherwise.
By Theorem 3.2, cycles in the Tanner graph of a QC-LDPC code can be enumerated
from cycle-chains. For this purpose, it is enough to count the whole number of cycles
in the Tanner graph which corresponds to a given cycle-chain. First, we define the
following relation on the set of cycle-chains.

Definition 3.1. Two 2l-cycle chains L; and Lo are called isomorph if and only
if there exist some k € Z, such that 7T2k(L1) = Lo, where 7 is the cyclic permu-
tation (1,2,...,2l) and for each permutation o € Sk, o(i1,42,...,i) is defined as
(io(1),@0(2)s - - - Eo(k)). In fact, each two cycle chains are isomorph if and only if
they traverse the same blocks of the parity-check matrix by reading the chains by
starting from different points in directions left-to-right or right-to-left. For exam-
ple, two 12-cycle chains (1,2,0,0,1,2,0,1,1,0,0,1) and (1,2,0,1,1,0,0,1,1,2,0,0)
in Fig. 3.3 are isomorphic.

Clearly, the isomorph relation in Definition 3.1 is an equivalence relation, which
defines isomorph classes. For counting the cycles, we just consider non-isomorph
cycle-sequences, which are not included in the same class.

Definition 3.2. Let (ig,jo,%1,41,---,%—1,Ji1—1) be a 2l-cycle sequence. For each
0<¢<I—-1,p=gqorqg+1, define A(ip, jq) to be the set of all values Zizo(simk —
Sip +11jk) mod m, in which the index ¢ is a nonnegative integer less than [ satisfied
in (i¢, jr) = (ip, jq). In fact, A(ip,j,) is the row-index set of all points of the cycle
when it pass from the (ip,j,) block of the parity-check matrix. For example, in
Fig. 3.2, A(0,0) = A(1,0) = {0,4,5,9}, A(0,1) = A(1,2) = {4,9} and A(0,2) =
A(1,1) = {0,5}.

Definition 3.3. For positive integer m, the period of each subset A C Z,,, denoted
by pm(A), is defined as the smallest positive number 7" with A +T = A, where
A+T :={a+T (mod m) : a € A}. For example, {0,2,4} is a subset of Zg of
period 2.

Lemma 3.3. If A C Z,, is of period p,,(A), then A can be written as the union of
disjoint sets < a; >, for some ay,...,a; € A, where < a >= {a + ipy,(A) mod m :
1 < i < t} in which ¢ is the smallest non-negative integer satisfying tp,,(4) =
0 mod m.

Proof. For each a € A, we have a + p,,(A) (mod m) € A, because A = A+ p,,,(A),
so < a >C A. On the other hand, a €< a >, 80 A = Ugea < a >. Now, for each
two elements a,b € A, we have < a >=< b > or < a > N < b >= . Because, if
cE<a>N<b>, then ¢c = a+i1pm(A) = b+ iapm(A), for some 1 < 41,49 < ¢t
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Hence, a = b+ (i2 — i1)pm(A4) €< b > or equivalently < a >C< b >. Similarly, we
have < b >C< a >, s0 < a >=< b >. Finally, A can be written as union of disjoint
sets < a; >, for some aq,...,ap € A. [J

It is noticed that the elements a;, 1 < ¢ < k in Lemma 3.3 are not necessarily unique.
For example, for m = 6 and A = {0,2,4}, we have A =< 0 >=< 2 >=< 4 >. Now,
let us mention two important consequences of the above lemma.

Remark 3.1. For each A C Z,,, p(A)|m and for each a € A, if t = | < a > |,
then we have p,, (A)t = m and t| ged(m, |A|). Moreover, A =< a >, for some a € A,
if and only if p,,(A)|A| = m.

Proof. If p,,,(A) fm, then there are some g € Z and 0 < r < p,,, (A) such that m =
pm(A)g+r. Now, we have A+r = A—gp,(A) = A, since A+p,,(A) = A, which is a
contradiction with definition of p,,(A). Now, ¢ is the smallest positive number with
tpm(A) = 0 mod m, which implies that tp,,(A) = m, because p,,(A)|m. Similarly,
fort=|<a>|, ift fm, then m = tq+ r, for some ¢ € Z and 0 < r < t. Now,
pm (A) = (m—1tq)pm (A) = 0 mod m which is a contradiction with definition of ¢, as
the smallest positive integer satisfying ¢p,,(A) = 0 mod m. So, ¢t|m. On the other
hand, [A] = SF || <a; > | =S¥t = kt, so t | |A], then, we have ¢ ged(m, |A]).
On the other hand, A =< a >, for some a € A, if and only if [A| =| < a > | =t,
or |[Alpm(A) =m. O

Remark 3.2. If m is prime and A C Z,,, then by Remark 3.1, we have p,,,(4)|m,
s0 pm(A4) =1 or p,,(A) = m. However, p,,(A) = 1 if and only if A = Z,,, in this
case A =< a >, for each a € A.

Proof. If p;,(A) = 1, then t = m, because tp,,(A) = m. So in this case, for each
ac€A <a>={a+1modm,a+2modm,...,a+mmodm}=2Z,. O

Definition 3.4. Let L = (g, jo,%1,1,---,%-1,Ji—1) be a 2l-cycle chain. If e,
1 < e < 1—1, is the first number such that (ietp,jetp) = (ip,Jp), for all 0 <
p < 1 — 1, where all indices e + p are reduced in modulo of I, then define I(L) =
{Gk,Jk)s (lk+1,Jk) : 0 < k < e — 1}. Otherwise, if no such e exists, then define
I(L) to be the empty set. In fact, I(L) is the set of all pairs (ig,jr), 1 <k <I1—1
such that the cycle chain L which starts from (ig, jo) traverses the same points if
it starts from (i, ji). Clearly, if I(L) # O, then e|l, so n(L) := l/e is defined as
the number of occurrence of I(L) in the chain L, otherwise, we set n(L) = 1. In
fact, each 2l—cycle C = vjvy ... v41 (941 = v1) in the Tanner graph (of the QC
LDPC code with the parity-check matrix H) corresponding to the 2l—cycle chain
L, can be decomposed to n(L) distinct paths Pr = Voe(k—1)41V2¢(k—1)+2 - - - V2ek+1,
1 < k < n(L), such that for each 1 < i < 2e, all of the vertices v;, voets, ..
V2(n(L)—1)e+i are in the same block of H.

*
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1.0 00 0 0]T}0-0-6-0-041] 0 0 0 0 0 1.0 00 0 00000041 0 0 0 0 0
01 0000O0[G 10000610000 01000061 000O0(6 10000
001000(6 01000601000 001000(601000/601000
00010 0[6 0 0[10-048-0-0-I] 0 0 0 0 0 [L-00]-8:00erdereenie§ee0e-0-{1] 0 0
0000106006 10[(06006 10 0006 10[600010(60040410
0000016 006 01|06 006 01 000001/ 000016006 01
01 0000[0 106 00[60028ToO0 01 0600(610000[60008T10
00 1000[6016 00600001 0016 00[601000[600¢GO0°1
0001 00[6 0 0fil0~0{i]0 0G0 0 0 0 0 [1]-0- f-0-0-t0-01] 0 0 & 0 0
000010[600010[010800 0000 10(0000T10[(010¢600
00000O0T1(6 000O0T1/00T1600 0000O0T1(6 000O0T1/00T1T6 00O
10 0 0 0 O|ThBe0eeebhre@ersOef-enfer0-:[1] 0 0 1.0 0 0 0 O|[ThBe0eeehre@ers0ef-enfer0-[1] 0 0
(a) ®)

F1G. 3.3: Two allowable 8-cycles in the parity-check matrix of Example 3.2.

Example 3.2. Let H be the parity-check matrix of a QC LDPC code shown
in Fig. 3.3 with (6, B)—slope vector (So,o, 51,0, 50,1, 51,1, 50,2, 3172) = (0, 5, 0, 5, 0, 2),
where B = {{1,2},{1,2},{1,2}}. The dash lines in parts (a) and (b) indicate two
8—cycle chains L; = (1,2,0,1,1,2,0,1) and Ly = (1,2,0,0,1,2,0, 1), respectively.
It can be seen easily that I(L1) = {(1,2),(0,2),(0,1),(1,1)} and I(Ly) = @. For
the chain Ly, we have n(L1) = 2, because Ly includes two copy of the subchain
C=(1,2,0,1), i.e L1 = (C|C), moreover, n(Lg) = 1.

We are now thus led to a theorem which gives the number of all distinct cycles in
the Tanner graph of a QC-LDPC code corresponding to a given cycle-chain. First,
we have two following lemmas.

Lemma 3.4. Let m,s be two positive integers such that s < m. Then, Z,,, under
the equivalence relation a ~ b < s|b — a, can be partitioned to a disjoint classes [0],
1], ..., [a — 1], a = ged(s,m), each class has m/a elements.

Proof. Clearly, the equivalence classes from the partition of integer ring under the
given relation are [0], [1], ..., [s — 1]. On the other hand, in ring of the integers
modulo of m, for each i, 0 < i < a—1, a = ged(s, m), we have [i] = [a+i] = [2a+i] =
..., because a = as + fm, for some integers o, B,s0a+i=as+m+i=as+1
in Z,,. Hence, a is divisible by s in Z,, and so [i] = [a + i]. Therefore, all of the
disjoint classes in Z,, are [0], [1], ..., [a —1]. O

Lemma 3.5. For each 2I-cycle chain L, we have n(L)|m and if I(L) # O, for each
(i,4) € I(L), the set A(i,j) has the period m/n(L).

Proof. Let L = (ig,jo, --) be n(L) copy of the subchain C' = (ig,jo, - ), i.e.
L = (C|C|...|C) and C be the cycle in the Tanner graph corresponding to the
chain L. Moreover, let Pi, 1 < k < n(L), be the segment of C corresponding
to the kth copy C of L which is a path in C with the starting and ending points
in the (ig, jo)th block. It can be seen easily that the row-index difference of the
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end points in each path Py is fixed, say the value s € Z,,. However, UZ(:Ll) Pr.
is the cycle C with the same endpoints, so n(L)s = 0 (mod m). On the other
hand, s # 0 and n(L) is the smallest number satisfying in n(L)s = 0 (mod m), so
n(L)s = m which indicates n(L)|m. Now, for each (i,5) € I(L) and each path Py,
1<k <n(L), let {r{"7 ... ,TI(W)} be the set of the row-indices of the points in the
(4,7)th block. Clearly, A(i,j) = U2:1[7’/(;7J)]a where [r,(f’])] = {’I“,ild) + tsmod m :
0 <t < n(L)}, because among the points of C belong to the (¢, j)th block, s is the
row-index difference of each point in C with the corresponding point in Cjyq, for
each 1 < k < n(L) (clearly, the amount of s is independent from k and the selected
points of Ci). Now, the period of each [r,(j’j)] is s, so A(i,7) = A(4,J) + s mod m.
However, by the first part of the proof, we have n(L)s = m, so s = m/n(L). Now, if
p = pm(A(i, 7)) < s, then p is divisible by s, and the chain composing of p subchain
C is a 2k—cycle chain in L, for some k < [, which is a contradiction. O

Example 3.3. For L =(1,2,0,0,1,1,0,0,1,2,0,0,1,1,0,0) in Fig .3.2, we have I(L) =
{(4,7) 1 0 < i< 1,0 <j <2} and n(L) = 2 which is divisible by m = 10. On the other
hand, A(0,0) = A(1,0) = {0,4,5,9}, A(0,1) = A(1,2) = {4,9} and A(0,2) = A(1,1) =
{0,5}, so p10(A(i, 7)) =5 = m/n(L), for each (i,5) € I(L).

Theorem 3.3. Each allowable 2l-cycle chain L = (g, jo, %1, j1,- - -%—1,Ji—1) COI-
responds to r = r(L) cycles of length 2! in the Tanner graph, where r = m/n(L).

Proof. Let C1,Ca,...,C, be the all different 2l-cycles in the Tanner graph corre-
sponding to the cycle chain L. Moreover, let L = (C|C|...|C) be n(L) copy of
the subchain C and for each 1 < ¢t < r and 1 < k < n(L), let path P,gt) =
(t) (t) (t) =1 L). be th tofCr = (t), (t) (t), (t)
Vg(k—1)e+1Ya(k—1)et2 " - - Vaket1s € = /n(L), be the segment of C; = vy vy ... vy Vg ¢,

Ugt) = véil_l, corresponding to the k’th copy C of L. Now, providing that I(L) # @,

for each point (i,j) € I(L) = {(in.jx), (ir+1.dx) : 0 < k < 11}, let v,

1 <t < r, be the first point of Pft) belong to the (i,4)’th block of H and R (4, 5)

be the row indices of the points vj(f), U;Z)rz@ e U;t-q)r2(n(L)—1)e' Now, for each

1<t <7 pm(RY(3,5) = m/n(L), for each 1 < t < r. On the other hand,
L = Ui, R® (i,7), otherwise, there is a new 2l—cycle corresponding to the chain
L starting from the point with the row index in Z,, \ Uj_, R (i, ). Hence, if we
define s := p,, (R (i, ) = m/n(L), then Z,, can be partitioned to r disjoint classes
RW(i,5), 1 < t < r, therefore, by Lemma 3.4, we have r = ged(m, s) = m/n(L).
On the other hand, I(L) = @, then each cycle C;, 1 < t < r, can be uniquely
determined from the starting point of the cycle in the block (ig, jo) of H. Hence, if
the starting points change, we have different cycles, so in this case r = m = m/n(L)
and the proof is completed. [

To clarify the proof of Theorem 3.3, we give the following example.
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Fia. 3.4: The 16-cycle chain (1,2,0,0,1,1,0,0,1,2,0,0,1,1,0,0) with A(0,0) = A(1,0) =
{0,4,5,9}, A(0,1) = A(1,2) = {4,9} and A(0,2) = A(1,1) = {0,5} of period 5.

Example 3.4. In Fig. 3.4, the 16-cycle C; = 119)11%1) . .v%) is given which corre-
sponds to the 16-cycle chain L = (1,2,0,0,1,1,0,0,1,2,0,0,1,1,0,0). In fact, C;
can be partitioned to paths Pfl) = vil)vél) e vél) and PQ(I) = vél)v%) . .v%)vgl).
Then, RM(0,0) = RM(1,0) = {0,5}, RV(0,1) = {9}, R™M(1,2) = {4} and
RM(0,2) = RW(1,1) = {0}. Similarly, for the cycle Cy starting from the v§2),
we have R(?(0,0) = R®)(1,0) = {1,6}, RM(0,1) = {0}, RM(1,2) = {5} and
RM(0,2) = RMW(1,1) = {1}. Counting this process, R (i,5) = RM(i,j) +
t mod 10, for each (i,5) € I(L) and 1 < t < 5, therefore, Zy = Ule RM(0,0).

Now, the following result can be obtained obviously from Theorem 3.3.

Remark 3.3. If m is prime, then 7 = 1 or » = m (in Theorem 3.3). In this case,
if m > [, then n(L) < m, so r = m. Therefore, the number of 2/—cycles in the
QC LDPC code with CPM-size m (m is a prime not less than [), is m times of the
number of corresponding 2l—cycle chains in the base matrix.

Hereinafter, to simplify the notations, by the cycle distribution of an LDPC
code with girth 2g, we mean the polynomial \(x) = Z;’ig A2;2%% in which Ag; is
the number of 2i-cycles in the Tanner graph of the code.

Example 3.5. Let H be the following parity-check matrix corresponding to a (3,4)
QC-LDPC code with girth 12 and CPM-size 100.

I I I T
H= Iz It 17 713
T IS 119 175

Using the algorithm given in next section, the cycle distribution of the code is
A(x) = 600022 + 244002 4 99825216 + 550500218 + 305220022° + 12793400222 +
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num | 12 — cycle chain num | 12 — cycle chain num | 12 — cycle chain

1 (2,1,0,0,1,1,2,0,0,1,1,0) 21 (2,3,0,0,1,1,0,2,2,3,1,1) 41 (2,3,0,2,1,0,2,1,1,3,0,0)
2 (2,1,1,0,0,1,1,0,0,1,1,0) 22 (2,3,0,0,1,1,2,0,1,3,0,1) 42 (2,3,0,2,1,3,0,0,2,1,1,0)
3 (1,2,0,0,1,1,0,2,1,0,0, 1) 23 (2,3,0,0,1,1,2,3,1,1,0, 2) 43 (2,3,0,2,1,3,2,2,0,3,1, 2)
1 (1,2,0,1,2,0,0,1,2,0,0,1) 24 (2,3,0,0,1,3,0,1,2,0,1,1) 14 (2,3,0,2,2,0,1,2,2,3,0,2)
5 (2,2,0,0,1,2,2,0,0,2,1,0) 25 (2,3,0,0,1,3,2,0,0,3,1,0) 45 (2,3,0,2,2,3,1,0,0,1,1,0)
6 (2,2,0,0,2,1,0,2,2,0,0,1) 26 (2,3,0,0,2,1,0,3,2,0,0,1) 46 (2,3,0,2,2,3,1,1,0,0,1,1)
7 (2,2,0,1,1,2,2,1,0,2,1,1) 27 (2,3,0,0,2,1,1,3,0,2,1,0) a7 (2,3,1,0,0,1,2,0,0,3,1,2)
8 (2,2,1,0,0,1,2,0,0,2,1,1) 28 (2,3,0,0,2,2,0,1,1,2,0,0) 48 (2,3,1,0,0,3,1,2,2,0,0,1)
9 (2,2,1,0,0,2,1,1,2,0,0,1) 29 (2,3,0,0,2,2,0,3,2,0,0, 2) 19 (2,3,1,0,2,1,0,3,1,1,0,2)
10 (2,2,1,0,2,1,1,2,2,0,1,1) 30 (2,3,0,1,1,0,0,1,1,3,0,1) 50 (2,3,1,0,2,1,1,3,2,0,1,1)
11 (2,2,1,1,0,2,1,1,0,2,1,0) 31 (2,3,0,1,1,0,0,2,2,3,1,0) 51 (2,3,1,0,2,2,1,0,2,3,1,1)
12 (2,2,1,1,2,0,0,2,1,0,0,1) 32 (2,3,0,1,1,0,2,3,1,0,0,2) 52 (2,3,1,0,2,2,1,1,2,3,1,0)
13 (1,3,0,0,1,1,0,3,1,0,0,1) 33 (2,3,0,1,1,2,0,0,2,2,0,0) 53 (2,3,1,0,2,2,1,3,2,0,1, 2)
14 (1,3,0,0,1,2,0,3,1,0,0,2) 34 (2,3,0,1,1,3,0,1,1,0,0, 1) 54 (2,3,1,0,2,3,1,1,2,2,1,0)
15 (1,3,0,1,1,2,0,3,1,1,0,2) 35 (2,3,0,1,1,3,2,1,0,3,1,1) 55 (2,3,1,1,0,2,2,1,0,3,1,0)
16 (1,3,0,1,1,2,2,0,0,2,2,1) 36 (2,3,0,1,2,0,1,3,0,0,1,1) 56 (2,3,1,1,0,3,1,0,2,1,0,2)
17 (1,3,0,2,1,0,0,2,2,1,0,2) 37 (2,3,0,1,2,2,0,1,2,2,1,0) 57 (2,3,1,1,2,2,1,3,2,1,1,2)
18 (1,3,0,2,2,0,0,1,1,2,2,1) 38 (2,3,0,1,2,2,0,3,2,1,0,2) 58 (2,3,1,2,0,3,1,2,2,1,1,2)
19 (1,3,0,2,2,1,0,2,1,0,0,2) 39 (2,3,0,1,2,2,1,0,2,2,0,1) 59 (2,3,1,2,2,0,0,3,1,0,0,1)
20 (1,3,0,2,2,1,1,2,2,0,0,1) 40 (2,3,0,1,2,3,0,1,2,3,0, 2) 60 (2,3,1,2,2,1,1,2,0,3,1, 2)

Table 3.1: All of the (non-isomorph) allowable 12-cycle chains in Example 3.5

21587550224 4+ ---. As it can be seen from Theorem 3.3, to find the cycle distri-
bution, first we must find all of the allowable (non-isomorph) cycle chains. For
example, all of the 12-cycle chains in H are provided in Table 3.1. Although,
for each 12-cycle chain L, we have r(L) = m = 100, this is not true in gen-
eral for cycle chains with greater length. For example, we have 1000 allowable
(non-isomorph) 16-cycle chains which just there of them have r < m, i.e. L1 =
(2,3,0,0,2,3,0,0,2,3,0,0,2,3,0,0), L» = (2,3,0,2,1,1,0,2,2,3,0,2,1,1,0,2) and
L3 =(2,3,1,2,0,0,1,1,2,3,1,2,0,0,1,1), with r(Lq) = 25, r(Ls) = 50 and r(L3) =
50.

In the following section, using Theorem 3.3, an algorithm is proposed which
efficiently finds the cycles (with arbitrary lengths not less than the girth) in the
Tanner graph of a QC-LDPC code by investigating the cycle chains. To do this,
first we pursue the cycle chains in the parity-check matrix column by column, from
the top to the bottom, then Theorem 3.3 is used to find the number of cycles
corresponding to each cycle chain.

4. An Efficient Algorithm for Counting the Cycles

For given positive integers b, v and k, let B be a v X k binary matrix with the
corresponding (v, k)—design B = [Bj, ..., Bg]. Moreover, let m > 1 be an integer
and S be a (m, B)—slope vector such that the girth of the QC LDPC code with the
parity-check matrix H,, 5,5 is 2g. Here, we propose a deterministic algorithm to
enumerate all of the cycles in TG(H,»5,s) up to 2! in which [ is an arbitrary positive
integer not less than g. It is noticed that, unlike the known counting algorithms
which count the cycles up to length at most 2g — 2, the proposed algorithm is
capable to count cycles of length 2[, for each [ > 2. In the algorithm, to classify
non-isomorphic cycle chains and in order to speed up the process, for a given cycle
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chain L = (ig, jo, 1,1, ,41—1,J1—1), we use the functions b~ (L) and b* (L) to
be the k-adic representation of L to the right and left, respectively, i.e. b~ (L) =
Zi;(l)(’tt +jtk)k‘2t =19+ jok +i1k? +j2k‘3 +---+ il_1k2l_2 —l—jl_1]€2l_1 and b (L) =
S0 (imt + Gt 1 k)R =g + i1k + i1k + ji_ok® + -+ + jok? 1. Now, it can
be seen easily that two 2l-chains L; and Lo are isomorphic if and only if b7 (L1) =
k%6 (Ls) (mod k% — 1) or b~ (L) = k*b" (L) (mod k* — 1), for some 0 <
t <1 —1. In the algorithm, by B®), 1 < e < 32F (|Bi| — 1), we mean the
first e elements of B, when the elements in the blocks (except the first element in
each block) are enumerated one by one from the left to the right. On the other
hand, B®) = [By,---, B,_1, B,], where p is the largest positive integer satisfying in
Zf:_ll(|Bi| —1) <e, and By, is the first e + 1 — Zf;f(\Bﬂ —1) elements of B,,. For
example, if B = [{1,2,3},{3,4,5,6}], then BV = [{1,2}], B® = [{1,2,3}], B®) =
[{1,2,3}, {3, 4}], BY = [{1,2,3},{3,4,5}] and B® = [{1,2,3},{3,4,5,6}] = B.
Now, the outline of the algorithm is as follows.

Algorithm 4.1.  n < Y% (|Bi| - 1) and A+ 0
for e from 1 ton do
Let B = [By,---,By_1,B)], where B, = {bg, by, ,by} C By, for u =
e =02 (|Bi| - 1).
for i from 0 to u do
for j fromi+1 tou do
Let L = (b;,p,b;,---) be a 2l—alowable cycle chain in B©) starting from
(bi7 D, bj)'
if L is not isomorphic with elements of A then
A+~ AU{L}.
end if
end for
end for
end for

return Y, r(L) as the number of 21 cycles.
LeA

In fact, Algorithm 4.1 counts the cycles of length 2 by 2/—cycle chains sequen-
tially from the first e, 1 < e < n, elements of B, denoted by B(¢). For this, first,
Lemma 3.2 is used to investigate allowability of the constructed cycle chain. Then,
each of the previousely constructed allowable 2[—cycle chains is compared with L to
be non-isomorphic. This process is the only part of the algorithm which needs some
times for running, causing a complexity. For this problem, as mentioned above,
b~ (L) and b (L) can be useful to speed up this process of the algorithm. Finally,
Theorem 3.3 is used to find 2/—cycles corresponding to each 2[—cycle chain. It is
noticed that in eth step of the algorithm, to find the allowable cycle chains and
corresponding 20 cycles, we just consider the parity-check matrix H(¢), which is a
submatrix of H constructed in step e based on the design B(®).

Example 4.1. In this example, we use Algorithm 4.1 to count the short cycles in the
Tanner graph of some standard QC-LDPC codes. The outputs were obtained by a Cf
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’ Code ‘ Length H N4 ‘ N6 ‘ Ng ‘ N10 ‘ N12 ‘
A 1296 108 | 7830 | 237627 | 6884028 | 198486018
B 1944 81 | 6399 | 251667 | 7071624 | 211628106

Table 4.1: Cycle multiplicities of codes A and B in Example 4.1.

programming applied on a computer with a 2.2-GHz CPU and 6 GB of RAM. Consider
two LDPC codes adopted in IEEE 802.11 standard [26] with rate-2/3. These codes are two
irregular (1296, 432) and (1944,648) QC-LDPC codes denoted by A and B, respectively.
Applying Algorithm 4.1, Table 4.1 provides the multiplicity of 2/—cycles, 2 < [ < 6,
denoted by Na;. Moreover, the running time is compared with the time of a counting
algorithm in [15]. While the algorithm in [15] can only compute N4, Ng and Ns, the
proposed algorithm can enumerate 2l—cycle multiplicities, for each | > 2. Moreover, the
running time of Algorithm 4.1 is remarkably less than the time of Algorithm in [15]. In
fact, for codes A and B, the running times of Algorithm 4.1 are 0.046 and 0.048 seconds,
respectively, while the consumed time in [15] are about 0.5 and 1 seconds, respectively.

4.1. The Complexity of The Algorithm

There is a main problem to verify the complexity of Algorithm 4.1 as the main
conclusion of the paper. First, let L = Ef:1(|Bi| —1) be the number of steps which
must be passed to reach the solution. In fact, L is the number of 1’s in the base
matrix except the first ones in the columns when traversing the base matrix from up
to down. In step e, we must find all non-isomorphic chains starting from (b;, p, b;),
inquires checking all (allowable) chains (ig, jo,%1,71, " ,%—1,J1—1) with (i, 7)) =
(t0,j0) = (bi,p), 11 = bj and {i,ix+1} C By,, 1 < k <1—1. In this case, if byax =
max;<;<k | Bi|, then such chains can be examined in at most (byax —1)'~2(p— 1)1
which are compared with at most 20 )", _; (bmax — 1)'7?(p/ — 1)!~" chains to verify
the non-isomorphic relation. Thus, the overall complexity to find all non-isomorphic

chains are at most 2/ Zgzl(bmax — D2 (p— 1)t > i1 (bmax — D2 — 1) =
2SS (bmax— D2 (p— 1)L (p' = 1)1 € O(1b2,  k?') which is polynomial
by k, i.e. the number of blocks, if [ and by, are given.

5. Conclusion

In this paper, an efficient algorithm for counting short cycles in the Tanner graph of
a QC-LDPC code is presented. Although, the known counting algorithms can enu-
merate cycles up to 2g — 2, where g is the girth of the code, the proposed algorithm
is capable of counting any (even) cycles of length at least g in the Tanner graph.
Interestingly, for QC-LDPC codes lifted from a protograph G, the complexity of
the algorithm is based on the number of edges in G, independent from the lifting
degree of the constructed codes. Finally, applying the proposed algorithm for some
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standard codes, the overall complexity improves rather than the known algorithms,
in terms of computational complexity and memory requirements.
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