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Abstract. In this paper, we have considered conformal-Matsumoto change of the class
of m-th root Finsler metrics. We have established the necessary and sufficient condition
for the transformed metric to be projectively flat or locally dually flat. Further, we have
proved the non-existence of the concerned metric which is projectively flat with non-
zero flag curvature.
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1. Introduction

Investigation of geometrical structures of family of probability distribution leads to
the appearance of information geometry and applied to various fields like, multi-
terminal information theory, statistical inference and control system. Finsler in-
formation geometry includes a unique and essential class of Finsler metrics called
dually flat Finsler metrics. These metrics play an important role for understand-
ing flat Finsler information structure. While studying the information geometry
of Riemannian manifold, Amari and Nagaoka [1] introduced the concept of locally
dually flat Riemannian metrics. Later, Shen [4] extended this concept of flatness
to Finsler geometry.

The m-th root metric was first introduced by H. Shimada in 1979 [10]. Mathe-
maticians as well as Physicists become interested in the study of m-th root Finsler
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metrics as it has numerous applications in Ecology, Biology and in Physics including
the study possible model of space time as well as unified gauge theory. The special
m-th root metric F' = %/yi1yi2...yim is called Berwald-Moo6r metric which plays
a very important role in theory of space-time structure, gravitation and general
relativity.

Let M be an n-dimensional manifold and TM be its tangent bundle. Let F :
TM — R be defined as F = Aw, where A := a;,4,. ;. (2)y"y™..y" and a;,,.
is symmetric in all indices. Then F' is called an m-th root Finsler metric on M.
For m = 3,4, it is called cubic and quatric metric, respectively. Many authors have
studied and characterized the Randers change [11], Conformal Kropina change [6],
and generalized Kropina change [13] of m-th root Finsler metrics. Tayebi et al. [11]
and M. Kumar [7] have studied generalized m-th root Finsler metrics and discussed
conditions for a Finsler metric to be locally dually flat and locally projectively
flat. In the paper, we have considered the Conformal-Matsumoto change of Finsler
metric defined by following

< tm

— F?
1.1 F=e _——
(1.1) € F-p3’

where 3 = b;(z)y’ is a one-form and the Finsler metric F is an m-th root metric
given by F' = Awm.

Hilbert’s fourth problem in the regular case is to characterize the metrics on an
open domain V' C R” such that the straight line segment is the shortest curve join-
ing two points, i.e., geodesic are straight line, and such Finsler metrics are called
projectively flat. It is well known that Riemannian metric is locally projectively flat
if and only if it is of constant sectional curvature. Thus, one can say that the prob-
lem is completely solved for Riemannian metric. Now the question aries, whether
the problem can be solved for Finsler metric? In Finsler spaces, the flag curvature
is natural extension of the sectional curvature and every locally projectively flat
Finsler metric is of scalar flag curvature. But the converse is not true, i.e., there
exist Finsler metrics with scalar or constant flag curvature that are not locally pro-
jectively flat [8]. Thus, it is natural to study Finsler metrics of scalar (respectively
constant) flag curvature, as the problem is still open in Finsler geometry. Here,
we have characterized the locally projectively flatness and locally dually flatness of
Conformal Matsumoto m-th root Finsler metric and gave the following results as

Theorem 1.1. Let F' = Aw be m-th root Finsler metric. Assume that F =
F(z,y) be the Conformal-Matsumoto change of F'. Then the necessary and sufficient
condition for F' to be projectively flat is A,; = 0, b; = constant and the change is

homothetic.

Theorem 1.2. Let F' = Aw be m-th root Finsler metric. Assume that F =
F(z,y) be the Conformal-Matsumoto change of F'. Then the necessary and sufficient
condition for F' to be locally dually flat is A, = 0, b; = constant and the change is

homothetic.
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Riemannian curvature is a significant and central concept of Riemannian ge-
ometry and in 1926, it was extended to Finsler geometry by L.Berwald. The
Riemannian curvature of Finsler space is a family of linear transformation on a
tangent plane. The Riemann curvature Ry, : T, M — T, M is defined by R, (u) =
R (x,y)u?d/dx", u = u/d/dx, where

L 0°GT 9Gi 9G
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The flag curvature K at a point z is a function of tangent plane P C T, M
and a non-zero vector y € P which tells us about how curved the space is, namely,
K = K(z,y, P). For each tangent plane P C T,,M containing y € P\{0}, the flag
curvature is defined as [4]

B g, (Ry(u), u)
K@y, P) = gy(y,y)gy(u’u) - [gy(y,u)]2 )

where u € P such that P = span{y,u}. If K(z,y, P) = K(z,y), then the Finsler
metric is called scalar flag curvature and if K(z,y, P) = constant, then the Finsler
metric is called constant flag curvature. The Finsler metric is said to have isotropic
flag curvature if K(z,y, P) = K(z) is a function of x € M and by Schur’s lemma,
if the flag curvature is isotropic and dim(M) > 3, then K = constant. There are
many non-Riemannian projectively flat Finsler metric with constant flag curvature.
For example, Funk metric and Hilbert metric [4] are projectively flat as well as of
constant flag curvature on strongly convex domain. This makes it worth considering
the investigation of constant flag curvature for various Finsler metrics. In this case,
we have taken into account the Conformal Matsumoto metric and provided the
following result as

Theorem 1.3. Let F = F(x,y) be the conformal-Matsumoto change of m-th root
(m > 4) metric F = YA such that A is irreducible. Suppose that F is projectively
flat with constant flag curvature. Then F has vanishing flag curvature K = 0 and
it also satisfies the three condition mentioned in the equations (4.4)-(4.6).

2. Projectively Flat Finsler Metrics

Projectively flat Finsler metrics of constant flag curvatures can be described by
using algebraic equation or by using Taylor expression. The projective factor of
projectively flat Finsler metric can be calculated using the general formula provided
by Hamel [5] as: A Finsler metric F = F(z,y) on an open subset V C R" is
projectively flat if and only if it satisfies Fji,iy’ = Fy .

Proof of theorem 1.1: For an m-th root metric F = A#7 we have used the
following notations

oA oA L A,
= — ‘ Aoy = Agrey” = 5‘Tkyly .
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Differentiating 1.1 with respect to z*, we get
eo (@)

G

(2.1)
Differentiating 2.1 with respect to 3/ and multiplying the result by 3 implies that

{A%_lA_Lz—l- mayA% — 25/4%_114114‘ m (ﬁ.ﬂ_ 50—11) A%_l}

_ ; e (®) 1 4 4 4_q
[Flaigiy’ = m (E - 1)A0AjAm + (Aoj + 00A;) A

1 3 3 3
+35(1 - E)AOAjAa—2 — 3BA0A; A% 4 m (Bo; + bjoo) A

2 2 Z
+253? (E - 1>A0AjA572 +28 (BAoj + BogAj —bjAg — BoAy) Am

(22) +m(2bjﬂo — 260’0bj — 6ﬂ0j —+ ﬂbng)A% .

Now, if we consider F to be projectively flat Finsler metric, we have [F]ij Yt —
[F], = 0, which in view of equation 2.1 and 2.2 gives us

(% — 1) AgA A2 4 (Agj + 00 A; — Ags) Am 1 4 38(1 — %)AOAJ.A%—2
—38(AoA; + 00Ao; — AzJ)A%_l‘F{m(ﬁoj + bjoo) —m(Byi —B0gi ) +mPBoy; }A%
+252(% - 1)A0AjA%—2+{25(5A0j +B00A;—bj Ag—BoA;) — 282 Ay, }A%—l
+{m(2bj50 — 2Boobj — BPoj + Bbjoo) + mpB(Bri — »3%1)}14% =0,

which can be simplified as

(% — 1) AgA; A1 4 (Agj + 00A; — A,,) Am +35(1 — %)AOAJ-A%-1

—3B(AoAj +00Ag; — Ayi) Am + m(Bo; + bjo0 — Bui + QBUW')A%
+252(% —1)AgA;j A7 =2 £ 2B(BAg; + BogA; — bjAg — BoA; — BA)
(2.3)  4+m(2b; B0 — Boob; — BBo;j + BB — B°0,i)A = 0.
To calculate the above equation, we recall the following Lemma.

Lemma 2.1. ([12]) Let F = Aw(m > 2) be an m-th root Finsler metric on an
open subset V.C R™. Suppose that the equation 1/)14%*1 +EAw +PAWTL +OAW +
TA="14+Q=0 holds, where 1,2, ®, 0,1, Q are homogeneous polynomials in y.
Thenp =Z2=®=0=T"=0Q=0.

Using Lemma 2.1, the equation 2.3 reduces to

(2.4) AoA; =0,
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Agj +00dj — Az, =0,

Boj +bjoo — Bri + 280, =0,

B(Aoj +00A; — Ayi) —bjAg — BoAj =0,
2b;80 — Boob; — BBoj + BBe — B0y = 0.

N NN
= D

.5
.6
.7
.8

~ o~~~

By 2.5 and 2.7, we get
(2.9) bjAg+ BoA; =0.

In view of equation 2.4, we have Ao = 0 as A; # 0. From equation 2.9 and Ay =0
it follows that By = 0. Taking partial derivative of Sy = 0, we obtain

(2.10) Bos + Bas = 0.

Substituting equation 2.6 and Sy = 0 in equation 2.8, we obtain o,; = 0, i.e., the
conformal change is homothetic and then we have g = 0. Again from equation 2.6
and using o9 = 0, we have fy; — s = 0. By considering 2.10, we get 8,; = 0,
which implies b; = constant. This proofs our theorem 1.1.

3. Locally Dually Flat Finsler Metrics

Proof of Theorem 1.2: A Finsler metric F' = F(z,y) on an open subset U C R"
is locally dually flat if and only if it satisfies the following equations [4]:

—2 ; —2
[F ]Jciyﬂ'yz - 2[F ]xj =0.
From equation 1.1, we have

9 eo (@)

Filp=2—F—+ A%_lAzi‘i‘mUziA%—Q AmiA%_l—‘rm i — DO i AL
P =2 8 (B —Bo) A%}

Sé?in on differentiating 3.1 with respect to ¢/ and contracting by %°, gives us
[FQ]xiyjyi = 6117(1,){(2 - 1)AOAjA%_2 + (Aoj + 2004,) Awm—t
m(Am —B)t | "m
+36(1 - %)AOAJ'A%’Q + (BoA; — 3B8A0; — 6800 A; + b Ag)Am !
+m(Boj + 200b;) A% + B(284,; — ABA; — 4Aob; + 4B A;) Am

4 4 4
+252(E —1)AgA; A7 =% +m(3Bob; — BBoj — QBaobj)Am} .

If F is locally dually flat Finsler metric, then [Fz]xiyj Yt — 2[?2]”3]- = 0. From
these, we get

2 3 ‘
(= = 1) AgA AT+ (Ag; + 2004, — Apy) AR 4 36(1— ) AgA; AR
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5

+(BoAj; — 3BAg; — 6B00A; +bjAg + 38A,)Am 1+ m(Boj + 200b; — Byi + Bogi)Am
4 4 4
1262 (= — 1) g A AT+ B(28 A0 — 40 A; — AAcb; + 48004 — 204,) A7

+{m(3/60bj — BBoj — 2Poobj) + mB(Bri — ﬂUzi)}A% =0,

which can be simplified as

(2
m
+(ﬂoAj — SﬁAOj - 650’0143‘ + bjAO + 3/BAIJ)A%

1 4
(3.2) —‘rm(ﬁoj + 20’0bj — ﬁxl + ﬁo‘x]‘)AE-‘_l =+ 2ﬁ2(% — 1)A0Aj

1 B(28A0; — 4BoA; — AAob; + 4800 A; — 28A,5)A
+m (3Bob; — BBoj — 2B00bj + BB — B20,:) A =0.

— 1) AgA AT + (Aoj +2004; — Ays) AT+ 36(1 = ) AgA; AT 2

3
m

To solve the above equation, we use the following lemma.

Lemma 3.1. ([12]) Let F = Aw (m > 2) be an m-th root Finsler metric on
an open subset V. C R™. Suppose that the equation WA=+l + ZAw + PAm+2 4
OAmT 4 TAw +Q =0 holds, where ¥, =, ®,0,T,Q are homogeneous polynomials
my. Theny ==2=o=0="T=Q=0.

Using Lemma 3.1 in equation 3.2, it reduces to

(3.3) AgA; =0,

(3.4) Agj + 20045 — Ay, =0,

(3.5) Boj + 2bjoq — Bri + 280, =0,

(3.6) BoA; —3BAg; — 6800A; +b;Ag + 384, =0,
(3.7) 28405 — 4BoA; — 4Agb; + 4B00A; — 284, =0,
(3.8) 3Bobj — BBo; — 2B00bj + BBy — B0 = 0.

Since A; # 0, therefore 3.3 gives Ay = 0. Substituting 3.4 and Ay = 0 in 3.6, we
get By = 0, which on partial differentiating gives us

(3.9) Boj + Bzs = 0.

Solving 3.8, and using 3.5 and By = 0, we obtain o,: = 0. This means that the
conformal change is homothetic and then we have o9 = 0. By 3.5 and 0¢ = 0, we
get Bo; = Bi. By considering 3.9, we obtain 3,; = 0, which implies 8; = constant.
This concludes our proof.

By Theorems 1.1 and 1.2, one can conclude the following.

Corollary 3.1. The conformal-Matsumoto change of m-th root Finsler metric is
locally dually flat if and only if it is projectively flat.
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4. Finsler Metrics of Constant Flag Curvature

In this section, we have find the condition for transformed Finsler metric to be
projectively flat with constant flag curvature. The scalar flag curvature K of pro-
jectively flat Finsler metric F is defined as K = F~2 (P? — P,y’), where the
projective factor is given by [4]

41 p by
Proof of Theorem 1.3: Multiplying 2.1 with y* implies that

. ; ea(m)A% q 1 14 2
[Fl.iy' = m ogpA™ + EAO T — mﬁAo + (Bo — Boo) ¢ -

Irreducibility of A and deg(A,:) = m — 1 gives us that there exist a one-form
0 = 0;(x)y® such that Ag = mf#A. Then the above equation can be written as

eU(I)A%
(A% — B)*

By considering 4.1, the projective factor of the transformed Finsler metric F is
given by

(42 [Flay'= {00+ 0)4% + (8 — Boo — 208)}

— 1 1
(4.3) P i s {(oo +0) A% + (By — Boo — 295)} .

Now, differentiating 4.3 with respect to z?, we obtain

P.=—1 (A — ; DA + L Am-1 3.
Par = o0 o l(“‘ B){ (s + 02) A% + L (00 + ) A AT + (o — Brici

_BUOxi — 295zl)} — {(O’O + Q)A% + (50 - BO’O — 295)} (%AIT.A%_]. — ﬂxz)‘| 5

which by multiplying it with ¢, we get
1

?0 = V1 5
2(A% — B)?

{(000 + 80) A + (Boo + 628 — 20008 — 3860 — 2080) A
+(Bo® — BBoo + 82000 + 25290)}

Suppose F is of constant flag curvature, then KF’ + Py — P’ = 0. Using equation
4.3 and 4.4, we obtain

4
Keo(®) __Am 1 { A% 28 — 28040 — 38600 — 28,0) A%
e %5 + 2% ) (000 + 6o) + (Boo + 0°B — 2P0 — 3660 — 2608)

+(B% — BBoo + B2000 + 25290)} - m{(oo +0)2 A% + (Bo — Boo — 203)?

+2(00 + 0)(Bo — Boo — 295),4%} —0.

To calculate the above equation, we recall the following Lemma.
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Lemma 4.1. ([12]) Suppose that the equation A 4+ yAm +EAw +Q =0 holds,
where ¢, x,Z are homogeneous polynomials in y and m > 4. Then ¢ = x = = =
Q=0.

Using Lemma 4.1, we have K = 0 and the following conditions

(44)  2(o00 + o) — (00 +60)* =0,
(4.5)  2(Boo + 6%8 — 2B000 — 3660 — 2808) — 2(c0 + 0)(Bo — Boo — 268) = 0,
(4.6)  2(83 — BBoo + Baoo + 28%60) — (Bo — Bao — 208)* = 0.

Thus, we conclude the proof of theorem 1.3.
Theorem 1.3 can be reiterated as follows:

Corollary 4.1. If F = F(x,y) is the conformal-Matsumoto change of m-th root
(m > 4) metric F = Y/ A such that A is irreducible. Then F can not be projectively
flat with non-zero constant flag curvature.

5. Conclusion

For a Finsler metric, if the geodesic are straight lines then it must be of constant
curvature. The Funk metric and Klein metric are projectively flat with negative
constant flag curvature K = —1/4 and K = —1, respectively [9]. While, Bryant
metric is projectively flat with positive constant flag curvature K = 1 [3]. Although,
Bao and Shen [2] have constructed a family of Randers metric on S of constant
curvature K = 1, which is not locally projectively flat. In the present paper, we
have shown that it doesn’t exist a Finsler metric in the form 1.1 such that it is
projectively flat with non-zero constant flag curvature.

For future approach, one can classify the family of Finsler metrics which is pro-
jectively flat either with non-zero constant flag curvature or with zero constant flag
curvature.
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