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Abstract. In the present article, our purpose is to define and study conformal quasi
hemi-slant submersions (cghs submersions, in short) from Lorentzian para Sasakian
manifolds onto Riemannian manifolds. Its geometric properties are also investigated.
Lastly, we give a non-trivial example for this type of submersion.
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1. Introductions

The concept of Riemannian submersions between Riemannian manifolds was ini-
tiated by O’ Neill [25] in 1966 and it has been further defined by Gray [14] in
1967. The Riemannian submersions play an essential role not only in differential
geometry but also in science and technology. Expanding the study of Riemannian
submersions between almost complex manifolds, Watson [38] defined almost Her-
mitian submersions in 1976. Later, the concept of anti-invariant submersions and
Lagrangian submersion were defined by Sahin [35] and explained by Tastan [37]
and Gunduzalp [13]. In 2011, Sahin defined semi-invariant submersions in complex
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geometry [34]. The theory of submersions, immersions and Riemannian maps are a
recent geometry that plays a very important character in several disciplines of math-
ematics. Various results have been derived by distinguished geometers in this area.
There are copious applications of Riemannian submersions in modern era. These
are capable to handle many issues of Yang-Mills theory [6], Kaluza-Klein theory
[7], supergravity and superstring theories ([15], [16]), Robotics [4] and theory of
relativity [26].

Let 7 : (N1,91) — (N2, g2) be a Riemannian submersion between Riemannian or
semi-Riemannian manifolds. Different new subclasses of Riemannian submersions
were introduced and studied such as slant submersion [33], semi-slant submersion
[27], hemi-slant submersion [36] and quasi bi-slant submersion ([29], [32]). In 1997,
Gundmundsson and Wood [12] generalized Riemannian submersion and presented
a new class of Riemannian submersion horizontally conformal submersion. After-
wards, several geometers studied conformal anti-invariant submersion ([20], [22],
[31]), conformal semi-invariant submersion ([3], [28]), conformal slant submersion
[1], conformal semi-slant submersion ([2], [18], [19], [23], [30]), conformal hemi-slant
submersion [17] and conformal quasi bi-slant submersion [21].

Inspired by the affirmative works, we characterize cqhs submersions in Lorentzian
almost para contact geometry. Therefore, we choose Lorentzian para Sasakian man-
ifold. We give some basics about conformal submersions, then we introduce cqhs
submersions and explore the geometry of discussed submersions with an example.

2. Preliminaries

We present the definitions of Lorentzian para Sasakian manifold.

Let N7 be a differentiable manifold of dimension (2n + 1), ¢ be a (1,1) tensor
field, £ be a contravariant vector field, n be a 1-form and g; be a Lorentzian metric,
then (N1, $,&,1,4g1) is called a Lorentzian para Sasakian manifold with conditions:

$*Zy = Z1 +1(Z1)€, (&) = ~1,m(¢Z1) = 0,6 =0, (2.1)

91(21,8) = 0(Z1), g1(¢Z1, dV2) = g1(Z1, V) +n(Z1)n(Va), (2.2)

YV Zy,Va € T(TNy), is known as a Lorentzian para-contact metric structure and
the manifold N7 associated with the metric g; is called the Lorentzian para-contact
metric manifold ([8], [9], [10], [24]). If moreover,

V2, =0Z1 & (Vz,n)Va = g1(0Z1, V2), (2.3)

(Vz,0)Va = n(Va) Zy 4 g1(Z1, V2)€ + 2n(Z1)n(Va)§ (2.4)

hold on N; for all Z;, V5 € T(TNy), then the Lorentzian para-contact metric man-
ifold N is known as a Lorentzian para-Sasakian (briefly, LP-Sasakian) manifold.
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3. Conformal Submersions

We present background concepts, various definitions and useful results for the study
of the cqhs submersions.

Definition 3.1. [5] Let (Ny,g1) and (Na,g2) are two Riemannian manifolds of
dimensions m and n respectively. A smooth map 7 : (N1,91) — (N2, g2) is called a
horizontally conformal submersion, if there is a positive function A such that

1
g (Vi, Vo) = FQQ(W*VhW*Vﬁ, (3.1)

V Vi, Vo € T(kerm,)*.

Hence, Riemannian submersion is the specific horizontally conformal submersion
with A = 1. Since, x(y) represents the square dilation of 7 at y, so the dilation of
7 at y is represented by A(y) = v/x(y). If a smooth map = is horizontally weakly
conformal at every point on N7, then 7 is called horizontally weakly conformal or
semi-conformal on N7 and if 7 is free from critical points on N7, then it must be a
(horizontally) conformal submersion.

We notice that a horizontally conformal submersion 7 : (N1, g1, J) — (N2, g2) is
said to be horizontally homothetic if in this submersion the gradient of its dilation
A is vertical, i.e.,

H(gradX) =0, (3.2)

at y € Np, where H is the complement orthogonal distribution to ¥V = kerm, in
I(TyNy).

Let 7 : (N1,91,J) — (N3, g2) be a conformal Riemannian submersion. E and
E are “vector fields on Ny and Ns, respectixely. FE is said to be projectiable if Qhere
exist E in such a manner that m.(E;) = Er(,) for any ¢ € N;. Here E and E are
said to be m—related and any projectiable horizontal vector field Y; on N; is said
to be basic.

O’Nill [25] defined two fundamental tensors 7 and A for vector fields Z; and Z»
on Nj such that

Az, Zy = HV Y Vs + VV Yy Ho, (3.3)

Tz, Z2 = MV Yy VZs + VYL, Hs. (3.4)

Now, from (3.3) and (3.4), we get

Vv, Wy =Ty, Wa + VVy, Wy, (3.5)
Vy, X1 =HVy X1 + Ty, X, (3.6)
VXl Vl = AX1 Vl + VVXl V17 (37)
Vx,Zo =HV x,Zs + Ax, Zo (3.8)
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for all Vi, Wy € T'(ker m,.) and X1, Zy € I'(kerm,)*, here YWy, Wy = $V1 Wo. If X,
is basic, then Ax, Vi = HVx, V1.

Let (N1, ¢,£,7m,91) be an almost contact metric manifold and (N, g2) be a Rie-
mannian manifold. Let 7 : (N1, ¢,£,1,91) — (N2, g2) be a smooth map. Then the
second fundamental form of 7 is given by

(V’/T*)(Vl, ZQ) = V@lw*Zg — W*(VV1Z2), fO’]" all Vl, ZQ S F(TNl), (39)

where the Levi-Civita connection of the metric g; and the pullback connection of
metric go are given by V and V™, respectively ([5],[11]). Here 7 is called totally
geodesic map if (V7,.)(V1, Z3) =0, for all Vi, Zy € T(T'Ny).

Lemma 3.1. [5] Let w: (N1,0,£,1,91) = (Na, g2) is a horizontal conformal sub-
mersion. Then, for any horizontal V1,Ys and vertical vector fields X1, Zs, we get

(a) (Vm)(V1,Y2) = Vi(In A7, (V) + Yo (In )y (V1) — g1 (VA, Yo)mi(gradin X),
(b) (V) (X1, Z2) = =7 (Tx, Z2),
(¢) (Vm)(Vi, X1) = —m (VP X1) = —m. (Ay, Xy).

~—

4. cqhs Submersions

We define cqhs submersions from LP-Sasakian manifolds and examine integrability
conditions for horizontal and vertical distributions.

Definition 4.1. Let (N1,0,£,7,91) be a LP-Sasakian manifold and (Na, g2) be a
Riemannian manifold. A horizontal conformal submersion = : (N1,,&,1,91) —
(Na, g2) is called cqhs submersion if ker 7, has four orthogonal complementary dis-
tributions D, D?, D+ and < ¢ > such that D is invariant, DY is slant with angle @
and D+ is anti-invariant, i.e.,

kerm, =D& D oD e < &> . (4.1)
In the above definition, the angle 6 is known as the quasi hemi-slant angle of .

We say that the cqhs 7 : (N1, ¢,&,1m,91) — (Na, g2) is proper if D # 0, D% # 0,
D+ # {0} and  #0, .

Let 7 be a cqhs submersion from a LP-Sasakian manifold (N1, ¢,£,7, g1) onto a
Riemannian manifold (N, g2). Then,

TN, = (kerm,) @ (kerm,)™ .
For Wy € T'(ker ), we get

Wi = PWy + QW + RW; — n(Wh)¢, (4.2)
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where PW; € T'(D),QW; € T'(D?) and RW, € T'(D+). For all U; € T'(kerm,), we
get
oUy = YUy + wUy, (43)

where wU; and ¥U; are respectively horizontal and vertical components of ¢pU;.
Also for Y; € I'(ker 7, )+, we have

oY = BY; + OY;, (4.4)
where BY; € T'(ker ) and CY; € T'(u). From (4.2) and (4.3), we have
OW1 = Y PW, + wPW, + bQW, + wQW, + v RW; + wQW,. (4.5)
Since ¢D = D and ¢D+ C T'(ker 7, )+, we get wPW; = 0 and ¢ RW; = 0, and so
oW = Y PW1 + QW1 + wQW;1 + wRW;. (4.6)
This means that, ¢(kerr,) = D @D’ @ wD? © ¢D*.

Here,
[(ker7,)t = wD? @ (DY) @ p. (4.7)

Now, we will denote a cqhs submersion from a LP-Sasakian manifold (N1, ¢, &, 1, g1)
onto a Riemannian manifold (N3, g2) by .

Lemma 4.1. If 7 is a cqhs submersion, then we get
VY, 4+ BwY) =Y +n(Y1)€,  wiY) + CwY; =0, (4.8)

YBY; + BCY, =0,  wBY; + C%Y, =Y, (4.9)
vV Y; € T'(ker ) and Ya € T'(ker m,)*.

Proof. The proof follows by using (2.1), (4.3), and (4.4). O

Lemma 4.2. If 7 is a cqghs submersion, then we get

VYV, Uz + Ty, wUs = BTy, Us + VNV 1y, Us +0(Uz) Uy 4 g1 (Ut, U2)§ +2n(Ur )n(Uz)E,

Tv, ¢Us + HVy,wUs = CTy, Uy + wVVy, Us, E
Tu,BY1 + HVy, CYy = CHVy, Y1 + w7y, Y, (
VVu,BY: + Ty, CY1 = BHVy, Y1 + ¢Tu, Ya, (
YWy, oUs + Ay,wlU; = BAy, Uy + ¢VVy, Uy, (4.14
Ay, oUr + HV y,wU; = C Ay, Uy + wVVy, Uy + n(Up) Y7, (
Ay, BYs + HVy,CYs = CHVy, Yo + wAy, Yo, (
VVy, BY; + Ay, CYs = BHVy, Y2 + ¢ Ay, Yo + g1 (Y1, Y2)E (
Y Uy, Uy € T(kerm,) and Yy,Ys € T(ker 7, )+
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Proof. Using (2.4),(3.5)-(3.8), (4.3) and (4.4), we can easily get (4.10)-(4.17). O
Now, we define
(Vz,0)Z2 = VN 2,025 — 9VN 7, Z3, (
(Vz,w)Zo = HV zywZs — wVV 2, Zs, (4.19
(Vx, B)Xs = VW, BXs — BHV x, Xo, (
(Vx,C) Xy =HVx, BXy — CHV x, X (
Y Z1,Z9 € T'(kerm,) and X7, Xo € F(kerw*)J—.

Lemma 4.3. If 7 is a cghs submersion, then we have

(Vz,0)Zs = BTz, Zo — Tz,wZa +0(Z2)Z1 + g1(Z1, Z2)€ + 2n(Z1)n(Z2)€, (4.22)

(VZI(A))ZQ = C7—Z1 ZQ — 7—21 (]522, (423)
(leB)WQ = W.AVV1 W2 - .AWIBW27 (4.24)
(le C)W2 = ¢AW1 Wy — AW1 CWy + gl(Wla Wg)f, (425)

Y Zy,Zy € T(ker ) and Wy, Wy € T'(ker 7, )*.
Proof. Using (4.10),(4.11) and (4.16)-(4.21), we can easily get (4.22)-(4.25). O
Lemma 4.4. Let 7w is cqghs submersion. Then, we have

(a) ¢*W1 = (cos® )W,
(b) g1(¢W1, pWa) = cos® g1 (W1, Wa),
(C) gl(le,wWQ) = sin2 991(W1, WQ), A Wl, Wy € F(De)

Proof. The proof of the this Lemma is similar to that of Lemma 5 of [18]. O
Theorem 4.1. Let 7 be cqhs submersion. Then D is integrable if and only if
%92((V7T*)(Zl, ¢Z2) — (Vi )(Z2, 9 21), m(WV1)) = 1(VV 2,022 — VV 2,621, pQV1),
Y 7,7, € T(D) and V; € T(DY @ D).

Proof. It is know that D is integrable if and only if g1 ([Z1, Z2], V1) = 0, g1([Z1, Z2], Va) =
0 and g1([Z1, Z2],€) =0V Z1,Z, € T(D), V; € T(D? @ D*) and V; € I'(kerm,)*.

It is clear that kerm, is integrable so g1([Z1, Z2],V2) = 0. Thus D is integrable

if and only if ¢1([Z1,22],€) = 0 and ¢1([Z1, Z5),V1) = 0. From (2.3), we get
91([Z1, Z2],€) = 0.
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Again using (2.2), (2.4), (3.5), (4.2) and (4.3), we get

91([Z1, Z2], V1) = g1(Vz2,0Z2,0V1) — 91(V 2,021, oV1),
gl(vvzl¢22 - VVZ2¢Zla 11[}@‘/1) +
91(Tz,0Z2 — Tz,0Z1,wQVy + wRVY).

Using (3.1), (3.9) and Lemma (3.1), we have
91([Z1, Z2), Vi) = (V2,022 — VNV 2,0Z1,9QV1) —

%gg((Vﬂ*)(Z1,¢Z2) — (VW*)(ZQ,(bZl),TF*(OJQVl +UJRV1))

Now, since wV; = w@QV1 + wRV;, we get
91([Z1, 22, V1) = 91(VV 2,022 = VV 2,6 Z1,9QV:) —
(VR (21,622) — (Vi) (22, 620), 7 V1),
[

Theorem 4.2. Let 7 be cghs submersion. Then D? is integrable if and only if
91(Tz,w Zy — Tz,wp Z1, Wh) + g1 (Tz,wZ2 — Tz,wZy, PWh)
1
= 1202((Vm)(Z1,wZs) = (Vi) (Z2,wZ1), me($RWL)),

V Zy,Zy € T(D%) and Wy € T(D ® D4).

Proof. We observe here that D? is integrable if and only if 91([Z1, Zs),W1) =
0,91([Z1, Z3),€) = 0 and ¢1([Z1, Z2], W>) =0,V Z1,Zy € T(D%),W; € T(D & DY)
and Wy € (ker7,)*. Since ker 7, is integrable then g;([Z1, Z2], W2) = 0. Thus, D?
is integrable if and only if g1([Z1, Z2],§) = 0 and ¢1([Z1, Z2], W1) = 0. From (2.3),
we get ¢1([Z1, Z2],€) = 0.

Next, using (2.2), (2.4), (3.5), (3.6), (4.2), (4.3) and Lemma (4.4), we get

91([Z1, Z2), Wh)
= q1(Vz,0Z2,0W1) — g1(V2,0Z1,9W1),
= g1(V2,0°Zo, W1) — 1 (V 2,0° Z1, W1) + g1 (V z,wtp Zo, W1 ) —
91 (Vz,wpZ1, Wh) + g1(V z,wZ2, oW1) — g1(V z,wZ1, oW1 )
= cos?0g.1([Z1, Z2), Wh) + g1 (Tz,wip Za, W1) — g1 (Tz,wtb Zy, W1) +
g1 (Tz,wZs — Tz,wZy,9PW1) + g1 (HV z,wZo — HV z,wZ1, pRW).

Now, we get

sin® 091([Z1, Z2], Wh)
= 0(Tz,wZs — Tz,wpZ1, W1) + 91(Tz,wZa — Tz,wZ1, pPW1) +
a1 (HVZIWZQ — /HVZQWZl7 ¢RW1)
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Using (3.1), (3.9) and Lemma (3.1), we have the result
sin2 991([Z1, ZQ], Wl)
= q(Tz,w¥Zs — Tz,wp 2y, Wh) + 91(Tz,wZ> — Tz,wZi, pPW1) —
1
Fgg((VW*)(Zl,ng) — (V) (Za,wZ), ms(RWT)).
0

Theorem 4.3. Let 7 be cghs submersion. Then D is always integrable.

Proof. The proof of this Theorem is similar as Theorem 3.13 of ([36]). O

Theorem 4.4. Let 7 be a cghs submersion. Then (kerm,)* is integrable if and

only if
1
FQQ(szﬂ-*(Ozl) - vZ1 Tx (OZQ)a T (wwl))
= (VW2 BZy = VNV 2,BZ1 + Az,CZy — Az,CZy, g PW1 + pQWr) +
91(Az,BZy — Az, BZ1,wWi) — g1(Z1,wWh)g1(gradln A, CZ3) +
91(Za,wW1)g1(gradln X\, CZy) + 2g1(Z1,CZ3)g1(gradln A\, wWh),
V Wi € I'(ker ) and Zy, Zs € T'(ker m,)*.
Proof. For Zy,7Z, € T'(kerm,)t and Wy # ¢ € T'(kerm.,). Using (2.3), we have

91([Z1, Z2],€) = 0.
From (2.2),(2.4), (3.7),(3.8),(4.2), (4.3) and (4.4), we have

91([Z1, Z»], Wh)

= g(Vz,¢Z2,¢W1) — g1(V 2,021, 9W1),

— (VW2 BZs — VN 5, BZy + Ay, CZs — Ag,CZy,6PW; + QW) +
91(Az,BZy — Az, BZ1,wQW;1 + ¢RW1) 4+ g1 (HV 2,CZs, wQW1 + ¢RW7) —
G1(HV 5, C 71, 0QW: + JRWY).

Since wQW7 + ¢RW; = wQW1 + wRW; = wW7, we get
91([Z1, Z2], W1)
= gl(VV21322 — VVZszl + ./421022 — A220Z1,¢PW1 =+ ¢QW1) =+
91(Az, BZy — Az, BZ1,wW1) + g1(HV 2,CZa, wW1) — g1 (HV 2,C Z1,wW7).
Using (3.1), (3.9) and Lemma (4.4), we have
91([217Z2},W1)
= gl(vvleZQ — VVZQle + AZchQ — AZ2021, d)PWl =+ Z[)QWl) =+
1
gl(AleZg - AZQBZl,wI/Vl) + FQQ(VZlﬂ-*(CZQ) - VZ27T*(021),7T*(WW1)) -
91(Z1, wW1)g1(gradln\,CZ3) + g1(Za,wW1)g1(gradln A, CZy) +
291(Z1,CZ3)g1(gradln \,wWy).
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O

Theorem 4.5. Let w is a cqhs submersion. Then any of the first two statements
below tmply the third:

(a) (ker )  is integrable,
(b) 7 is a horizontally homothetic map,
(¢)
1
ﬁgQ(VZQ’/T*(Czl) - VZl T (CZQ)a T (WWl))

= WV BZy —VV2,BZ+ Az,CZy — Az,CZy, ¢ PW1 + QW) +
g1(AZlBZ2 — AZZBZl,wI/Vl),

vV W, € I'(kerm,) and Z1, Zy € T'(ker m, ).
Proof. For W # ¢ € T'(ker7,) and Z;, Z, € T'(ker 7,)*, from Theorem 4.4, we have

gl([Z17Z2]7W1)
= gl(VleBZQ —VV2,BZi+ Az, CZy — Az,CZy, pPW; + ¢QW1) +
(

1
g1 .AZ1322 — AZQBZ1,WW1) + FQQ(VZIW*(CZQ) — szw*(C’Zl),w*(le)) —

91(Z1,wW1)g1(gradin X, CZy) + g1(Za, wW1)g1(gradln X\, CZy) +
291(Z1,CZ5)g1(gradln A, wWr),

Now, using (3.2), we get Theorem 4.5(c)

91([21722}7W1)
= g(VVz,BZy —=VV2,BZy + Az,CZy — Az,CZy, pPW1 + QW) +

1
91(Az, BZy — Az, BZ,,wW1) + ﬁgz(vzlﬂ*(()zz) — V2,1 (CZy), me(WW7)).

5. Totally Geodesic Conditions

We discuss totally geodesic conditions for cqhs submersions.
Proposition 5.1. Let 7 is a cqghs submersion. Then D 1is not totally geodesic.

Proof. For all Zy,Zy € T'(D), using (2.3), we have g1(Vz,Z2,£) = —g1(Z2,07Z1),
since g1(Z2, ¢Z1) # 0, so D is not totally geodesic foliation on Ny. [
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Theorem 5.1. Let w is a cghs submersion. Then D@ < & > is totally geodesic if
and only if

(VY 2,67, 6QVE) = 350((V7) (21, 620), T (W),

0(VV 2,67, BV:) = 130:(Vm.) (21, 6%2), 7. (CV2)),

YV Z1,Z, eT(DD < & >), Vi € (DY @ DY) and V, € T(kerm,)*.

Proof. D® < £ > is totally geodesic foliation on Ny if and only if g1(Vz, Z2, V1) =0
and g1(Vz,Z2,Va) = 0,V Z1,Zy € I(D® < € >), Vi € T(D? ® D*) and V; €
['(ker 7, )t. Using (2.2),(2.4), (3.5), (4.2) and (4.3), we get

91(Vz, 22, Vi) = g1(Vz,0Z2,6V1),
= gl(VVZ1¢ZQ7wQ‘/1) +gl(7-Zl¢Z27wQ‘/1 +WR‘/1)3
= 91(VV21¢Z2,¢QV1) +gl(7dZ1¢Z27w‘/1)'

Using (3.1),(3.9) and Lemma 3.1, we get
1
n(Vz: 22, V1) = 1(VV 2,022, 9QWV1) = 1592((Vma) (21, 622), 7 (wV1)).

On the other hand, V Z;,Z, € T(D® < ¢ >) and Vi € T(kerm,)"t, using
(2.2),(2.4),(3.5),(4.3) and (4.4), we have

91(V2, 25, Vo) = g1(Vz,0Z2, BVa) + g1(V 2,025, CVs),
= 91(VWVyz,0Z2, BVy) + g1(Tz,0Z2,CVa).

Using (3.1), (3.9) and Lemma (3.1), we get

1
gl(VZIZQ, sz) = gl(va1¢ZQ7 BVv?) - ﬁQQ((Vﬂ.*)(Zla ¢ZQ>7 W*(Cvé))a
we obtain the results of theorem. [J
Proposition 5.2. Let 7 is a cqhs submersion. Then DY is not totally geodesic.

Proof. ForYy,Y, € T(D?), from equation (2.3), we have g1 (Vy, Y5,€) = —g1 (Y2, 6Y1),
since g1(Yz, Y1) # 0, so the DY is not totally geodesic. [J

Theorem 5.2. Let 7 is a cqhs submersion. Then D@ < € > is totally geodesic
if and only if

91(Vz,wZy,Ur) + 91(Tz,wZa, pPUL) — 1(Z2)g1(Z1, pPUy)

%gg((vﬂ'*)(ZDWZQ)vW*(QSRUl))’
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91(Tz,wZa, BU3) + g1(Awz,0 21, 9CUz) + g1 ((wZ1,wZ2)g1(gradln X, pCUs)

= _%QZ(VwZQW*(Wzl)vW*(¢CU2)) + %92((V7T*)(Zlauﬂ/fzz)a T (U2)) +1(Z2)91(Z1, BUa),

YV Z1,Z, e (D' < €>), U €T(D@ DY) and Uy € T(kerm, )t

Proof. DY@ < ¢ > is totally geodesic foliation on Ny if and only if g1(Vz, Z2,U;) =
0 and gl(leZQ,UQ) =0, v Zl,ZQ c F(De@ < f >),U1 c F(D D DL) and Us €
I'(ker )" Using (2.2), (2.4), (4.2), (4.3) and Lemma (4.4), we get

91(Vz2,25,Uy)
= (V2 ¥Zs, oUr) + 91(V z,wZa, ¢U1) — 0(Z2)g1(Z1, 9PUL),
= ¢08?091(Vz,Zo,Ur) — g1(V 2,00 Z2,Ur) + g1(V 7,022, pU1) — 0(Z2)g1(Z1, $PU?).

Now, using (3.6), we get

sin2 egl(VZIZQ,Ul)
= —q1(VzwZy,Uy) + g1(HV z,wZs, RUL) + 91(Tz,wZa, pPUL) — 1(Z2)g1(Z1, 9PUY).

From (3.1),(3.9) and Lemma (3.1), we have

sin® 091(V2,Z2,Uh) = gu(TzwpZ2, Uh) + 91(Tz,wZ2, $PUL) — 1(Z2)g1(Z1, $PUL) —
1
(V) (0, w2), . (GRUL)).

On the other hand, using (2.2), (2.4), (3.6), (4.3), (4.4) and Lemma (4.4), we have

91(V2,22,U3) = g1(Vz,¥0Zs,¢Us) + 91(Vz,wZ>, 9Us) — 0(Z2)91(Z1, BU3),
= 082 0g1(Vz,Z2,Uz) 4+ 91(V 2,0t Zo, Us) + g1 (HV 7,075, CUy) +
gl(Tzleg, BUQ) — 7’](ZQ)91(Z1, BUQ)

Now, we have

sin? 0g,(V 2, Zo, Us)
= g(Hz,wZs,Us) + g1 (HV z,wZs, CUs) + g1(Tz,wZa, BUs) — 1n(Z2)g1(Z1, BUs),
= q(HVz,wpZs,Us) + g1(Tz,wZa, BUs) + g1 (Awz,¥Z1, 9CU2) +

g1(HV wz,wZy, pCUs) — 1(Z2)g1(Z1, BUs).

Using (3.1),(3.9) and Lemma (3.1) we have

Sin2 991(V21227 Ug)
= g1(Tz,wZ, BU3) + g1(Awz,%0 21, 9CUz) + g1((wZ1,wZ2)g1(gradln X, pCUy)

3592V (20), e ($CV2) = 5502((Vm) (2,009 Z0), e (U2)) —
—1(Z2)91(Z1, BUs),

which gives the required outcome. [
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Theorem 5.3. Let 7w is a cqhs submersion. Then D= is totally geodesic if and
only if

91 (T0, Var QW) = 1501 (Vm) (Vi wRVE), ma (T11)),

1
91(Tv,wRVa, BW5) — g1 (WRVy, wRV3) g1 (gradln, pCWy) = Fgg(vaVZﬂ'*((]SOWQ), T (WRVY)),
VY Vi, Vo e (DY), W, € T(D @ D?), and Wy € T'(ker ) L.

Proof. For Vi,V € T'(D+),W; € T'(D @ D?), and Wy € T'(ker7,)*. Using (2.3),
we have g, (V, Va, €) = 0.

Now, again using (2.2), (2.4), (4.2), (4.3) and Lemma (4.4), we have

g1 (Vv Vo, W) = g1(¢Vv, Vo, pPWy + QW) + g1 (Vv ¢V, wQWr),
gl(vvl‘/%PWl_FQWl) = gl(vV1V27PW1)+COSQ 991(VV1‘/2,QW1)+
gl(vV1V27waW1) + gl<VV1(b‘/2,wQW1).

From (3.5) and (3.6), we have
sin® 0g1(Vv, Vo, QW1) = g1(Tv, Vo, wtpQW1) + g1 (HVv,wRVa, wWr).
From (3.1),(3.9) and Lemma (3.1), we get

1
sin® 0g1 (Vv, Va, QW1) = g1(Tv, Vo, wpQWr) — FSH((VW*)(VhWRV% T (WW1)).

On the other hand (2.2), (2.4), (3.6), (4.2), (4.3) and (4.4), imply

g1 (VV] Vs, WQ) = gl(vVleva, BWQ) + gl(VV1WR‘/2, OWQ)
= g1(TnwRVz, BW3) — g1(Vuri, CW1,wRVY).

Using (3.1), (3.9) and Lemma (3.1), we have

1
g1(Vy, Vo, Ws) = gl(TVﬂ/JR‘/QyBWZ)_ﬁgQ(VwRVQ’/T*(QSCWQ)’W*(WRVI))
1
+ﬁg2((vw*)(°~’RV2a¢CW2)77T*(wRV1)),

1
= g1(TywRVy, BWy) — ﬁ%(vavﬂ*((ﬁCWQ),W*(Wva)) -

91(wRV1,wRV3)g1(gradln, pCWy).

O

Theorem 5.4. Let 7 be a cghs submersion. Then, (ker 7,)* is not totally geodesic.
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Proof. For Zy,Zy € T'(ker m, )L, using (2.3), we have g1(Vz, Z2,8&) = —g1(Za, $Z1),
which is g1(Z2, ¢Z1) # 0, so (ker )" is not totally geodesic. [

Proposition 5.3. Let 7 is a cqghs submersion. Then, (ker 7, ) is not totally geodesic.

Proof. Suppose we have X; € (kerm,) and X € (ker,)* by the use of (2.3), we
get g1(Vx, & Xa) = g1(0 X1, X>), since g1(Xa,dX1) # 0, so (kerm,) is not totally
geodesic. [

Theorem 5.5. Let m is a cghs submersion. Then (kerm,)— < & > is a totally
geodesic if and only if

1
ﬁ{gz((VW*)(Vhwvz)»W*(Cwl)) + 92 (V) (V1, wpQVa), 7. (W1)) }
= 91(Tv, PVa + cos® 0Ty, QVa, W1) + g1 (Tv,wVa, BWY),
V Vi, Ve €l (kerm,)— < € > and Wy € T'(ker,)*.

Proof. For Vi, Vy € T'(kerm,)— < & > and W; € I'(ker )+, using (2.2), (2.4), (4.2),
(4.3),(4.4) and Lemma (4.4), we have

a1 (Vy, Vo, W) = g1(Vy, PVo, W1) + g1(Vy, QV2, W1) + g1(Vy, RV2, Wh),
= 01(Vy,0PVa, oW1) + g1(Vv, 0QVa, oW1 ) + g1 (Vv 9 RV, oW1),
91(Vy, PVy + cos? 0V v, QVa, W1) + g1 (Vv,wpQVa, Wr) +
91 (Vv (wPVa + wQVa + wRV3), oW7).

Since WPV, + wQVo + wRV, = wVs and wPV, = 0, we have

G (Vv Vo, W1) = g1(Vy, PVa 4 cos? OV, QVa, W1) + g1(Vy,wpQVa, W1) +
91 (Vy,wVa, oW1),
= 91(Tv, PVa + cos® 0Ty, QVa, W1) + g1 (HV v, wpQVa, W1) +
gl(Tvle27 BW1) + g1(HVV1wV2, CWl)

Using (3.1), (3.9) and Lemma (3.1) we have

91(Vy, Va, W)
1
= g1(Tv, PVa + cos® 0Ty, QVa, W1) — FQQ((VW*)(VMQWQ%)’W*(W1)) +

1
g1 (Tv1w‘/2a BWl) - FQQ((VTF*)(VMWVV?)) W*(CW1))
0
By the use of Proposition (5.2) and Theorem (5.3) one can get the following theorem.

Theorem 5.6. Let m be a cqghs submersion. Then, 7 is not a totally geodesic.
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6. Example

Consider the Euclidean space R2**1 whose coordinates are {(z', 22, ..., 2%y 42, ..o, 2) :

iyt 2 € R}. Let {E;, Exyi, €} be the base field where E; = 2%,Ek+i =

2( a?ui + yi%). and £ = 2% be the contravariant vector field. Assign LP-Sasakian
structure on R?**1 as follows:

O 0. 0. o o Eo
MZ“@ﬁ%@ﬁwaﬁ*ZW@*;&%ﬁZ¥ﬁﬁ

1= =1

k k k

0 1 o 1 ) ) ) )

§=25-n=—5(dz~ > “y'da’), greri = —(n®n) + Z(E d' @ da' + ) dy' @ dy').
i=1 =1 i=1

Then (R?**1 ¢, &,n, gperi1) is the LP-Sasakian manifold [24].

Example 6.1. Let the R be an Euclidean space whose coordinates are (1, ..., Z5,, Y1....., Y5, 2)
and {E;, E54:,&} be the base field where E; = 2%,E5+¢ = Z(Bii —|—y1%), i=1,..,5.

Let € = 2% be a contravariant vector field. Define an LP-Sasakian structure on R'! as
follows:

5

S SKANRE P ASE oSV oS S L)
" O’ ' Oyt 0z’ — ' Ox? — ' Oyt Y5

i= =1

0 1 Ny 1 i i i
§:2&7n:—§(dz—2y dz ),g=—(77®17)+1(2dx ®dz' +dy' @ dy").
i=1 i=1

Then (R11,¢,§,n, g) is LP-Sasakian manifold. Let gps be the Riemannian metric
tensor field which is defined by ggs = 4@#% Z?Zl(dvi ®dv;) on RS, where {v1, v2,v3,v4,v5}
is local coordinate system on R°.

Let F : R™ — R® be a map defined by n(x1,...,z5,¥1...., ¥5,2) = e’(sinazx; +
COS (T3, T2, T4, Y3, Ya), which is cqhs such that

0 0 . 0 0 0 0
X = 2esalgrtugy) - dsinalmo+uag) Xe = 250+ s,
0 0 0 0
Xs = 2 X4=2— X5=2— , Xeg=§&=2—.
3 oY1 4 Y2 5 Y5 6=¢ 0z

(kerm,) = (D@ D’ ® D ® < ¢ >),

0 ad
D =< X, :2(87585 +y5&)7X5 =2— >,

D% =< X, :2(:0504(aim1 +y1%) —2sina(aim3 + Y3~
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B )
Dt =< X, =2— > Xs=<&>=<2

ayg & >
0 0 0 0
ki * + = = 2si -_— —_— 2(— J— =2
(ker 74) <W smoz(83171 +ylaz)+cosa (axS—i—ygaZ),Vg 52y’
0 3} 0
Vi = 2— Vu=2— Vs =2—>,
’ Ay dys’° Oy

with quasi hemi-slant angle o. Now,

PV = 2eﬁi,F*v2 WA F.Vs = 2eﬁi,F*V4 = Qeﬁi,m% =2 .
8111 8113 6’1}4 6
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