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Abstract. We study the fundamental tone of Laplacian operators on Finsler manifold
M evolved by a special function v : Q@ C M — R, and provide some geometric estimates
of the first eigenvalue of p-laplace and (p,q)-Laplace operators. These estimates are
dependent on this function for simply connected manifolds, a class of warped product
manifolds, and a class of Finsler submersions. Under a similar setting, we also study
these results on a quasi-linear operator Lu = —Apu + X |u|P ™ u.

Keywords: p-Laplacian operator, nonlinear eigenvalue problem, first eigenvalue, quasi-
linear operator, (p, ¢)-Laplacian.

1. Introduction

Let (M, F,du) be a compact Finsler n-manifold and denote the completion of
C>(M) by WhP(M). For a function u € WHP(M), we define its Finsler p-Laplacian
as follows:

Apu = div(|Vu[P~2Vu),
where the equality is in the weak W1?(M) sense. The Finsler p-Laplacian A, is a
nonlinear elliptic operator. For a function v € C*° (M), Ayu is not defined in usual
sense because here Vu is quite different from that in the Riemannian case.

Let V' # 0 be a vector field on M, = {u € C®(M) : du # 0}, the weighted
p-Laplacian on the weighted Riemannian manifold (M, gy) is defined by

1% . vV, p—29V
Aju=div([V' ulP77V " u).
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Obviously, AZ“u = Apu.
The canonical energy functional E on WP\ {0} is defined by

L fM |VulPdu

Blw) = Jar lulpdp

Then for an arbitrary ® € C°°(M), we have the following divergence formula:
div(®|VulP~2Vu) = @A u + |VulP~2d®(Vu).

If u satisfies in the Neumann boundary condition g, (v, Vu) = 0, where v is the
outer normal vector with respect to M, then we obtain

(1.1) / OA udp = 7/ |Vu|P~2d®(Vu), V& € C(M).
M M

This leads to the definition of A,u on the whole M in the distribution sense.
Furthermore it can be shown that E(u) is C' on W1P(M) \ {0} and for any u €
WP (M) with [, |u[Pdp = 1, we have

d,E(®) = p/ (|Vul[P~2d®(Vu) — \|uP~2ud)du, Y& € C=(M),
M

here, A, = E(u). This together with (1.1) leads to

d,E(®) = —p/ (Apu — AplulP2ud)dp, Y& € C°°(M).
M

It follows that u satisfies d, B = 0 iff Apu = —Ap|u[P~2u. Here )\, is called
Neumann eigenvalue and u is the corresponding Neumann eigenfunction of M.

Set
K= {u € Wl’p(M)\/ |u|P~2udp = 0, / ulP = 1} .
M M

The first Neumann eigenvalue of the Finsler p-Laplacian is defined by
M p(M) = inf {/M |VulP~2dpu;u € K} .
Consider the following sets
Wy P (M) = {u e W (M)||uloar =0}, Ky := {u € W,y P(M)| /M lulP = 1} .

Let Q@ C M be a domain with compact closure and nonempty boundary 0.
The first Dirichlet eigenvalue of Finsler p-Laplacian is determined by

Ja |Vupd,u}

A, () = inf
() { fQ lulPdp

u€W P ()\{0}
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1.1. Eigenvalue estimate of some (p, ¢)-Laplacian

Let Q be a compact domain in a complete simply connected Finsler manifold
(M, F, du) which has a constant flag curvature k. We recall a class of (p, ¢)-Laplacian
for Yu € W = WyP(Q) N Wy ?(Q2) introduced in [1] for Riemannian manifolds and
defined for Finsler manifold in [11], as follows:

(1.2) Apu+ Ayu = div((|VulP~2 + |Vu|T2)Vau),

where 1 < ¢ < p < co. A is an eigenvalue of (1.2) if there is a nontrivial solution
u € W for the following inequality:

(1.3) —Apu — Agu = NulP~2u,

or equivalently for any v € W?(Q) N W4(Q), we have

(1.4) /|Vu|p72Vu.Vvdv+/ |Vu|q72Vu.Vvdv:)\/ [ulP~2uvdo.
Q Q Q

Therefore the first positive eigenvalue A1, 4(€2) of (1.2) is defined as

(1.5) M p,q(Q) = inf {/ |VulPdv +/ [Vul?: / |u|Pdv = 1} .
o Q Q

It has been long established that the eigenvalues and eigenfunctions of the Lapla-
cian play an important role in global differential geometry since they reveal impor-
tant relations between geometry of the manifold and analysis. In Riemannian man-
ifolds most of wellknown Laplace operators such as biharmonic, p-Laplace, (p, q)-
Laplace operator and so on had been studied [1, 4, 6, 7, 10, 12, 13, 23].

Generalization mathematician in last two decades have been tried to extend the
eigenvalue estimation results on Riemannian manifolds to the Finsler manifolds.
For instance, Yin and He in [21] obtained the Lichnerowicz-obata type estimate
which depends on considering the lower bound for Ricci curvature. Lately in [22],
authors generalized Cheng type, Cheeger type, Faber-Krahn type, and Mckean type
inequalities for reversible Finsler manifolds which was proven in the Riemannian
case [3, 5, 19].

Motivated by recent research on Riemannian manifolds in [9], we are interested to
compare the results on Finsler manifolds with the same condition on Riemannian
case. Here is our first result:

Theorem 1.1. Let (M, F) be a Finsler manifold and 2 C M be a bounded domain.
In addition assume that there is a smooth function f : Q — R such that F*(df) =
IV <l and Apf > la for some positive constant l1,la. Then, the first eigenvalue
of the p-Laplace operator satisfies:
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and more over if we have Ayf > I3, then the first eigenvalue of (1.2) satisfies

aa® > () + ()
1,p,q = pl{’_l ql(1]—1 :

As an immediate conclusion, we can state following Mckean’s type theorem.

Theorem 1.2. Let (M"™, F) be a forward complete Finsler manifold with flag cur-
vature K < —k2. Then for any bounded domain Q C M, we have

_ p
Ap(2) = (Mcothr— ||5||) ,
p

where ||S|| is the pointwise norm function of S-curvature, and R > 0 is the radius
of such geodesic ball that contains ).

2. Preliminaries

Let M be an n-dimensional smooth manifold and 7 : TM — M be the natural
projection from the tangent bundle TM. Let (z,y) be a point of TM with z € M,

y € T, M, and let (x%,4") be the local coordinate on T'M with y = yl% A Finsler
x

metric on M is a function F : TM — [0, 00) satisfying the following properties:
(i) Regularity: F'is C* in TM \ {0};

(ii) Positive homogeneity: F(z, \y) = AF(z,y) for all A > 0;

(iii) Strong convexity: the fundamental quadratic form

(9ij) == ([;FQ]W)

is positively definite at every point of TM \ {0}.
. 0
Let X = X lT be a vector field. Then the covariant derivative of X by v € T, M
l-l
with reference vector w € T, M \ {0} is

w [ ox? i ok 0
DyX(z)= {vﬂ D (z) + T (w)v? X (m)}ax“

where l";'» . denote the coefficients of the Chern connection.

Given two linearly independent vectors V, W € T,, M\ {0}, flag curvature K (V, W)
is defined as follows:

gv (RY (V.W)W, V)

KW= 0V gy W) — gy (VW)

where RV is the Chern curvature:

RY(X,Y)Z =VYVyZ - VyVYZ -V y 2.
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Then the Ricci curvature of V' for (M, F) is:

n—1

Ric(V) =Y K(V,e;),

i=1

here ey,--- ,e,_1, form an orthonormal basis of T, M with respect to gy,

v
F(V)
namely, one has Ric(AV) = Ric(V) for any A > 0.

For a given volume form du = o(x)dx and a vector y € T,, M \ {0}, the distortion
of (M, F,du) is defined by

g

T

Considering the rate of changes of the distortion along geodesics, leads to the
so-called S-curvature as follows

d :
S(V) = %[T(’Y(t)ﬂ’(t)]t:m
where 7(t) is the geodesic with v(0) = z and ¥(0) = V.

Now we can introduce the weighted Ricci curvature on the Finsler manifolds,
which was defined by Ohta in [14].

Definition 2.1. ([14]) Let (M, F,du) be a Finsler n-manifold with volume form
du. Given a vector V € T, M, let v : (—e,e) — M be a geodesic with (0) = =z,
4(0) =V, and

. B d .

S(V) = F2(V) 2 [S(V(#), 4(B))i=o-
The weighted Ricci curvatures of M is defined as follows

Rica (V) = {RZ’C(VHS(V), for S(V) =0,

—00, otherwise,
. o . : S(V)?
Ricy(V) = Ric(V)+S(V) - N = FV VN € (n,00),
Ricss(V) = Ric(V)+S(V).

For a smooth function u : M — R and any point z € M, the gradient vector
of u at = is defined by
g ou 0
Yz, Vu)=— ,
Vu(z) = g7 )5‘:vj Ox;
0, du(z) = 0.

du(z) 0,

So the gradient vector field of a differentiable function f on M by the Legendre
transformation £ : T, M — T M is defined as

Vu := L7 (du).
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Let M = {& € M : Vu|, # 0}. We define the Hessian H(u) of u on I as
follows:

Hu)(X,Y) = XY (u) - VY'Y (u), VX,Y € D(TM|m).
Fix a volume form du, the divergence div(X) of X is defined as:

d(X | dp) = div(X)dp.

For a given smooth function u : M — R, the Laplacian Au of u is defined
by Au = div(Vu) = div(L~!(du)). The Finsler p-Laplacian of a smooth function
u: M — R can be defined by

Apu = div(|VulP~2Vu).

Since the gradient operator V is not a linear operator in general, the Finsler
p-Laplacian is greatly different from the Riemannian p-Laplacian.
Given a vector field V' such that V' # 0 on M, = {& € M;du(z) # 0} the

weighted gradient vector and the weighted p-Laplacian on the weighted Reimannian
manifold (M, gy ) are defined by

iy Jou 0

iy 2L 2
vV u = 9 )8wj o'’
0, on M\ M,,

V. g vV, p—2oV
Apu = div(|[VVulP"7V u).

Here we note that VVu = Vu, AYu = Apu.

Definition 2.2. [16] Let (M, F,dp) be a Finsler manifold and u be a C? function
on M. The Shen-Laplacian Au of u is defined as follows

Au = U;(gc)ak[au(w)gkl(:c,Vu(x))@lu]

= [9"(z, Vu(2))dy(log(oyu(w)) + k(g™ (, Vu(@)]owu + g (z, Vu(z)) k.

Definition 2.3. [16] Let Hj denotes the space of Hilbert functions with [, udp =
0. for u € HJ, the weak Laplacian of u is defined by

/ SAudp = —/ d®(Vu)du, forall® € C§°(M).
M M

3. Main results

We consider a bounded domain €2 in a n-dimensional Finsler manifold M™,
n > 2. Under some boundary assumption for f : 2 — R that stated in Theorem
1.1, we will obtain a positive lower bound for A; , on bounded domain €2 as follows:
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Proof. [Proof of Theorem 1.1] Given v € C§°(2), we have

Iy / lo[Pdp / W[PA, fdu
Q Q
- - / < Vl?, VAPV f > du
Q

IN

S / WPt < Vol [VFIP2Vf > dy
Q

IN

p /Q P Vo[V £P dp

< o [ P 9ol
Q

Taking a positive constant ¢ > 0 and using Young inequality, we get

oD BV
+ 1
q pcP
Rl N el 1
p per

— —1
[o[P =1y V|

IN

So

_ ZP(P*U
A T e e e A
Q Q & Ja

p—1
T Then we infer

b b
Choosing ¢ so that b — (p — 1)e?/®P—1) = e that is ¢? = pre

1lpp D)
2 [ opdu < Pt [ volra

-t
Vul||Pd >27/ v|Pdu.
1wl n2 i e

Dividing both sides of the last inequality to fQ |v[Pdp, completes the proof. [

Hence

Let (M, F,du) be a Finsler n-dimensional manifold and r = dp(z, .) the distance
function from a fixed point z. In addition, suppose that « is a unit-speed geodesic
without a conjugate point up to distance r from x and the flag curvature of M has
the upper bound c. It is known that Vr is a geodesic field such that F(Vr) = 1.
Define the following function:

Jl_icsinh(\/—icr), if ¢<O,

(3.1) fe(ry=1<r, if c=0,

%sin(ﬁr), if ¢>0.
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So Apr = Ar > (n —1)ct.(r) — ||S|| (see Laplacian comparison in [20]), where

V/—ccoth(v/—cr), if ¢<0,
th(r) = %7 Zf c= Oa
Veeot(y/er), if ¢>0.

Consequently, as a first application of Theorem 1.1, for the especial distance
function on a geodesic ball B,., we obtain Theorem 1.2. In particular, for Finsler
manifold with Berwald metric, since S-curvature vanishes i.e. S = 0 (see proposition

4.3 in [17]), we get
. P
Ap(9Q) > ((”Dk cothr) .
p

For the next result we need to recall the definition of the Busemann function in
Finsler geometry from [18]:

Definition 3.1. Let (M, F) be forward complete Finsler manifold. A geodesic
ray 7 : [0,00] = M is called a forward ray if 7y is a globally minimizing unit speed
Finslerian geodesic, that means

dF(’)/(tl),’}/(tQ)) =ty —t1, YVt <t9,and F(’y) =1.

For a forward complete noncompact Finsler manifold M, there is always a for-
ward ray v with beginning point (0) = p. Using the Finsler distance d, we define
the following function

byi(x) = d(z,v(t)) —t, = € M.

It is proven in [15] that this function is monotonically decreasing and bounded
from below. So, as an immediate conclusion, the limit of b, .(z) exists and it is
called the Busemann function to the ray v, and denotes by

by(z) := lim by 4(z) = tl m (d(z,v(t)) —t).

i
t—o0 —00

It has been shown (see [15, 8]) that Bosemann functions are distance functions,
that is F(Vb,) = 1.

Now, we recall the definition of AHF-manifolds from [15]:

Definition 3.2. A forward complete simply connected Finsler manifold (M, F, du)
without conjugate points is an asymptotically harmonic Finsler manifold (AHF-
manifold for short), if the Finsler mean curvature of horosphere is a real constant
h.

Due to the definition of Busemann function b, the AHF-manifold is defined in
the weak sense:
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Definition 3.3. Let (M, F,du) be a forward complete simply connected Finsler
manifold without conjugate points. Then M is called an AHF-manifold in the weak
sense if the weak Laplacian of Busemann function is a real constant, Ab, = h,
where A is Shen-Laplacian.

Considerung f as a Busemann function in Theorem 1.1, it is easy to see:
Corollary 3.1. Let Q be a bounded domain in AHF-manifold M™ in the weak
sense. Then the first eigenvalue of the p-Laplacian satisfies

h

A1p(§2) > (5)17-

Note that here Ayb, = Ab, = h.

3.1. Quasilinear operator

Let (M, F,du) be a compact Finsler manifold. We can define the following
quasilinear operator which was introduced in [2] on Riemannian manifolds.

Definition 3.4. Let u € W'?(M), and X is a non-negative smooth function on
compact Finsler manifold M. We define

(3.2) Lu = —Apu+ X |ulP~?u,
where Apu is the p-Laplacian operator.

Corresponding to the operator L, and the definition of Dirichlet and Neumann
eigenvalues for p-Laplacian on Finsler manifolds, we have:
i) Dirichlet eigenvalue of (3.2):

S IVl + XufP)dp

p1,p(M) = inf ,
1o (M) 0AuEW P (M) Jos lulPdp
and
ii) Neumann eigenvalue of (3.2):
Vul|P + X|ulP)d
Ay(M)=  inf {fM( uf? + XJul”) “|/ u|p_2udu:0}.
0£ueEWLp (M) Jo lulPdp M

Here u is called the eigenfunction of L corresponding to p (or A) on M. Now, we
can state the following theorem for the quasilinear equation (3.2):

Theorem 3.1. Let Q) be a bounded domain on a Finsler manifold M, and assume
that there is a smooth function f : Q@ — R such that satisfies |V f]] < a and A, f > b
for some positive constants a,b, where a > b. Then the first Dirichlet eigenvalue of
the quasilinear operator L satisfies

bP
mp() 2 e
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Proof. We first note that by density we can use smooth functions in the variational
characterization of p1,(£2). So given v € C§°(Q2), based on the fact that X is
positive function, we have

b/|u|pdv < /|u\p(Apf+X)dv
Q Q

—/ <V\u|P,\|Vf||P*QVf>dv+/ |u|P X dv
Q Q

—p/ lulP~! < V|ul,||VfIP2Vf > dv+/ |ulP X dv
Q Q

IN

p / Y[Vl [V 7 o + / ful? X do
Q Q

(3.3) < p/|u|p_1ap_1||Vu||dv—|—/ |ulP X dv.
Q Q

Now considering a constant ¢ > 0 and using Young inequality, we obtain
c?|u|aP—1) N aPP= 1) ||Vl
q pc?
(p — 1)cP/ (= Dy P N aPP= ||V
p pcP

[ul" = a? || V|

IN

Therefore
p(p—1)
p [ P lar | Vulldv + [ [ufXdv < (p— 1)@V [ juPdu+ 2 | Vul|[Pdv
D
Q Q Q c Q
(3.4) - / [ulP X dv.
Q

p—1

b b
We could choose ¢ so that b — (p — 1)c?/(P=1) = = that is P = ——- Hence with
p p

the statement in theorem a > b, we know
pP~Lqp(P=1)

o > L

s0, (3.3) and (3.4) lead to

pP~Llgp(r—1)
/|u\pdv< : (/ ||Vu||pdv+/ |u|dev>.
br— Q Q

Dividing both sides of the last inequality to [, [u[?, completes the proof. [

Corollary 3.2. For a bounded domain Q of a forward complete Finsler manifold
M with flag curvature K < —k2, we conclude

11.0(9) (“‘]f)”cothrnsn)”,

v

and )
Ay, () > ((n_p)’i cothr — ||S|)".



Fundamental Tone Estimates on Finsler Manifolds 67

Competing interests

The authors declare that they have no competing interests.

Consent for publication

The author declares that there is no conflict of interests regarding the publication

of this paper.

10.

11.

12.

13.

14.

15.

16.

REFERENCES

. S. Azamr: The first eigenvalue of some (p, q)-Laplacian and geometric estimates. Com-

mun. Korean Math. Soc. 33, No. 1, pp. 317-323 (2018).

S. AzaMmr: Geometric estimates of the first eigenvalue of a quasilinear operator. Math-
ematical reports 23 (1-2), 107-121, 2021.

J. CHEEGER: A lower bound for the smallest eigenvalue of the Laplacian. Princeton
Univ. Press. Princeton, NJ, 195-199 (1970).

S. Y. CHENG: Figenfunctions and eigenvalues of Laplacian in Differential geometry.
Amer. Math. Soc, pp. 185-193 (1973).

S. Y. CHENG: Eigenvalue comparison theorems and its geometric applications. Math.
Z.143 (3): 289-297 (1975).

D. CHEN, Q. CHENG, Q. WANG and C. X1A: On eigenvalues of a system of elliptic
equations and biharmonic operator. J. Math. Anal. Appl. 387, 1146-1159 (2012).

Q.- M. CHENG and H. YANG: Estimates on eigenvalues of Laplacian. Math. Ann. no.
2, pp. 445-460 (2005).

D. EGLOFF: Uniform Finsler Hadamard manifolds. Annal. H. P., section A, 66, 323-
357 (1997).

G. Francisco and P. MARcoS: On the fundamental tone of the p-Laplacian on
Riemannian manifolds and applications. J. Math. Anal. Appl. 506 (2022).

M. J. HABIBI VosTA KOLAEI and S. AzZAMI: Lichnerowics-type estimates for the first
eigenvalue of biharmonic operator. Complex Variable and Elliptic Equations, 67 (10),
2352-2359 (2022).

S. HAJIAGHASI and S. AzaMi: The lower bounds for the first eigenvalues of the (p, q)-
laplacian on Finsler manifolds. Honam Mathematical Journal, 45(1) (2023), 82-91.

Y. X. HuaNG: Ezistence of positive solutions for a class of the p-Laplace equations.
J. Aust. Math. Soc. Ser. B 36 (2) 249-264 (1994).

A. NABER and D. VALTORTA: Sharp estimates on the first eigenvalue of the p-
Laplacian with negative Ricci lower bound. Math Z. 227. pp. 867-891 (2014).

S. OHTA: Finsler interpolation inequalities. Calc. Var. Partial Differential Equation
36, 211-249 (2009).

H. SHAH and E. H. TAHA: Busemann functions in asymptotically harmonic Finsler
manifolds. arXiv:2108.08466v1 [math.DG] 19 Aug 2021.

7. SHEN: Lectures on Finsler geometry. World Scientific publishing Co., Singapore,
2001.



68

17.

18.

19.

20.

21.

22.

23.

S. Hajiaghasi and S. Azami

Y-B. SHEN and Z. SHEN: Introduction to modern Finsler geometry. World Scientific
Publishing Co., 2016.

K. SHIOHAMA: Riemannian and Finsler geometry in the large. Recent Advances in
Mathematics, RMS-Lecture Note Series 21, 163-179 (2015).

B-Y. Wu: Comparison theorems in Riemann-Finsler geometry with line radial integral
curvature bounds and related results. J. Korean Math. Soc. 56, No. 2, pp: 421-437
(2019).

B. Y. Wu and Y. L. XiN: Comparison theorem in Finsler geometry and their appli-
cations. Math. Ann. 337, no.1, 177-196 (2007).

S. T. YIN and Q. HE: The first eigenvalue of Finsler p-Laplacian. Differential Geom-
etry and its Applications, 35 pp. 30-49 (2014).

S. T. YIN and Q. HE: Some eigenvalue comparison theorems of Finsler p-Laplacian.
International Journal of Mathematics, 29 (3) (2018).

L. ZHANG and Y. ZHAO: The lower bounds of the first eigenvalues for the biharmonic
operator on manifolds. Journal of Inequalities and Applications, 5 (2016).



