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ON A TYPE OF SEMI-GENERALIZED RECURRENT P-SASAKIAN
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Abstract. In the present paper we study some geometrical properties of semi-generalized
recurrent P-Sasakian manifolds.
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1. Introduction

The idea of recurrent manifolds was introduced by A.G. Walker in 1950 [16].
On the other hand, De and Guha [3] introduced generalized recurrent manifold
with the non-zero 1-form A and another non-zero associated 1-form B. Such a
manifold has been denoted by GK,. If the associated 1-form B becomes zero,
then the manifold GK, reduces to a recurrent manifold introduced by Ruse [12]
which is denoted by K,,. In 1977, Adati and Matsumoto [1] defined P-Sasakian and
Special Para Sasakian manifolds, which are special classes of an almost para-contact
manifold introduced by Sato [13]. Para Sasakian manifolds have been studied by
De and Pathak [4], Matsumoto et.al. [8], Matsumoto [9], Shukla and Shukla [14],
Singh [15], De and Sarkar [5] and many others.

A Riemannian manifold (M", g) is called a semi-generalized recurrent manifold
if its curvature tensor R satisfies the condition

(L1) (VxR)(Y, )W = A(X)R(Y, Z)W + B(X)g(Z, W)Y,

where A and B are two 1-forms, B is non-zero, P; and P, are two vector fields such
that

(1.2) g(X, P1) = A(X), g(X P,)=B(X),

for any vector field X and V denotes the operator of covariant differentiation with
respect to the metric g.
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Generalizing the notion of recurrency the author Khan [6] introduced the notion
of generalized recurrent Sasakian manifold. In the paper [11], B. Prasad introduced
the notion of semi-generalized recurrent manifold and obtained some interesting
results. Recently Rajesh Kumar et.al. [7] studied semi generalized recurrent LP-
Sasakian manifolds. Motivated by the above studies, in this paper we extend
the study of semi-generalized recurrent to Para-Sasakian manifolds. The paper
is organized as follows: Section 2, consist the basic definitions of P-Sasakian and
Einstein manifolds. In Section 3, we studied semi-generalized recurrent P-Sasakian
manifolds. In section 4, we prove that a semi-generalized ¢-recurrent P-Sasakian
manifold is an Einstein manifold. Section 5 is devoted to the study of semi-
generalized concircular ¢-recurrent P-Sasakian manifolds. Section 6 is about the
study of M-projective ¢-recurrent P-Sasakian manifolds respectively. In the last
section we studied the three-dimensional locally semi-generalized ¢-recurrent P-
Sasakian manifolds.

2. Introduction

Ann-dimensional differentiable manifold M" is a Para-Sasakian (briefly P-Sasakian)
manifold if it admits a (1,1) tensor field ¢, a contravariant vector field &, a covariant
vector field 1, and a Riemannian metric g, which satisfy

(2.1) P*X=X-1(X¢, 9(X, &) =nX), ¢&=0,
(2.2) 90X, ¢Y) = g(X, Y) = n(X)n(Y),

(2.3) (Vx)Y = —g(X, V)& = n(Y)X + 2n(X)n(Y)&,
(2.4) Vxé = ¢X,

(2.5) (Vxm(Y) = g(@X, Y) = g(§Y, X),

for any vector fields X and Y, where V denotes covariant differentiation with respect
to g ([11,[13]).

It can be seen that in a P-Sasakian manifold M" with the structure (¢, &, 1, g),
the following relations hold:

(2.6) né) =1, n@X)=0,

(2.7) rank(¢p) = (n — 1).
Further in a P-Sasakian manifold the following relations also hold:

(2.8) NR(X, Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),
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(29) R(X, V)& = n(X)Y = (X,
(2.10) R, X)Y = n(V)X - g(X, Y)E,
(211) R(E, X)E = X~ n(X)E,

(212) QE = ~(n-1)&,

(2.13) S(X, &) = ~(n = Dn(X),
(2.14) S@X, $Y) = S(X, Y) + (1 = Dn(X)n(Y),

for any vector fields X, Y, Z, where R and S are the Riemannian curvature tensor
and Ricci tensor of the manifold respectively.
A P-Sasakian manifold M" is said to be Einstein if the Ricci tensor S is of the form

(2.15) S(X,Y) = Ag(X,Y),

where A is a constant.

3. Semi-Generalized Recurrent P-Sasakian manifolds

Definition 3.1. A Riemannian manifold (M", g) is semi-generalized Ricci recurrent
manifold ([3],[2]) if

G.1) (VxS)(Y, Z) = A(X)5(Y, Z) + nB(X)g(Y, Z).
Theorem 3.1. The scalar curvature r of a semi-generalized recurrent P-Sasakian manifold
is related in terms of contact forms n(P1)and n(P,) as given by

1
= =iy [0+ 200(P) + 200 Dnepy).

Proof. Permutting equation (1.1) twice with respect to X, Y, Z; adding the three
equations and using Bianchi’s second identity, we have

AX)R(Y, Z)W + B(X)g(Z, W)Y + A(Y)R(Z, X)W
(3.2) + B(Y)g(X, W)Z + A(Z)R(X, Y)W + B(Z)g(Y, W)X = 0.

Contracting (3.2) with respect to Y, we get

AX)S(Z, W) + nB(X)g(Z, W) = g(R(Z, X)P1, W)
(3.3) + B(Z)g(X, W) — A(Z)S(X, W) + B(Z)g(X, W) = 0.
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In view of S(Y, Z) = g(QY, Z), the equation (3.3) reduces to

A(X)9(QZ, W) + nB(X)g(Z, W) — g(R(Z, X)P1, W)
(3.4) +B(Z2)9(X, W) = A(Z)g9(QX, W) + B(Z)g(X, W) = 0.

Factoring off W, we get from (3.4)

AX)QZ + nB(X)Z-R(Z X)P:
(3.5) + B(Z)X - A(Z)QX +B(Z)X = 0.

Contracting (3.5) with respect to Z, we get
(3.6) AX)r + (n* + 2)B(X) — 25(X, P) = 0.
Putting X = ¢£ in the equation (3.6) and using the equations (1.2) and (2.13), we get

1
r = = [0+ 20+ 200 = 1)

This completes the proof. [

Theorem 3.2. In a semi-generalized Ricci-recurrent P-Sasakian manifold, the 1-form A
and B are related as

—(n-1)AX) +nB(X) =0.
Proof. Taking Z = £ in (3.1), we have
(3.7) (VxS)(Y, &) = AX)S(Y, &) + nB(X)g(Y; &).
The left hand side of (3.7), clearly can be written in the form
(VxS)(Y, &) = VxS(Y, &) = S(VxY, &) — S(Y, Vx<),
which in view of (2.4), (2.5) and (2.13) gives
~(n = D)g(Y, $X) - S(Y, $X).
While the right hand side of (3.7) equals
AGOS(Y, &) + nB(X)g(Y, &) = —(n = DAX)N(Y) + nBE(Y).
Hence,
B8)  —(n-1)g(Y, ¢X) = S(Y, X) = =(n = DAX)n(Y) + nBX)n(Y).
Putting Y = £ in (3.8) and then using (2.1), (2.6) and (2.13), we get
=(n=Dn@X) + (n = Hn(pX) = —(n = DA(X) + nB(X),

(3.9) —(n - DA(X) + nB(X) = 0.
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Theorem 3.3. If a semi-generalized Ricci-recurrent P-Sasakian manifold is an Einstein
manifold then 1-forms A and B are related as AA(Y) + nB(Y) = 0.

Proof. For an Einstein manifold, we have S(Y, Z)=Ag(Y, Z) and (V;S)=0, where A is
constant.
Hence from (3.6) we have

[AAX) +nB(X)]9(Y,Z) + [AA(Y) +nB(Y)]g(Z X)
(3.10) +[AAZ) + nB(Z)]g(X,Y) = O.

Replacing Z by ¢ in (3.10) and using (1.2) and (2.1), we have

[AAR) +nBEOIn(Y) +  [AAY) +nB(Y)]1(X)
(3.11) +[AQPY) + n(P)] (X, Y) = 0.

Again, taking X=Y=¢ in (3.11) and using (1.2), (2.1) and (2.6), we have
(3.12) [An(P1) + nn(P2)] = 0.
Using (1.2) and (2.1) in the above relation, it follows that

AA(Y) + nB(Y) = 0.

4. Semi-Generalized ¢-Recurrent P-Sasakian manifolds

Definition 4.1. A P-Sasakian manifold (M", g) is called semi-generalized ¢ recur-
rent if its curvature tensor R satisfies the condition

(4.1) PA(YWRI(X, Y)Z) = AWR(X, Y)Z + BIW)g(¥, 2)X,

where A and B are two 1-forms, B is non-zero and these are defined by

42) A(W) = g(W,Py), B(W) = g(W, Py)

and P; and P, are vector fields associated with 1-forms A and B, respectively.

Theorem 4.1. A semi generalized ¢-recurrent P-Sasakian manifold (M", g) is an Einstein
manifold and moreover; the 1-forms A and B are related as (n — 1)A(W) = nB(W).

Proof. Let us consider a semi-generalized ¢-recurrent P-Sasakian manifold. Then
by virtue of (2.1) and (4.1) we have

(VwR)(X, Y)Z = n((VwR)(X, Y)Z)&
4.3) = AW)R(X, Y)Z + BIW)g(Y, Z)X.
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From which it follows that

g(VwR)(X, Y)Z, U) = n((VwR)(X, Y)Z)n(U)
(44) = AW)R(X, )Z, U) + BW)g(Y, 2)9(X, D).
Let {¢;},i = 1,2, ...n be an orthonormal basis of the tangent space at any point of the

manifold. Then putting X = U = ¢; in (4.4) and taking summation overi, 1 <i<mn,
we get

VwS(Y,2) - i n((VwR)(ei, Y)Z)n(e:)
(4.5) = ZEW)S(Y, Z) + nB(W)g(Y, Z).
The second term of left hand side of (4.5) by putting Z = & takes the form
g(VwR)(e;, V)&, £), which is zero in this case. So, by replacing Z by & in (4.5)
and using (2.13), we get
(4.6) (VWS)(Y, &) = ~(n — DAW)(Y) + nB(W)(Y).
We know that

(VwS)(Y, &) = VwS(Y, &) = S(VwY, &) = S(Y, Vwé),

using (2.4), (2.5) and (2.13) in the above relation, it follows
(4.7) (VwS)(Y, &) = =(n = 1)g(¢W, Y) = S(W, Y).
From (4.6) and (4.7) we obtain
48)  —(n—1g(@W,Y) = S(GW,Y) = —(n — YA(W)n(Y) + nB(W)n(Y).
Replacing Y = & in (4.8) then using (2.1) and (2.6), we get
(4.9) (n — )A(W) = nB(W).
Using (4.9) in (4.8), we obtain
(4.10) S(Y, W) = —(n — 1)g(Y, pW).

Again, replacing Y by ¢Y both sides in the above equation (4.10) and using the
equations (2.2) and (2.14), we obtain

S, W) = =(n = 1g(Y, W),

i.e., the manifold is an Einstein manifold. O
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5. Semi-Generalized Concircular ¢p-Recurrent P-Sasakian manifolds

Definition 5.1. A P-Sasakian manifold (M", g) is called semi-generalized concir-
cular g-recurrent if its concircular curvature tensor

p
(5.1) CXNZ = RENZ = s 1900 2)X = (X, 2)Y]
satisfies the condition

(5.2) P(VWO)(X, Y)Z) = AW)C(X, Y)Z + BIW)g(Y, 2)X,

where A and B are defined as (4.2) and r is the scalar curvature of the manifold
(M", 9).

Theorem 5.1. Let (M", g) be a semi-generalized concircular g-recurrent P-Sasakian man-
ifold then

[—(n _1)- %]A(W) + nB(W) = 0.
Proof. Let us consider a semi-generalized ¢-recurrent P-Sasakian manifold. Then
by virtue of (2.1) and (5.2), we have

(VwO(X, V)Z = n(VwC)(X, Y)Z)E
(5.3) =A(W)C(X,Y)Z + BW)g(Y, 2)X,
from which it follows that

g(VwOI(X, V)Z, U) = n((VwC)(X, Y)Z)n(U)

(5.4) = AW)g(C(X, Y)Z, L) + BIW)g(Y, 2)g(X, ).

Let {¢;},i = 1,2, ...n be an orthonormal basis of the tangent space at any point of the
manifold. Then putting Y = Z = ¢; in (5.4) and taking summation overi, 1 <i <,
we get

W(r) W(r)
— g(X, U) - T’?(X)U(U)

(VwS)(X, On(U) + nB(W)g(X, U)
[S(X, u) - %g(X, )| Aw).

(VwS)(X, U)

+

(5.5)

+

Replacing U by ¢ in (5.5) and using (2.1) and (2.13), we have
(5.6) [—(n “1)- %] AMW)(X) + nBIW)(X) = 0.
Putting X = & in (5.6), we obtain

[—(n “1)- %]A(W) + nB(W) = 0.

This completes the proof. [



220 Archana Singh, ].P.Singh and R. Kumar

Theorem 5.2. A semi-generalized concircular @-recurrent P-Sasakian manifold is an
Einstein manifold.

Proof. Putting X = U = ¢; in (5.4) and taking summation over i, 1 <i < n, we get

VwS(X2) = Y a(VwR)(ei, Z, )glei, )
i=1

W(r) W(r)
+ — 92— n—1) [9(Y,2) = n(V)n(2)]
(5.7) 0 [S<Y, Z) = Zg(¥,2)| A(W) + nB(W)g (Y, 2).

Replacing Z by & in (5.7) and using (5.6), we have

W(r)

(5.8) VwSH(Y,2) = —

n(Y).
We know that

(VwS)(Y, &) = VwS(Y, &) - S(VwY, &) = S(Y, Vi),
using (2.4), (2.5) and (2.13) in the above relation, it follows that
(5.9) (VWS)(Y, &) = ~(1n = 1)g(¥, pW) — S(Y, GW).
In view of (5.8) and (5.9), we obtain

(5.10) S9W) = ~n = g% o)~ 2 ),

Replacing Y by ¢Y in (5.10) then using (2.2), (2.6) and (2.14), we obtain
SO, W) = ~(n — D)g(Y, W),
O

6. Semi-generalized M-Projective @-recurrent P-Sasakian manifolds

Definition 6.1. A P-Sasakian manifold (M", g) is called semi-generalized M-projective
curvature tensor [10]

1
2(n—-1)
(6.1) + (Y, 2)QX - g(X, 2)QY].

satisfies the condition

WX, Y)Z = R(XY)Z- [S(Y, 2)X - S(X, Z)Y

(VvW)(X, Y)Z) = n((VvW)(X, Y)Z)&
(6.2) = AVIWXNZ+B(V)g(Y, 2)X,

where A and B are defined as (4.2) and r is a scalar curvature of the manifold (M", g).
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Theorem 6.1. Let (M", g) be a semi-generalized M-Projective @-recurrent P-Sasakian
manifold then

_ M A(V)+nB(V) =0

2(n-1) -

Proof. Let us consider a semi-generalized ¢-recurrent P-Sasakian manifold. Then
by virtue of (2.1) and (6.2), we have

(VvWHX, V)Z = n((VvW)(X, Y)Z)E
(6.3) = AVW(X, Y)Z+B(V)g(Y, 2)X,

from which it follows that

(VY W)X, V)Z, L) = n((Vy W)X, V)Z))(LT)
(64) = A(V)gW'(X, Y)Z, L) + B(V)g(Y, 2)g(X, L.

Let {¢;},i = 1,2, ...n be an orthonormal basis of the tangent space at any point of the
manifold. Then putting Y = Z = ¢; in (6.4) and taking summation overi, 1 <i <,
we get

VvSX, U) - V(rg(X, U)

_n
2(n—1) 2(n-1)

1
(VvS)Y(X, En(U) + =1
n

- [—S(X, - —— g(X, U)]A(V)

n
=1 V(r)n(X)n(U)

2(n—1) 2(n—1)

(6.5) nB(V)g(X, U).

+

Replacing U by ¢ in (6.5) and using (2.1) and (2.6), we have

n2—-n+r

(6.6) —A(V)[ 0= 1)

]n(X) +nB(V)N(X) = 0.
Putting X = £ in (6.6), we obtain

A(V) +nB(V) = 0.

B n—n+r
20 —1)

This completes the proof. [J

Theorem 6.2. A semi-generalized M-Projective @-recurrent P-Sasakian manifold is an
Einstein manifold.
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Proof. Putting X = U = ¢; in (6.4) and taking summation over i,1 < i < n, we get

(VvS)(Y, Z)

n n
D D 9((TvRYe, V)2 Dgte

1
+ 2=1) V(ng(Y, Z)
1
= 2l D)9, &)~ (VwS)E Zn(Y)
+ gV, 2)(VvS)(E &) = (VvS)(Y, On(2) ]
n r
2-1° D7 2o

nB(V)g(Y, 2).

+

g, 2)|A(V)

6.7)

+

Replacing Z by & in (6.7) and using (2.1), (2.6) and (2.13), we have

(6.8) (V/S)8) = =2 V().
We know that

(VUS)(Y, &) = ViS(Y, &) - S(VyY, &) — S(X, V),
using (2.4), (2.5) and (2.13) in above relation, it follows that
(69) (VVS)(Y, &) = ~(1 = Dg(¥, pV) — S(V, pV).
In view of (6.8) and (6.9)
(6.10) S V) = (1= D, V) + VI,
Replacing Y by @Y in (6.10) then using (2.2) and (2.14), we get

SO, V) = ~(n — 1g(x, V).

This completes the proof. [

7. Three Dimensional Locally Semi-Generalized ¢-recurrent P-Sasakian
manifolds

Theorem 7.1. The curvature tensor of three dimensional semi-Qeneralized @-recurrent
P-Sasakian manifold is given by

dr(e;) B(é’i)] a(Y, 2)X dr(e;)

2A(e)  Ale)) - 2A(e)

R(X,Y,Z) :[ 9(X, 2)Y.
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Proof. In a three-dimensional Riemannian manifold (M?, g), we have

RXVZ = g(Y,2)QX - g(X, 2)QY + S(Y, Z)X
7.1) ~ (X Z)Y + % [9(X, 2)Y — (Y, Z)X],

where Q is the Ricci operator, i.e., S(X,Y) = g(QX, Y) and r is the scalar curvature
of the manifold. Now putting Z = £ in (7.1) and using (2.13), we get

REYE = n(NQX - nX)QY + (1 = DINXY - n(1X]
(72) + 5IEOY =X

Using (2.9) in (7.2), we have

7.3) |@=m - 2] meoy - nnx1 = nMexX - nx)Qx

Putting Y = & in the equation (7.3) and using the equations (2.6) and (2.12), we get
(7.4) OX = [(3 — o) - g] n(X)E - [(2 —n) - g] X.

Therefore, it follows from (7.4) that

75 s =|G-20- ] neonm -|@-m- 1| gxm.

Thus from (7.1), (7.4) and (7.5), we get

RENZ = [2@-m- 1] laX 2)Y - 0%, 2)X]

+

[6-2m - 3] v, 20 - g%, 20
AN = AN

Taking the covariant differentiation to the both sides of the equation (7.6), we get

(7.6)

+

(VwR)(X, Y)Z

[9(X, 2)Y = g(Y, Z)X + g(Y, Z)n(X)&
9(X, 2)n(Y)é + n(Y)n(2)X - n(X)n(2)Y]
+ _(3 - 2n) - % [9(Y, Z)M)(X) = 9(X, Z)n ()] (Vw&)

dr(W)
2

+ =20 - 2]l 216 - n@Y] w0

v [6-20 - Z| merx - neov1 vwn@)

7.7 - [e-20- ] ox 22 - 02 X1 Ty
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Noting, that we may assume that all vector fields X, Y, Z, W are orthogonal to £
and using (2.1), we get

RNz = -T2y - g1 2)x)
+ |e-20-Z|wx w0
(7.8) - I DT,
Applying ¢? to the both side of (7.8) and using (2.1) and (2.6), we get
dr(W
7.9) POWRIX,Z) = T (v 2)x - (%, 2]

2
By (4.1), the equation (7.9) reduces to

dr(W)
2

dr(W)
2

AW)R(X, Y)Z = [ - B(W)] g(Y, 2)X — 9(X, 2)Y.

Putting W = {¢;}, where i=1, 2, 3 is an orthonormal basis of the tangent space at any

point of the manifold and taking summation over i, 1 < i < 3, we obtain

dr(e;)  B(e)
2A(e)  Ale)

dr(e)
2A(e:)

R(X,Y)Z = [ ] g(Y, 2)X - 9(X, 2)Y.

8. Conclusion

This paper is all about the study of geometrical properties of a semi generalized
recurrent Para-Sasakian manifold. We prove that a semi generalized ¢—recurrent
Para-Sasakian manifold is an Einstein manifold. It is also stabilised that a semi gen-
eralized M projective ¢p—recurrent Para-Sasakian manifold and semi generalized
concircular ¢—recurrent Para-Sasakian manifolds are also Einstein manifold.
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