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BUOYANCY AND CHEMICAL REACTION EFFECTS ON MHD FREE
CONVECTIVE SLIP FLOW OF NEWTONIAN AND POLAR FLUID THROUGH

POROUS MEDIUM IN THE PRESENCE OF THERMAL RADIATION AND
OHMIC HEATING WITH DUFOUR EFFECT

Komal Choudhary, Abhay Kumar Jha, Lakshmi Narayan Mishra ∗ and Vandana

Abstract. The present paper investigates the effects of thermal radiation, joule heating on an
unsteady hydro magnetic free convective flow of a viscous electrically conductive Newtonian and
polar fluid past a semi-infinite vertical plate embedded in a porous media in the presence of heat
absorption, chemical reaction, slip flow and Dufour effect. Analytical perturbation solutions are
obtained for the velocity, temperature and concentration fields as well as for the skin friction
coefficient, Nusselt number and Sharewood number. The results arepresented in graphical forms
to study the effects of various parameters.
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1. Introduction

Nomenclature

Gr - Grashof number for heat transfer

Gc - Grashof number for mass transfer

K0 - Permeability of the porous medium

M - Magnetic field parameter (Hartmann number)

Pr - Prandtl number

S - Heat source parameter

Sc - Schmidt number

Du - Dufour number parameter

F - Radiation parameter
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U∞ - Fluid velocity far away from the plate

t - Time dependent parameter

V0 - Reference velocity

Ec - Eckert number

γ - chemical reaction parameter

Greek symbols

υ - kinematic viscosity

θ - Dimensionless temperature

Ω - Angular velocity component

α - Non-Newtonian parameter

Convective heat and the process of mass transfer take place both by diffusion (the random
Brownian motion of individual particles in the fluid) and by advection, in which matter
or heat is transported by the larger-scale motion of currents in the fluids. Convection of a
heated or cooled vertical plate is one of the fundamental problems in heat and mass transfer.
Mixed convection is a phenomenon in which the existing free convection is accompanied
by an external flow, and the combined mode of free and forced convection exists. In recent
years free convective flow past a vertical plate has been studied by many researchers [1].
Martynenko et al. [2] investigated laminar free convectionfrom a vertical plate. Lee and
Yovanovich [3] studied the linearization of natural convection from a vertical plate with
arbitrary heat flux distribution. Laminar free convection in water with variable physical
properties adjacent to a vertical plate with uniform heat flux has been analyzed by Pan-
tokratoras [4]. In several fields of industries and technology, such as petroleum industries,
geothermal engineering, energy conservation and underground disposal of nuclear waste
material, transport processes in porous media play a significant role. Numerous studies
have been done on the problem of free convective and mass transfer flow of viscous fluid
through a porous medium [5, 6]. Cheng and Minkowycz [7] analyzed the free convection
about a vertical flat plate embedded in porous media with application to heat transfer.

Further heat and mass transfer in the presence of magnetic field has different applications in
many emerging fields due to an electromagnetic field. Magnetohydrodynamics is the study
of the magnetic properties of electrically conducting fluidsuch as magneto fluids. Exam-
ples include plasmas, liquid metals and electrolyte. This phenomenon is widely used in
metallurgy industry, power generators and cooling of nuclear reactors. Helmy [8] analyzed
MHD unsteady free convection flow past a vertical porous plate. The flow of unsteady
MHD convective heat transfer past a semi-infinite vertical porous plate moving with vari-
able suction has been studied by Kim [9]. Das et al. [10] analyzed the numerical solution
of mass transfer effects on unsteady flow past an accelerated vertical porous plate with
suction.

Recently, researchers in the engineering and scientific field have shown great interest in the
study of the non-Newtonian fluid due to its importance in industrial processes. Fluids for
which the relationship between shear stress and the rate of strain is not linear at a given
temperature are said to be non-Newtonian. A polar fluid is a fluid where the constituent
molecules have a polarization. It could be a fluid of molecules that have a magnetic spin
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moment. Rheological complex fluids such as blood plasma, chocolate, mustard, mayon-
naise, clay coatings, certain oils and greases, paints are some examples of non-Newtonian
fluids. Many authors have examined the flow, heat and mass transfer in non-Newtonian flu-
ids of different types, e.g., polar fluids. Micro-polar fluids are thosewhich contain micro-
constituents that can undergo rotation, the presence of which can affect the hydrodynamics
of the flow so that it can be distinctly non-Newtonian. Such types of fluid have many appli-
cations, for example, analyzing the behavior of lubricants, cooling of the metallic plate in a
bath, extrusion of polymer fluid, etc. The theory of micropolar fluids developed by Eringen
[11-13] describes a physical system which does not satisfy the Navier-Stokes equations.
The unsteady free convective flow of viscoelastic fluids was studied by Soundalgekar [14].
The free convection boundary layer flow of a micro polar fluid from a vertical flat plate was
studied by Rees [15]. El-Amin [16] considered MHD free convection and mass transfer
flow in a micropolar fluid over a stationary vertical plate with constant suction. Kim [17]
analyzed the heat and mass transfer in MHD micropolar flow over a vertical moving plate
in a porous medium. Uddin et.al.[18] investigated the influence of thermal radiation and
heat generation//absorption on MHD heat transfer flow of a micropolar fluid pasta wedge
with hall and ion slip currents. A numerical investigation of MHD free convection flow of
a non-Newtonian fluid past an impulsively started vertical plate in the presence of thermal
diffusion and radiation absorption was conducted by Umamahesshwar [19]

In all these studies Soret/Dufour effects are assumed to be negligible. The Dufour effect
is the energy flux due to a mass concentration gradient occurring as a coupled effect of
irreversible processes. It is the reciprocal phenomenon tothe Soret effect. Such effects are
significant when density differences exist in the flow regime. For example, when species
are introduced at a surface in a fluid domain, with density different (lower) than that of the
surrounding fluid, both Soret and Dufour effects can be significant. Also, when heat and
mass transfer occur simultaneously in a moving fluid, the relations between the fluxes and
the driving potentials are of more intricate nature. It has been found that energy flux can be
generated not only by temperature gradients but by composition gradients as well. When
the composition of a mixture of molecules is non-uniform, the concentration gradient in
any species of the mixture provides a driving potential for the diffusion of that species.
The diffusing species flows from a region where it is highly concentrated to one where its
concentration is low. An increase or decrease in the magnitude of concentration observed
in passing from one point or moment to another is called composition gradient. The energy
flux caused by a composition gradient is called the Dufour or diffusion-thermo effect. On
the other hand, mass fluxes can also be created by temperaturegradients and this is called
the Soret or thermal-diffusion effect. Adrian [20] numerically investigated the heat mass
transfer characteristics of natural convection about a vertical surface embedded in a satu-
rated porous medium subjected to a magnetic field by taking into account the Dufour and
Soret effects. Mahdy [21,22] studied MHD non-Darcian free convection from a vertical
wavy surface embedded in a porous medium in the presence of the Soret and Dufour ef-
fect. Srinivasacharya and Reddy [23] investigated the Soret and Dufour effects on mixed
convection heat and mass transfer in a micropolar fluid with heat and mass fluxes. Pal
and Mondal [24, 25] examined the Soret and Dufour effect on MHD non-Darcy unsteady
mixed convection heat and mass transfer over a stretching sheet. The study of diffusion -
the thermo effect on laminar mixed convection flow and heat transfer from a vertical sur-
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face with an induced magnetic field - was done by Hossain and Khatun [26]. Omowaye et
al. [27] analyzed the Dufour and Soret effects on steady MHD convective flow of a fluid in
a porous medium with temperature-dependent viscosity. Srinivasa Raju [28] examined the
effects of Soret and Dufour on natural convective fluid flow past avertical plate embedded
in a porous medium in the presence of thermal radiation via FEM.

At a macroscopic level, it is well accepted that the boundarycondition for a viscous fluid
at a solid wall is one of no-slip condition i.e. the fluid velocity matches the velocity of
the solid boundary. An assumption about no-slip condition is that it is not based on the
physical principle but has been processed experimentally to be accurate for a number of
macroscopic flows. In many applications, the particle adjacent to a solid surface no longer
takes the velocity of the surface. The particle has a finite tangential velocity, it slips along
the surface. The flow is called slip-flow. Sharma and Chaudhary [29] studied the effect
of variable suction on transient free convective viscous incompressible flow past a vertical
plate in a slip-flow regime. Khandelwal et al. [30] investigated the effects of couple stress
on the flow through a porous medium with variable permeability in the slip-flow regime.
Further, Sharma [31] studied the influence of periodic temperature and concentration on
unsteady free convective viscous incompressible flow and heat transfer past a vertical plate
in the slip-flow regime. The influence of magnetic field and wall slip conditions on the
steady flow between a parallel flat wall and a long wavy wall with the Soret effect was
observed by Muthuraj and Srinivas [32]. An analysis of steady flows in a viscous fluid with
heat/mass transfer and the slip effect was done by Ellahi et al. [33]. Sreenivasulu et al. [34]
investigated the thermal radiation effect on MHD boundary layer slip flow past a perme-
able exponential stretching sheet in the presence of joule heating and viscous dissipation.
Velocity slip effects on heat and mass fluxes of MHD viscous–Ohmic dissipativeflow over
a stretching sheet with thermal radiation were studied by Kayalvizhi et al. [35].

Chemical reaction plays an important role in processes suchas dying, distribution temper-
ature and moisture over agricultural fields and groves of fruits, energy transfer in a wet
cooling tower and flow in a desert cooler. The study of the chemical reaction is of great
practical use in engineering and science. Chemical reaction, heat and mass transfer on
MHD flow over a vertical stretching surface with heat source and thermal stratification ef-
fects are studied by Kandasamy et al. [36]. Chaudhary and Jha[37] investigated the effects
of chemical reaction on MHD micropolar fluid flow past a vertical plate in the slip-flow
regime. The effect of chemical reaction on free convective flow of a polar fluid through a
porous medium in the presence of internal heat generation isdiscussed by Patil and Kulka-
rni [38]. Recently, Reddy et al. [39] studied the hall current and the Dufour effects on
MHD flow of a micropolar fluid past a vertical plate in the presence of radiation absorption
and chemical reaction. Pal et al. [40, 41] described the buoyancy and chemical reaction
effects on MHD mixed convection heat and mass transfer in a porous medium with thermal
radiation and joule heating.

Jonnadula Manjula, et al. [42] examined the influence of thermal radiation and chemical
reaction on MHD flow, heat and mass transfer over a stretchingsurface. MHD flow, heat
and mass transfer of a micropolar fluid over a nonlinear stretching sheet with variable
micro inertia density, heat flux and chemical reaction in a non-Darcy porous medium were
observed by Rawat et al. [43].
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Joule heating, also known as Ohmic heating and resistive heating, is a process by which
the passage of an electric current through a conductor releases heat. In all the above studies
the permeability and porosity are usually taken as constant. Murthy and Feyen [44] studied
the influence of variable permeability of the dispersion of achemically reacting solute in a
porous media. Hassanien et al. [45] analyzed the oscillatory hydro magnetic flow through
a porous medium with variable permeability in the presence of free convection and mass
transfer flow.

Thermal radiation is the emission of electromagnetic wavesfrom all matter that has a tem-
perature greater than absolute zero. It represents a conversion of thermal energy into elec-
tromagnetic energy. Recent developments in the area of nuclear power plants, gas turbines
and the various propulsion devices for aircrafts, missile and space vehicles, hypersonic
flights, gas cooled nuclear reactors and power plants for inter-planetary flights, have fo-
cused attention of researchers on thermal radiation as a mode of energy transfer, and em-
phasized the need for inclusion of radiative transfer in these process. Mahmoud [46] in-
vestigated the thermal radiation effects on an MHD flow micro polar fluid over a stretching
surface with variable thermal conductivity. Ibrahim [47] studied the influence of viscous
dissipation and radiation on the unsteady MHD mixed convection flow of a micropolar
fluid. Free convection flow with thermal radiation and mass transfer past a moving vertical
porous plate was investigated by Makinde [48]. Das [49] studied the slip effects on the
hydro magnetic micro polar fluid flow and heat transfer over aninclined permeable plate
with variable fluid properties and thermal radiation. Sreenivasulu et al.[50] studied the ther-
mal radiation effects on the MHD boundary layer slip flow past a permeable exponential
stretching sheet in the presence of joule heating and viscous dissipation.

Definitions
MHD
Magnetohydrodynamics is the study of the magnetic properties of electrically conducting
fluid such as magneto-fluids; these include plasmas, liquid metals and electrolyte.

POLAR FLUID
A polar fluid is a fluid where the constituent molecules have a polarization. It could be a
fluid of molecules that have a magnetic spin moment.

OHMIC HEATING
Joule heating, also known as Ohmic heating and resistive heating, is the process by which
the passage of an electric current through a conductor releases heat.

DUFOUR EFFECT
The Dufour effect is the energy flux due to a mass concentration gradient occurring as a
coupled effect of irreversible processes.

BUOYANCY
Buoyancy is an upward force exerted by a fluid that opposes theweight of an immersed
object.

In the present analysis, we proposed a study of the effect of first order chemical reaction, the
Dufour effect and thermal radiation on an unsteady MHD Newtonian and polar fluid flow
past an infinite vertical porous plate in slip flow regime. We also consider the presence of
heat source, Ohmic heating and viscous dissipation.
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2. Formulation of the problem for a Newtonian Fluid

We consider an unsteady two-dimensional hydro magnetic mixed convective boundary
layer flow of a viscous, incompressible, two dimensional slip flow in an optically thin
environment, past a semi-infinite vertical moving plate embedded in a porous medium of
variable permeability with variable mass diffusion, in the presence of thermal radiation.
We assume that no electric field is present and induced magnetic field is negligible. The
X-axis is taken along the plate in a vertically upward direction and theY-axis is normal to
it. Due to the semi-infinite plane surface assumption, the flow variables are functions of the
normal distanceY andt only, the time-dependent suction velocity is assumed normal to the
plate. The plate is having a variable temperature and concentration which varies with time.
Now under the usual Boussinesq’s approximation, the governing boundary layer equations
in the non-dimensional form are:

(2.1)
∂u
∂t
−

(

1+ εAent
) ∂u
∂y
=

dU∞
dt
+
∂2u
∂y2
+Grθ +GmC + N (U∞ − u)

(2.2)
∂θ

∂t
−

(

1+ εAent
) ∂θ

∂y
=

1
Pr

∂2θ

∂y2
+ Ec

(

∂u
∂y

)2

− Sθ + NEcu
2 + Du

∂2c
∂y2
− Fθ

(2.3)
∂C
∂t
−

(

1+ εAent
) ∂C
∂y
=

1
Sc

∂2C
∂y2
− γC

whereu,vare the velocity components inX, Y directions, respectively,t-the time parameter
ε and n is the scalar constant. The third and fourth terms on theright hand side of the
momentum Eq. (2.1) denote the thermal and concentration buoyancy effects, respectively.
Also, the second and fourth terms on right hand side of the energy Eq. (2.2) represent
viscous dissipation and the Joule heating effects, respectively. In addition, the third and
fifth terms denote heat absorption and the Dufour effect, respectively. Gr , Gm, Pr , F ,Ec

, Sc, S and Du are the thermal Grashof number, the Solutal Grashof Number,the Prandtl
Number, the radiation parameter, the Eckert number, the Schmidt number, the chemical
reaction rate of the heat source parameter and the Dufour effect parameter, respectively.

N=M+1/K0where M is the magnetic field parameter, and K0is the permeability parameter,
respectively.

The suction velocity to the plate is assumed in the form

v′ = −V0 (1+ εAen′t′ )

where A is a real positive constant andε is small such thatε <<1, A<<1, and V0 is a
non-zero positive constant. The negative sign indicates that the suction is towards the plate.

The corresponding dimensionless boundary conditions are:

u = 1+ h
∂u
∂y
, θ = 1+ εent,C = 1+ ε entat y= 0
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U → U∞, θ → 0 , C→ 0 as y→ ∞.

The above systems are coupled and linear partial differential equations and these can be
reduced to a set of ordinary differential equations with the help of the perturbation tech-
nique, which can be solved analytically. Perturbation theory is applicable if the problem
at hand cannot be solved exactly, but can be formulated by adding a ”small” term to the
mathematical description of the exactly solvable problem.Perturbation theory leads to an
expression for the desired solution in terms of a formal power series in a ”small” parameter
– known as a perturbation series – that quantifies the deviation from the exactly solvable
problem ( Dyke V.M.[51] ). The equations are solved manually. All the coefficients are
calculated numerically and the graphs are plotted using MS Excel and C language.

This can be done by representing the velocity, temperature and concentration of the fluid in
the neighborhood of the plate as:

u(y, t) = u0(y) + εentu1(y) + o(ε2) + · · ·

θ(y, t) = θ0(y) + εentθ1(y) + o(ε2) + · · ·

(2.4) C(y, t) = C0(y) + εentC1(y) + o(ε2) + · · ·

We assume that permeability of the porous medium is variableso

K = K0(1+ εent),whereK0 > 0corresponds to the permeability of the porous medium.

By substituting Eq. (2.4) in Eq. 2.1-2.3, equating the harmonic and non-harmonic terms,
and neglecting the higher order terms ofo(ε2), we obtain:

(2.5) u′′0 + u′0 − Nu0 = −N −Grθ0 −GmC0

(2.6) u′′1 + u′1 − (n+ N)u1 = −(N + n) −Grθ1 −GmC1 − Au′0

(2.7) θ
′′

0 + Prθ
′
0 − Pr (S + F)θ0 = −Pr Ec

(

u′0
)2
− Pr NECu2

0 − Pr DuC
′′

0

(2.8) θ
′′

1 + Prθ
′

1 − (F + n+ S)Prθ1 = −PrAθ
′
0 − 2PrEcu

′
0u
′
1 − 2PrNEcu 0u1 − PrDuC

′′

1

(2.9) C′′0 + Sc C′0 = Sc.γ .C0

(2.10) C
′′

1 + Sc C
′

1 − Sc.(γ + n) .C1 = −AScC
′

0

where prime denotes ordinary differentiation with respect to y.

The corresponding boundary conditions ( Chaudhary and Jha [37] )can be written as:

u0 = 1+ h
∂u0

∂y
, u1 = h

∂u0

∂y
θ0 = 1, θ1 = 0,C0 = 1,C1 = 0at y= 0
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(2.11) u0 = 1, u1 = 1, θ0 = 0, θ1 = 0,C0 = 0,C1 = 0 at y→ ∞

Equations 2.5-2.10 are still coupled and non-linear, whoseexact solution has not been
found yet. So we expandu0, u1, θ0, θ1,C0,C1 in terms ofEc in the following form, as the
Eckert number is very small for incompressible flows. We use

(2.12) F(y) = F0 (y) + Ec F1 (y) + o(Ec)
2 + ....

where F stands for anyu0, u1, θ0, θ1,C0,C1Substituting Eq. (2.12) in Eq. 2.5-2.10, equating
the coefficients ofEc to zero, neglecting the terms inE2

cand higher order, and solving the
equations under the corresponding boundary conditions, weobtain the velocity, tempera-
ture and concentration distributions for the Newtonian fluid in the boundary layer as:

u = A5e−m3y + A4e−m2y + A3e−m1y + 1+ Ec(A19e
−m3y + A6e−m2y + A7e−2m3y + A8 + A9e−2m2y

+ A10e
−2m1y + A11e

−(m2+m3)y +A12e
−(m1+m3)y+A13ae−m2y+yA13be

−m2y+A14ae
−m3y+yA14be−m3y

+ A15e
−m1y + A16e

−(m1+m2)y) + εent(A27e
−m8y + A20e

−m6y + A21e
−m2yA22e

−m7y

+ A23e
−m1y + A24e

−m3y + 1+ Ec(A60e
−m8y + A34e

−m3y + A35e
−m2y + A36e

−2m3y

+ A37+ A38e
−2m2y + A39e

−2m1yA40e
−(m2+m3)y + A41e

−(m1+m3)y + yA42e
−m2y + yA43e

−m3y

+ A44e
−m1y + A45e

−(m2+m1)y + A46e
−m6y + A47e

−(m8+m3)y + A48e
−(m6+m3)yA49e

−(m7+m3)y

+ A50e
−(m2+m8)y + A51e

−(m2+m6)y + A52e
−(m1+m6)y + A53e

−(m1+m8)y + A54e
−(m1+m7)y

+ A55e
−(m2+m7)yA56+ yA57e

−m2y ) )

(2.13)

C = e−m1y + εent(A33e
−m7y + A32e

−m1y)

θ = A2e−m2y + A1e−m1y + Ec( f11e
−m2y + f1e−2m3y + f2 + f3e−2m2y + f4e−2m1y

+ f5e−(m2+m3)y + f6e−(m1+m3)y + f7ae−m2y + y f7be−m2y + f8e−m3y + f9e−m1y

+ f10e
−(m1+m2)y) + εent( f16e

−m6y + f13e
−m2y + f14e

−m1y + f15e
−m7y + Ec( f44e

−m6y

+ f17e
−(m3+m8)y + f18e

−(m3+m6)y + f19e
−(m3+m1)y + f20e

−(m3+m7)y + f21e
−(m3+m2)y

+ f22e
−m3y + f23e

−(m2+m8)y + f24e
−(m2+m6)y + f25e

−m2y

+ f26e
−(m1+m6)y + f27e

−(m1+m8)y + f28e
−(m2+m1)y + f29e

−(m1+m7)y

+ f30e
−m1y + f31e

−(m7+m2)y + f32e
−m2y + f33e

−2m3y + f34e
−2m2y + f35

+ f36e
−2m1y + f37e

−(m2+m3)y + f38e
−(m3+m1)y + f39e

−m2y + f40e
−m2yy+ f41e

−m3y

+ f42e
−m1y + f43e

−(m1+m2)y))

(2.14)

where

m1 =
S c+

√

S c2 + 4γS c

2
,m2 =

Pr+
√

Pr2+4 Pr(F + S)
2

,m4 =
Pr−

√

Pr2+4 Pr(F + S)
2

,
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m6=
Pr+

√

Pr2+4 Pr(F + S + n)
2

,m7=
S c+

√

S c2 + 4S c(γ + n)
2

,m8=
1+
√

1+ 4(N + n)
2

,

A1 =
−PrDum2

1

m2
1 −m1 Pr−Pr(F + S)

,A2 = 1− A1,m3 =
1+
√

1+ 4N
2

,m5 =
1−
√

1+ 4N
2

,

A4 =
−GrA2

m2
2 −m2 − N

,A3 =
−GrA1 −Gc

m2
1 −m1 − N

,A5 =
−1

(hm3 + 1)
[A4(hm2 + 1)+ A3(hm1 + 1)]

Skin-friction

The boundary layer produces a drag on the plate due to the viscous stresses, which are
developed at the wall. The viscous stress at the surface of the plate is given by

τx =

(

∂u0

∂y

)

y=0

+ Ec

(

∂u1

∂y

)

y=0

Heat transfer rate

The Nusselt number Nu is often used to determine heat transfer. The non-dimensional heat
flux at the plate y=0 in terms of Nu is given by

Nu=

(

∂θ0

∂y

)

y=0

+ Ec

(

∂θ1

∂y

)

y=0

Mass flux

The Sharewood number Sh is denoted mass transfer. The non-dimensional mass flux at the
plate y=0 in terms of Sh is given by

Sh =

(

∂C0

∂y

)

y=0

+ Ec

(

∂c1

∂y

)

y=0

3. Formulation of the problem for polar fluid

We consider an unsteady two-dimensional hydro magnetic mixed convective boundary
layer flow of a polar electrically conducting, incompressible, viscous two-dimensional slip
flow in an optically thin environment, past a semi-infinite vertical moving plate embedded
in a porous medium of variable permeability with mass diffusion, in the presence of ther-
mal radiation. We assume that no electric field is present andthat the induced magnetic
field is negligible. The x’–axis is taken along the plate in the vertically upward direction
and the y’-axis is normal to it. Due to the semi-infinite planesurface assumption, the flow
variables are functions of the normal distance y’ and t’ only. A time depend suction veloc-
ity is assumed normal to the plate. The plate has a variable temperature and concentration
which varies with time. Now under the usual Boussinesq’s approximation, the governing
boundary layer equations in the non-dimensional form are:

(3.1)
∂u
∂t
−

(

1+ εAent
) ∂u
∂y
=

dU∞
dt
+ (1+ α)

∂2u
∂y2
+Grθ +GmC + N (U∞ − u) + 2α

∂Ω

∂y
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(3.2)
∂Ω

∂t
− (1+ Aε ent)

∂Ω

∂y
=

1
β

∂2Ω

∂y2

(3.3)
∂θ

∂t
−

(

1+ εAent
) ∂θ

∂y
=

1
Pr

∂2θ

∂y2
+ Ec

(

∂u
∂y

)2

− Sθ − Fθ + NECu2 + Du
∂2c
∂y2

(3.4)
∂C
∂t
−

(

1+ εAent
) ∂C
∂y
=

1
Sc

∂2C
∂y2
− γC

The corresponding dimensionless boundary conditions are:

u = 1+ h
∂u
∂y
, θ = 1+ ε ent, ω = −n

∂u
∂y
,C = 1+ ε entat y= 0

(3.5) U → U∞, θ→ 0, ω→ 0 , C→ 0 as y→ ∞

here u, v are velocity components,Ω is the angular velocity component,ρ is density,ν =
µ

ρ
is kinematic viscosity,νr is rotational kinematic viscosity,γ = (ca+cd)

I (ca, cdare coupled
stress viscosities, I is a scalar constant equal to that of the moment of inertia unit mass).
Ω = Ω

′ν
V2

0
α = νr

ν
β = I ν

γ

The value n=0 corresponds to the case where the particle density is sufficiently large so that
microelements close to the wall are unable to rotate. The value n=0.5 is indicative of the
weak concentration, and when n=1 the flows are believed to represent turbulent boundary
layers (Rees and Bossom [52]).

Solution of the problem

The above systems are coupled and linear partial differential equations and these can be
reduced to a set of ordinary differential equations, which can be solved analytically. This
can be done by representing the velocity, temperature and concentration of the fluid in the
neighborhood of the plate as:

u(y, t) = u0(y) + εentu1(y) + o(ε2) + · · ·

θ(y, t) = θ0(y) + εentθ1(y) + o(ε2) + · · ·

(3.6) C(y, t) = C0(y) + εentC1(y) + o(ε2) + · · ·

.

Substituting Eq. (3.6) in Eq. 3.1-3.4 and equating harmonicand non-harmonic terms and
neglecting the higher order terms ofo(ε2), we obtain:

(3.7) (1+ α) u′′0 + u′0 − Nu0 = −N −Grθ0 −GmC0 − 2αΩ
′

0
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(3.8) Ω
′′

0 + βΩ
′

0 = 0

(3.9) (1+ α)u′′1 + u′1 − (n+ N)u1 = −(N + n) −Grθ1 −GmC1 − Au′0 − 2αΩ
′

1

(3.10) Ω
′′

1 + βΩ
′

1 − nβΩ1 = −AβΩ
′

0

(3.11) θ
′′

0 + Prθ
′
0 − Pr (S + F)θ0 = −Pr Ec

(

u′0
)2
− PrNECu2

0 − Pr DuC
′′

0

(3.12) θ
′′

1 + Prθ
′

1 − (F + n+ S)Prθ1 = −Pr Aθ
′
0 − 2PrEcu

′
0u′1 − 2Pr NEc u0 u1 − Pr DuC

′′

1

(3.13) C′′0 + ScC′0 = Sc.γ .C0

(3.14) C
′′

1 + Sc C
′

1 − Sc.(γ + n) .C1 = −AScC
′

0

The corresponding boundary conditions can be written as:

u0 = 1+ h
∂u0

∂y
, u1 = h

∂u0

∂y
θ0 = 1, θ1 = 0,C0 = 1,C1 = 0,

Ω0 = −n
∂u0

∂y
, Ω1 = −n

∂u1

∂y
at,

y = 0u0 = 1, u1 = 1, θ0 = 0, θ1 = 0,C0 = 0,C1 = 0 ,Ω0→ 0, Ω1→ 0at y→ ∞

(3.15)

The Eq. (5.2-5.9) are still coupled and non-linear, whose exact solution has not yet been
found. So we expandu0, u1, θ0, θ1,C0,C1 in terms ofEc in the following form, as the Eckert
number is very small for incompressible flows.

(3.16) F(y) = F0 (y) + Ec F1 (y) + o(Ec)
2 + · · ·

whereF stands for anyu0, u1, θ0, θ1,C0,C1Substituting Eq. (3.16) in Eq. (3.7)-(3.14),
equating the coefficients ofEcto zero and neglecting the terms inE2

cand higher order, af-
ter solving these equations, we obtain the velocity, temperature, angular momentum and
concentration distributions in the boundary layer as:

u = T5e
−B1y + T1e

−m2y + T2e
−m1y + 1+ c2T3e

−βy + Ec(T24e
−B1y + T6e

−m2y + T7e
−2B1y + T8e

−2m2y

+ T9e
−2m1y + T10e

−2βy + T11e
−(m2+B1)y + T12e

−(m1+B1)y + T13e
−(B1+β)y + T14e

−(m2+m1)y + T15e
−(m2+β)y

+ T16e
−(m1+β)y + T17e

−B1y + T18e
−m2y + T19e

−m1y + T20e
−βy + T21 + yT22e

−m2y + T23c2e
−βy) + εent(T42e

−B2y

+ T29e
−B1y + T30e

−m2y + T32e
−βy + T33e

−m6y + T35e
−m7y + T36e

−m1y

+ 1+ T40T39e
−β1y + Ec(T80e

−B2y + T46e
−B1y + T47e

−m2y + T48e
−2B1y + T49e

−2m2y + T50e
−2m1y + T51e

−2βy

+ T52e
−(m1+B1)y + T53e

−(B1+β)y + T54e
−(m2+m1)y + T55e

−(m2+β)y

+ T56e
−(β+m1)y + T57e

−m1y + T58e
−βy + yT59e

−m2y + T60e
−m6y + T61

+ T62e
−(m2+B1)y + T63e

−(B2+B1)y + T64e
−(m6+B1)y + T65e

−(m7+B1)y + T66e
−(2β1)yT67e

−(m2+B2)y

+ T68e
−(m2+m6)y + T69e

−(m2+m7)y + T70e
−(m2+β1)y + T71e

−(B2+m1)y

+ T72e
−(m1+m7)y + T73e

−(m1+β1)y + T74e
−(B2+β)y + T75e

−(β+m6)y + T76e
−(β+m7)y

+ T77e
−(β+β1)y + T78e

−m7y + T79e
−(m1+m6)y + w1c4e

−β1y + w4e
−βy ))

(3.17)
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Ω = c2e−βy + Ec(c3e−βy) + εent(T39e
−β1y + T38e

−βy + Ec(w1e−β1y + w2e−βy))

C = e−m1y + εent(A33e
−m7y + A32e

−m1y)

θ = A2e
−m2y + A1e

−m1y + Ec( f20e
−m2y + f5e

−2B1y + f6e
−2m2y + f7e

−2m1y + f8e
−2βy

+ f9e−(m2+B1)y + f10e−(m1+B1)y + f11e−(β+B1)y + f12e−(m1+m2)y

+ f13e
−(m2+β)y + f14e

−(m1+β)y + f15e
−B1y + y f16be

−m2y + f16ae
−m2y + f17e

−m1y + f18e
−βy + f19) + εe

nt( f16e
−m6y

+ f13e
−m2y + f14e

−m1y + f15e
−m7y + Ec( f52e

−m6y + f17e
−(B1+B2)y + f18e

−2B1y + f19e
−(m2+B1)y + f20e

−(B1+β)y

+ f21e
−(B1+m6)y + f22e

−(B1+m7)y + f23e
−(m1+B1)y + f24e

−(B1)y + f25e
−2β1y + f26e

−(m2+B2)y

+ f27e
−2m2y + f28e

−(m2+β)y + f29e
−(m2+m6)y + f30e

−(m7+m2)y + f31e
−(m1+m2)y + f32e

−m2y

+ f33e−(β1+m2)y + f34e−(m1+B2)y + f35e−(m7+m1)y + f36e−2m1y + f37e−m1y + f38e−(m1+β1)y

+ f39e
−(B2+β)y + f40e

−βy + f41e
−(m1+β)y + f42e

−(β+m6)y + f43e
−(β+m7)y

+ f44e
−(β+β1)y + f45e

−B2y + f46e
−2βy + f47e

−m6y

+ f48e
−m7y + y f49e

−m2y + f50 + f51e
−(m1+m6)y))

(3.18)

Where

m1 =
S c+

√

S c2 + 4γS c

2
,m2 =

Pr+
√

Pr2+4 Pr(F + S)
2

,m4 =
Pr−

√

Pr2+4 Pr(F + S)
2

,

m6 =
Pr+

√

Pr2+4 Pr(F + S + n)
2

,m7 =
S c+

√

S c2 + 4S c(γ + n)

2
,

B2 =
1+
√

1+ 4(N + n)(1+ α)
2(1+ α)

,A1 =
−PrDum2

1

m2
1 −m1 Pr−Pr(F + S)

,A2 = 1− A1,

β1 =
β +

√

β2 + 4βn
2

, B1 =
1+
√

1+ 4N(1+ α)
2(1+ α)

,m5 =
1−
√

1+ 4N
2

,

T1 =
−GrA2

(1+ α)m2
2 −m2 − N

,T2 =
−GrA1 −Gc

(1+ α)m2
1 −m1 − N

,T3 =
2αβ

(1+ α)β2 − β − N

T5 =
−1

(hB1 + 1)
[1 + T1(hm2 + 1)+ T2(hm1 + 1)] − 1

(hB1 + 1)
[T3c2(hβ + 1)]

c2 =
n[T4B1 + T1m2 + T2m1]
[

1+ (1+hβ)nT3B1

1+hB1
− nT3β

] ,T4 =
−1

(hB1 + 1)
[1 + T1(hm2 + 1)+ T2(hm1 + 1)]

Given the velocity field in the boundary layer, we can now calculate the skin friction coef-
ficient Cf at the wall which is given by

τω = (µ + Λ)
∂u∗

∂y∗

∣

∣

∣

∣

∣

y∗=0
+ ΛΩ∗|y∗=0
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C f =
2T∗W
ρU0V0

= 2 [1+ (1− n)αv] u′(0)

The couple stress coefficient Cmat the plate is written as

CΩ = γ
∂Ω∗

∂y∗

∣

∣

∣

∣

∣

y∗=0

Cm =
MW

µJU0
=

(

1+
αv

2

)

.

The rate of heat transfer i.e. heat flux at the wall in terms of Nusselt number (Nu) is given
in the non-dimensional form by

Nu = −












(

∂T0

∂y

)

y=0

+ ε

(

∂T1

∂y

)

y=0













.

1. RESULT AND DISCUSSION

A numerical evaluation for the analytical solution to the problem is performed and the
results are illustrated graphically. To show interesting features of the significant physical
parameter on the velocity, angular velocity, temperature,concentration, skin friction, the
Nusselt number and the Sharewood number on the distributionof the Newtonian and polar
fluid along an infinite porous plate, throughout the computations we employ the thermal
Grashof number(Gr) = 5, the Solutal Grashof number (Gc)= 5, variable permeability (K0)=
.5, the chemical reaction parameterγ =.5, the heat source parameter (S)=1, the Dufour
effect parameter (Du)= .5, the radiation parameter (F)=1, the Hartmann number (M)=5,
the Schmidt number (Sc)=.33, n=1, the Prandtl number (Pr )=.71

Therefore, we have the following results:

Velocity profiles play an important role in many industrial processes, for example, removal
of pollutants from plant discharge streams by absorptions and stripping of gases from waste
water entirely depend on the relative rate of velocity profiles distribution. The velocity
profiles across the boundary layer are shown in Fig.3.1 for various values of the variable
permeability parameter K0with respect to t and n. It can be clearly seen that K0 increases the
velocity profile across the boundary layer decreases, when the permeability of the porous
medium increases the resistance due to the porous medium decreases. In Figs (2-4) the
velocity profiles are plotted for different values of the chemical reaction parameterγ, the
heat source parameter S and the Dufour constant Du. Fig.3.2 elucidates that the velocity
profile notably decreases with the higher values of the chemical reaction parameter. Fig.3.3
depicts that as the value of S increases, the velocity decreases. This happens because the
influence of the heat source parameter reduces the fluid velocity across the boundary layer.
The variation of velocity distribution across the boundarylayer for several values of Du
is shown in Fig. 3.4. It can be observed that as Du increase this leads to an increase in
velocity at the vicinity of the plate. It is found that an increase in Du causes a rise in fluid
velocity, which suggests that the diffusion-thermo effect accelerated the fluid. The effects
of the thermal radiation parameter F and the magnetic field parameter on velocity profiles
are represented in Fig. 3.5 and Fig. 3.6. Fig.3.5 indicates that velocity increases with an
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increase in the radiation parameter. A magnetic field may be expected to stabilize a flow
against the transition to turbulent flow. The cases of the magnetic field in the direction of
flow, and normal to the flow, have been studied, and the stabilizing effect observed. From
Fig 3.6, it is obvious that the velocity decreases when the magnetic field increases. This is
because the applied transverse magnetic field will result ina resistive type of force i.e. the
Lorentz force which tends to resist the fluid flow thus reducing the velocity.

The temperature profile for various values of F, S, Du are described in the figures 3.7, 3.8
and 3.9. Fig.3.7 shows that an increase in the radiation parameter decrease the heat transfer
in the thermal boundary layer because the higher values of radiation parameter increases
the absorption coefficient. It is known that an increase in the heat source parameter has
a tendency to diminish heat transfer, which results in a decrease in temperature as shown
in Fig. 3.8. It can be clearly seen from Fig.3.9 that the diffusive thermal effects slightly
affect the fluid temperature. It suggests the variation of the thermal boundary-layer with the
Dufour number (Du). It can be noticed that the thermal boundary layer thickness decreases
with an increase in the Dufour number. The fluid temperature decreases for higher values of
Du Fig.1 3.10, 3.11 accounts for the influence ofγ and Sc, respectively, on the concentration
distribution. It can be seen from Fig. 3.10 that concentration notably decreases for higher
values of the chemical reaction parameter, which indicatesthat the diffusion rates can be
changed by the chemical reaction parameter. The Schmidt number (Sc) embodies the ratio
of the momentum diffusivity to the mass (species) diffusivity. It physically relates the
relative thickness of the hydrodynamic boundary layer and mass-transfer (concentration)
boundary layer. Figure 11 shows how concentration decreases as Sc increases. Fig. 3.12
shows the effect of the Dufour number Du on skin frictionτ. It increases as Du increases.
Fig. 3.13 illustrates the variation of the surface heat transfer Nu with the suction velocity
parameter A for different values of the thermal radiation parameter F. It is clear that Nu

decreases with the increasing values of F. Fig. 3.14 shows the rate of mass transfer for
different values of the chemical reaction parameterγ. It is noticeable that with an increase
of γ, the rate of mass transfer decreases. Fig 3.15 shows the effect on velocity when the
chemical reaction parameter and the slip flow parameter havenot been taken into account.
The results are similar to Helmy [8].

The translational and angular velocity profile for different values of Du, F, α, K0 for a
polar fluid are described here. Fig. 3.16 and Fig. 3.17 show the translational velocity
profile and angular velocity profile for different values of the Dufour effect parameter Du.
It can be seen that translational velocity decreases as Du increases while the reverse effect
is observed for the angular velocity profile. In Fig. 3.18 and3.19 the velocity is plotted
against different values of the thermal radiation parameter F and variability parameter K0.
The figures indicate that with the increasing F and decreasing K0 the translational velocity
increases. An increase in the porosity parameter leads to enhanced velocity profiles because
it reduces the drag force. On the other side, the angular velocity profile decreases when
both K0and F increase. It is due to the fact that the momentum boundary layer thickness
decreases when the thermal radiation parameter increases.The effect of the viscosity ratio
α on the translational velocity and the microrotation profiles across the boundary layer
are presented in Fig. 3.20 and 3.21. It can be seen that as the viscosity ratioα increases
the translational and microrotation velocity increases. Figs. 3.22 and 3.23 illustrate the
variation in translational velocity and angular velocity distribution for different values of the
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Fig. 3.1: Effect of K0, n, t on Velocity profile

Fig. 3.2: Effect ofγ on Velocity profile

slip flow parameter h. It is clear from the figure that an increase in the slip flow parameter
leads to enhanced velocity. Figs. 3.24, 3.25 are plotted to show the influence of the Dufour
number Du, the radiation parameter F, on the temperature distribution, respectively. It
can be noticed that an increase in the Dufour number increases the heat transfer, which is
shown in Fig. 3.24. The effect of the thermal radiation parameter F is displayed in Fig.
3.25 It shows that an increase in radiation results in diminished heat transfer to the thermal
boundary layer. Fig. 3.26 illustrates the variation of the surface heat transfer Nu with the
suction velocity parameter A for different values of the thermal radiation parameter F. It
can be seen that Nu increases with the increasing values of F. Fig. 3.27 shows the rate of
mass transfer for different values of the chemical reaction parameterγ. It is noticeable that
when the values ofγ increase, the rate of mass transfer declines.
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Fig. 3.3: Effect of S on Velocity profile

Fig. 3.4: Effect ofDu on Velocity profile
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Fig. 3.5: Effect of F on Velocity profile

Fig. 3.6: Effect ofM on Velocity profile

Fig. 3.7: Effect ofF on temperature profile
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Fig. 3.8: Effect ofS on temperature profile

Fig. 3.9: Effect ofDu on temperature profile

Fig. 3.10: Effect ofγ on Concentration profile
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Fig. 3.11: Effect ofSc on Concentration profile

Fig. 3.12: Effect ofDu on skin friction

Fig. 3.13: Effect ofF on Nusselt number
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Fig. 3.14: Effect ofγ on Sharewood number

Fig. 3.15: Effect on velocity whenγ = 0, h = 0

Fig. 3.16: Effect ofDu on translational velocity profile
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Fig. 3.17: Effect ofDu on angular velocity profile

Fig. 3.18: Effect ofK0 andF on translational velocity profile
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Fig. 3.19: Effect ofK0 andF on angular velocity profile

Fig. 3.20: Effect ofα on translational velocity profile

All the parameters used in the paper are given below:

Parameter Values
Thermal Grashof number(Gr) 5
Solutal Grashof number (Gc) 5
variable permeability (K0) .5
Chemical reaction parameter (γ) .5
Heat source parameter (S) 1
Dufour effect parameter (Du) .5
Radiation parameter ( F ) 1
Hartmann number ( M ) 5
Schmidt number (Sc) .33
n=1, Prandtl number (Pr ) .71
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Fig. 3.21: Effect ofα on angular velocity profile

Fig. 3.22: Effect ofh on translational velocity profile

Fig. 3.23: Effect ofh on angular velocity profile
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Fig. 3.24: Effect ofDu on Temperature profile

Fig. 3.25: Effect ofF on Temperature profile

Fig. 3.26: Rate of heat transfer for various values ofF
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Fig. 3.27: Rate of Mass transfer for various values ofγ

4. Conclusion

The aim of this paper is to study the unsteady MHD heat and masstransfer of the free con-
vection flow of an incompressible, viscous, electrically conducting Newtonian and polar
fluid past a semi-infinite porous plate embedded in a porous medium subjected to the pres-
ence of a transverse magnetic field with a diffusion-thermo and heat source. The method
can be applied to small perturbation approximation. Important characteristics of the fluid
flow, as well as heat and mass transfer, have been obtained andpresented

The following conclusions are set out:

1. The velocity of a fluid increases with increasing values ofthe permeability parameter
K both in air and water.

2. The velocity for both a Newtonian and polar fluid increasesas Duincreases.

3. The velocity increases with decreasing values of the chemical reaction parameterΥ.

4. The fluid temperature decreases with increasing values ofF and S.

5. Skin friction increases as Du increases.

6. The translational velocity profiles increase with increasing values of the slip flow
parameter (h), while the reverse effect is observed for micro-rotation velocity.

7. The Nusselt number and the Sharewood number decrease withdecreasing values of
F andγ, respectively.

Some constants have not been included for the sake of brevityof the paper.
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