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Abstract. In the cited papers [1, 2, 8, 9, 10, 12, 14], curvature tensors are considered
by polylinear mappings, using non-symmetric connections. In the rest of the works
from the References, the curvature tensors are obtained by help of Riccy-type identities
in local coordinates. In this paper, the problem is considered more generally using
polylinear mappings, after which eight curvature tensor fields are obtained. Further,
it is proved that among these fields, five of them are independent, while the rest are
linear combinations of the cited five fields.
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1. Introduction
Consider an N-dimensional differentialble manifold My on which a non-sy-

1
mmetric linear connection V is defined. If X(M ) is Lie algebra (see [3]) of smooth
vector fields and X,Y € X(My), then the mapping (see [12])

2

VX (My) x X(My) = (My),

given by

2 1
(1.1) VxY = VyX +[X,Y],
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2
defines an other non-symmetric connection V on M. That means that we have

0 0 [% 0 (4
a) Vy1+y2X = leX + VYQX, b) nyX = fVy X,
(4 (4

(1.2) [ [ 9
) Vy(Xi+X2)=VyXi+VyXe, d)Vy(fX)=Yf - X+ fVyX,

for 0 = 1,2 and XY, X1, X0, Y1,Ys € X(My), f € F(My), where F(My) is an
12
algebra of smooth real functions on My. In that case, we write Ly = (My,V, V)

12
and Ly call a space on non-symmetric linear connections V, V.

If we introduce local coordinates ', ..., !V, and put
(1.3) 9/0z" = 0;,

with respect of (1.1), it will be

2 1
(1.4) Vo, Ok = Vo, 0;.
1 ,
Denoting coefficients of the connection V in the base 91, ..., Oy with L}k, we
have
1 , 2 1 ,
(1.5) a) VakajL;k@, b) Va,ﬁj = v(‘)]ak‘ = L}gjai7
(1.4)
where “ = 7 denotes ”"equal with respect to (1.4)”.

(1.4)

1 4
2. Tensors R, ..., R

Firstly, it is easily to prove the following two propositions.

1 2
Proposition 2.1. Torsion tensors of connections V and V have opposite signs,
i.€.
2 1
(2.1) T(X,Y)=-T(X,Y).

1 2
from where it follows that V and V are in the same time symmetric or non-

symmetric.
Proof. Starting from the equation

1 1 1
(2.2) T(X,Y) =VyX —-VxY + [X, Y],
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we obtain from (1.1) that

2 2 2
T(X,Y)=VyX —VxY +[X,Y]

(1%1) VxY +[Y, X] - VyX — [X, Y]+ [X,Y] (2%1) —-T(X,Y).

O

1 2
Proposition 2.2. Necessary and sufficient condition for the connection V and V

2 1
to be identical is T(X,Y) =T(X,Y) =0, i.e. we have
2 1 1 2
(2.3) TX,Y)=T(X,Y)=0&V=V=V.
Proof. From (1.1) and (2.2), it follows
1

2 1 1
VxY - VxY =Vy X + [X,Y} —VxY

— T(X,Y) = ~T(X,Y).

This proves (2.3). O

Let us consider mappings p defined in the points of Ly:

(2.4) pPrEXXEXX =X,
so that
a b c d A
(2.5) p(X;Y, Z) = p(Z,Y)X =VzVy X - VyVzX + Vy 21X,
for
(2.6) a,b,c,d, ) € {1,2}.

We will investigate conditions with (2.5) to be defined a curvature tensor field
in Ly, i.e. conditions to be in force F(Ly)-linearity on X, Y, Z.

a) F(Ly) linearity wrt X:

From (2.5), it is

(2.7) p(X1+X23Y, Z) = p(X1;Y, Z) + p(X2; Y, Z).
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The following equalities are satisfied
a b c d A
p(fX;Y,2) (225) VzVy(fX) = VyVz(fX)+ Viy,z(fX)

a b c d A
=Vz(Y[f - X+ [ VwX)=Vy(Zf - X+ [-VzX)+ Vyz([X)
a b a b
=Z(Yf) X+Yf-VyX+Zf - VyX+f - VzVyX
c d c d A
7Y(Zf) ~X7Zf'VyX7Yf~VzXff'VyVZX+V[y7Z](fX).

Using the relation

(2.8) %[Y,Z](fX) =(V.2lf) - X+ f- %[Y’Z}X
=[Y(Zf)-ZX[f)] - X+ %[Y,Z]Xa

by substitution into previous equation, one obtains
a d b c
(2.9) p(fX3Y,Z) = f-p(X;Y, Z)+Y [ (V22X =VzX)+Zf (VyX - VyX),

fromwhere, we see that generally a linearity n X is not valid.

b) F(Ly) linearity wrt YV’

We have
a b c d A
(211) p(X;fK Z) = = VZnyX - nyVZX+V[fy7Z]X.

(2.5)

The following equations are also satisfied

N N A A

(2.12) Virv 21X = =Vizpyvipzvi X = VyzgX - Zf-VyX,
a b a b b a b

(2.13) VZnyX:VZ(f-VyX):Zf-VyX+f-VZVyX.

By substituting (2.12), (2.13) into (2.11), we obtain

(2.14) p(X; 1Y, Z) = [ - p(X;Y, Z) + ZF(Vy X — Ty X),

i.e. in a general case F(Ly)-linearity is not valid in relation to Y.
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c¢) Further, by the same procedure, one obtains

(2.15) p(X3Y, 21 + Z,) (2:5) p(X5Y, Z1) + p(X3Y, Z),

10 Y2 = 2 XY 2 RS (V2X - V2X),

i.e. in a general case F(Ly)-linearity is not valid in relation to Z.

From (2.9), (2.14), (2.16), we conclude that with (2.5) curvature tensor fields
are defined if and only if (a =d) A (b=¢) A (b= A) A (A =d), and next theorem
is proved.

Theorem 2.1. Necessary and sufficient condition with (2.5) to be defined cur-
12
vature tensor fields in the space Ly with non-symmetric linear connections V, V

18
(2.17) a=b=c=d=Xe{l,2},

i.e. with (2.2) two curvature tensor fields are defined

a a

(218)  R(X;Y,2) = R(ZY)X = VzVyX — Vy VX + VyzX, a=1,2

In the case of symmetric connection, because of (2.3) by (2.5) is defined one
curvature tensor field and then with (2.9), (2.14), (2.16) is also expressed F(Ly)-
0

linearity. In that case, Ly is denoted by Ly.
In [12], two curvature tensor fields are defined:
3 3

2 1 1 2 2 1
(219) R(X;Y,Z)=R(Z,Y)X =V;VyX —VyVzX+V, X-V, X,
Vv Z VzY

Author of the present paper has obtained in 1975. the first (in coordinates) the
4
tensor R, that is affirmed in [12]:

4 4

2 1 1 2 2 1
(220) R(X:Y,Z)=R(ZY)X =VzVyX -VyVzX+V, X-V, X

Yy VzY

5
Also, in [7] and [8], the present author has obtained a new curvature tensor R.

We will demonstrate in the following section how new curvature tensors can be
obtained with the help of polylinear mappings.

Substituting into (2.18)—(2.20)

(2.21) X=09/0x7=09;, Y =0y Z=0,
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we get
b b b

(222) R(aj; 8k61) = R(&lak)aj = R;-klai, b= 1, 2, 3, 4,
where

1. . . . .
(223) R_ijl - L;k,l - L;l,k + Lka;l - L?le)k’

2i i % P ri Pri
(2.24) ikt = Lijo — L + Ligg Ly — Ly Ly,
(225) R;k:l = L;‘k,l - L;J,]g + L?k ;p - LZka? + Lfk(L;J - L;P)7
(2.26) Rijpy = Lipy — Ly + L5, Ly, — Ly Ly, + Ly (L — L),

and in that manner we express curvature tensors in coordinates.

3. Some new curvature tensors
Consider the mapping p : X(Mpy) x X(Mny) x X(Mpn) = X(Mp) defined by
1,a b c d e f g h A o
(3.1) ﬁ(X, Y, Z) = 3 (VZVyX—VvaX—l-vayX—VyVzX-i-V[yz]X+V[Y7Z]X,

for a7bﬂc7d’e’f’g7h’>\7ﬂe{172}'
Let us check conditions in (3.1)for defining a curvature tensor field.

First of all, as line in previous cases, it is easy to check the additivity in relation
with all arguments X, Y, Z. Further, we have

poX:Y, Z) = ¢-p(X;Y,Z)+ %{Yqﬁ (%ZX—%ZX—&—%ZX —%ZX)

b c f g
+7Z¢-(VyX — VyX-l-VyX-l-VyX)},

(33) PXOVD) = 0 XL Y26 (VyX -~ Ty X 4+ VX ¥y X),

1 A d 1 h
(XY, $2) T 0PV, Z) 4+ 5Y 6 (V2X = VzX + VX —VzX).
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Because (3.2, 3.3, 3.4) can be proved in similar manner, we give proof only
for (3.3).

a b c

~ 1 d e f g h A
p(X;qzﬁY, Z) = §(V2V¢yX —VeyVzX +VzVyy X —VyyVz X + V[(ﬁy’Z]X

m

+ Vigy,z1X)
_1
T2

a b c d e f g h
{Vz(¢VyX) VY VX 4V (6Vy X) — 6Vy VX
A ©
+ Vev,z1-zevX + vd)[Y,Z]quﬁ-YX}
1 b a b c d f c f
- 5{205 Vy X + ¢V Vy X — 6Vy VX + Zd-Vy X + ¢V, Vy X
g h A A 14 14
— ¢V VX + 0V iy X — Z6 - Vy X + ¢V vz X — ZWYX}
1 a b c d e f g h A
= 5¢(VszX —VyVzX +VzVy X —VyVzX + V[Y,Z]X
B 1 b f A W
+ V[y,z]X) + §Z¢(VYX + VYX — VYX - VYX)

So, from (3.1) one obtains (3.3), if b= X and f = pu.

Let A, B, ..., D’ be statements
A=(@=d)n(e=n), B=(b=cr(f=9))
C=(6=NrU=m), P=(A=d)nr(u="n)
(3.5)
A’:((a:h)/\(d:e), B’ = (b:g)A(c:f)),
C=(b=mAr0=0) D'=(A=nArEd=p)

Considering (3.2)-(3.4), we conclude that the next theorem is valid:

Theorem 3.1. Necessary and sufficient condition for defining curvature tensor
field by (3.1) is expressed as logical formula (v(F)=T):

(3.6)

F=(AABACAD)V (AABACAD)V (AABAC AD)V (AABAC AD')

V(AAB'ACAD)V (AAB ACAD)V (AAB AC' AD)V (AAB AC' AD)
V(A'AB'AC'AD )V (A"AB'AC'AD) V (A’ AB'ACAD') vV (A’ AB' ACAD)
V(A'ABAC AD')V (A’ABAC' AD)V (A'ABACAD') VvV (A’ ABACAD),

where the statements A, B, ..., D" are given in (3.5).

Example 3.1. For v(AAB ACAD) =T i.e. if the fifth term in (3.6) is veritable, find
corresponding curvature tensor R.
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Solution. By virtue of (3.1), (3.5), and (3.6) in considered case is

For A =1, p = 2 one obtains

3.7
(5 ) 1 1 1 2 1 2 2 1 2 1 2
R(X;Y,Z) = 5(VszX —VyVzX+V;VyX — VvaX-FV[y,Z]X-FV[y_’Z]X).

Considering the same procedure like in the previous example, we derived new
curvature tensors in L.

Example 3.2. For v AABACAD)=Titisa=b=c=d=Xe{1,2},e=f=g=
h=up € {1,2}, and for A =1, u = 2 is obtained

6 11 2
(3.8) R(X:Y.Z) = S(R+ R)(X;Y, 2).

Example 3.3. For v(AABACAD )=Titis(a=d=f=g=pu=1)Ab=c=e=
h = X = 2), (the same is obtained for A = 1, u = 2) and we obtain

7 1 1 2 2 1 2 1 102 1 2
(3,9) R(X; Y, Z) = i(VzV}/X7VYVzX+V2VyX*Vysz+V[y,Z]X+V[Y’Z]X).
Example 3.4. For 7(AAB ACAD') =T one obtains

8 1 2 1 2 2 1 2 1 1 1 2
(310) R()(,}/7 Z) = 5(VZVYX—VYVZX-‘FVZVYX_VYVZX+V[Y72]X+V[Y,Z]X)

Other cases from (3.6) are reduced to the same of those cited in (3.7)-(3.10).

1 8
The components of the tensors R, ..., R are obtained by substituting in corre-

sponding equations
X=0;, Y=0, Z=0.

5
For example, for R by virtue of (3.7) is

5. 5 1 1 1 2 1 2 2 1 2
R;klai = R(0j; 0k, 0)) = §(V31Vak8j —Vo,V5,0; + V5, Vo, 0; — V5, Vy0; +0)

1.1 _ 2 _ 2 _ 1 .
5 Vol (L50:) = Vo (L5,0:) + Vo, (Li;0:) = Vo, (Li;0,)],

from where

5

(3.11) ;‘kl = (Lé'k,l + L;lcj,l - L;’l,k - L?j,k: + L, ;l + LY, l'p - L?zL;cp - Lj; ;k)~

DN | =
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4. Independent curvature tensors in Ly

On the basis of Section 2, we get

4.1

(1 ) 2 1 1 1 2

VyX -VyX = VyX-—[V,X]-VyY = T(X,Y)=-T(X,Y)=27(XY),

(1.1) (2.2)
(4.2)
0 1 1 2 11 1 1 2
Q) VyX = (Vv X +VyX), D)7(X.Y) = T(X,Y) = 5(VyX = VyX),

(4.3)

1 11 2 1 1 2 1 0
a)VyX = §(VYX+VYX) + §(VYX - VyX) $2 VyX =VyX +7(X,Y),
-2)

4

1 2 2 0
(VyX —VyX) = VyX =VyX —7(X,Y),

1 1 2 1
bH)Vy X = =(Vy X +VyX) — =
) Vy 2( Y vX) 2 4.2)

0 11 2 1 . ) o,
0: = = . )= (L% 'O, = L%, 0;
Vo J (4'23) 2(v6k8.7 + Vaka]) Q(L]k + ij)al ijaza

1 . , .
(95, Ok) (4:2b) 5 Lok = Lij)0i = 7j,0;,
whence

0. 1 . . . 1, . ;
(4.4) a) Li, = §(L;k + L), b)Th= Q(sz —Li;)-

0
We will now expose another presentation of curvature tensors R. By virtue of
(2.18), (4.3a) is
(4.5)
1 0 1 1 0 1 1 0
R(X;Y,Z) =V ;VyX+1(VyX,Z)-VyVzX—-7(VzX, Y)+V[y’le+T(X, Y, Z])

Because of

1 1
T(VYX7 Z) - T(VZXv Y)

0 0 2 1
=7(Vy X +7(X,Y),2) —7(V2X +7(X,2),Y) +7(X,VyZ = V2Y),
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it follows that

1 0 0 0 0 O 0
R(X,}/,Z) = VZVYX - Vz’T(X7Y) - VyVZX - VyT(X, Z)

+ T(%YX, Z2)+1(1(X,Y),2) — T(%ZX, Y)-7(7(X,2),Y) + %[KZ]X

+ 7(X, %YZ —7(2,Y) — %ZY -7(Y, X))

= ]()%(X; Y,Z) + %Z [7(X,Y)] - T(%ZX, Y) - 7(X, %ZY)

- %y [7(X,2)] + T(%yX, Z)+1(X, %yZ) +7(7(X,Y),Z) —7(7(X, 2),Y).
Finally,

II%(X;Y, Z)= }O%(X;Y,Z) + (%ZT)(X,Y) — (%yT)(X, Z)

(4.6)
+7(1(X,Y), Z) - 7(7(X, 2),Y).

From (4.6) in local coordinates is

Ripd; = Ry + (Vo,r) (0.0%) — (Vo) (85, 00) + 7(r (0, 0).01) — 7(r (0. 01), %)
= Oékzai + %@ [7(0;,0,)] — T(%al 9j,0k) — (9, %3, )
— Vo, [7(05, 0] + 7(Vy 05, 01) + 7(05, Vo, 00) + (75 8p, 81) — 7(71,8p, 01
= Oéklai + %81 (7),0:) — T(z§18p78k) —7(0;, Zzlap) — %ak (75,0:) + T(ngap, )
+ (0, L8.0,) + 7T 0 — Thri D,

and therefrom
) b O i i p i p_i
(4.6) Ry = Ry + Tjgy — i + TikTpl — Tj1Tpks
o 0
where by (;) covariant derivative wrp L (i.e. V) is defined.

By analogical procedure, the following is obtained

2 0 0 0
(4.7) R(X;Y,Z) = R(X;Y, Z) — (V27)(X,Y) + (Vy7)(X, 2)
+7(71(X,Y), Z2) —7(7(X, 2),Y),
2 0. ) _ . .
(47’) R;kl = R_Zykl - le'k‘;l + T;l;k + T]ka;l — TZT;k.

3
Starting from (2.19) for R, we first find
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4.8
( 2) 1 1 2 2 0 1 0
VzVyX —VyVzX =Vz[Vy X +7(X,Y)] = Vy [VzX — 7(X, 2)]

0 0 0 0
=VsVyX —7(VyX,2)+ Vz7(X,Y) - 7(7(X,Y), 2)

0 0 0 0
—VyVzX —7(VzX,)Y)+Vy7r(X,Z) + T(T(X, Z),Y),

(4.9)
2 1 2 1
v 1 X - V2 X = Vo X - Vo
VyZ VzY Vy Z+7(Z,Y) VY -1(Y.Z)
2 2 1 1
=Vo X—-V,yz2X—-Vo X+V,.yznX
Vy Z vzY
0 0 0
= Vo X —7(X,Vv2) - Vo X + (X, 7(Y,2))
Y
0 0 0
- V% YX —7(X,VzY)+ Vv X +7(X,7(Y, 2))
z
0 0 0
=V, o X—7(X,VyZ) - 1(X,V5Y)+2r(X,7(Y, Z))
VyZ-VzY

0 0 0
=V X —7(X,VyZ) - 7(X,VzY) — 27'(X,7'(Y7 Z))
By substitution (4.8), (4.9) into (2.19), we get

3 0

R(X;Y,Z)=R(X;Y,Z) — 7'(%3/)(7 Z) + %ZT(X, Y)—7(r(X,Y),Z)
- 7'(%ZX7 Y)+ %yT(X, Z2)+7(1(X,2),Y)

—7(X, %yZ) — T(X,%ZY) — QT(T(Y, Z),X),

(4.10) %(X; Y,Z)=M(X;Y,Z)-27(7(Y, Z), X),
where
(4.11) M(XY,2) = RUGY, Z) + (V2) (X, Y) + (Vy7) (X, 2)

—7(7(X,Y),2) +7(7(X, 2),Y).
In local coordinates is

3. . .

where

. 0. . . ) )
5 i _ i i % p i P _i
(411 ) Mjk:l = Rjkl + Tjk:;l =+ le;k — Tjk:Tpl + leTpk'
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4
On the base of (2.20), by analogical procedure for R is obtained

4
(4.12) R(X;Y,Z) = M(X;Y, Z) +27(r(Y, Z), X),
that is
9 4i ) P __i
(412 ) Rjkl = M]kl + 27—le1)]"

where M is given in (4.11), respectively in (4.117).
5
For R based on (3.7), one obtains

IS%XYZ 1
( s Ly )_5[

0 2 2 0 2 2
+VZVYX 77‘(VYX, Z) - VYVZX 7T(V2X,Y)

0 1 1 0 1 1
VzVy X + T(VyX, Z) —VyVzX + T(VzX, Y)

0
+2Viy g X+ 7(X Y. Z]) - 7 (X, [V Z])],
from where, after arranging
5 0
(4.13)  R(X:y,Z) = R(X;Y,2) +7(r(X,Y),2) +7(r(X,2),Y),
and
5

. 0. . ;
(4.13%) Ry = Rjp + 5T + TH T

From (3.8) and (4.4, 4.6, 4.7) it follows

(4.14) ]%(X;Y, Z) = ]O%(X;Y, Z2)+7(r(X,Y),Z) = 7(7(X, 2),Y),
and
6

. 0. . .
) i i P % 2
(414 ) Rjkl = Rjkl + TjkTpl — T_lepk‘,'

Starting from (3.9), we get

7 0
(4.15) R(X'Y,Z) = R(X;Y, Z) — 7(r(X,Y), Z) + 7(r(X, 2),Y),
and
) 7i O'L' p 1 P i
(415 ) R]kl = Rjk}l — jkTpl + leTpk'

8
Finally, for R by help of (3.10) one obtains

(4.16) I%(X;Y, 7Z) = ]O%(X;Y, Z)— T(T(X, Y),Z) — 7'(7'()(7 Z),Y),
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and
8

. 0. . .
’ % —_ P P
(4.].6 ) Rjkl = R]kl - TjkTpl - leTpk'

Omitting the argumens and introducing denotations

(4.17) A= (%ZT) (X,Y), A" = (%yT) (X,2),B=71(r(X,Y),Z2)
B = T(T(X, Z),Y), C= T(T(Y, Z),X),

we write the equations (4.6, 4.10, 4.12)—(4.16) in the form
(4.18)
10 2 0
R=R+A-A+B-B, R=R-A+A+B-8
3

0 4 0
R=R+A+A -B+B -2, R=R+A+A -B+B +2C,
5 0

0 6 0 7 8 0
R=R+B+8B, R=R+B-B, R=R-B+B, R=R-B-5.

135

We can observe the equation (4.18) as a system of linear algebraic equations on A,

A’, B, B, C. In order to find the rank of this system, its expanded matrix
A A B B

C

D1 0

1 -1 1 -1 OinR
vo2 0

-1 1 1 -1 0 R-—R
] 0

1 1 -1 1 723R7R
L4 0

(4.19) P = 1 1 -1 1 2}R—R
"5 0

0 0 1 1 0 'R—R
.6 0

0 0 1 -1 0 ' R—R
L7T0

0 0O -1 1 0 "R—R
'8 0

0 O -1 -1 0 :R—R

is reduced to an equivalent form with help of elementary transformations:

A A B B ¢C

10

1 -1 1 -1 0 R—R
! 3 1

0 2 =2 2 =2 R—R
| 5 0

0 0 1 1 O R—R
| 6 5

(4.20) P= 0 0 0 =2 0 R—R
! 4 3

0 0 0 0 4 R—R
.6 7 0

0 0 0 0 0}R+R—2R
o1 2 6

0 0 0 0 OER+R—2R
‘5 8 0

0 0 0 0 0}R+R—2R
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By using the values (4.18), we see that

6 7 0 1 2 6 5 8 0
(4.21) R+R-2R=0, R+R—-2R=0, R+R—-2R=0,

i.e. rank of the system (4.18) is 5 and it is in accordance.

6 7 0
(4.22) R=-(R+R), R=2R-

From (4.20) is
8 0o 5
(R+R), R=2R-R.

So, we have proved the main theorem:

Theorem 4.1. Among curvature tensors obtained by virtue of non-symmetric con-

1 2

nections V, V linked with relation (1.1), there are five independent curvature tensors

1

R,

5
..., R, given by equations (2.18)-(2.20), (3.7). The remaining tensors can be
0

expressed in terms of these five, along with the curvature tensors R of corresponding

0
symmetric connection V, as defined in (4.2a).

10.
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