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SOME GENERALIZED TRIPLE SEQUENCE SPACES DEFINED
BY MODULUS FUNCTION

Shyamal Debnath and Bimal Chandra Das

Abstract. In this paper we introduce some newly defined triple sequence spaces by
combining the modulus function and non-negative six dimensional matrix of the form
A = (a1,m,n,p,q,r) and we study some of their topological properties. We also obtain
and prove some inclusion relations.

1. Introduction

A triple sequence (real or complex) is a function from N x N x N to R(C), where
N, R and C denote a set of natural numbers, real numbers and complex numbers, re-
spectively. In 2007, Sahiner et. al. [2] introduced the concept of triple sequences and
established their statistical convergence. Subsequently, Dutta et. al. [3] generalized
this concept by using the Orlicz function. Later on, Savas and Esi [5] introduced
statistical convergence of triple sequences on probabilistic normed spaces. Recently,
Debnath et. al. [13], Debnath and Das [14] generalized these concepts by using the
difference operator.

In 1986 Maddox [10] introduced the strongly Cesaro summable with respect to
a modulus function for the class of sequence. It was further investigated by Connor
[11] in 1989 as an extended work for strong A-summability, considering A = (an i)
is a non-negative regular matriz. Pringsheim gave the definition of the conver-
gence for double sequences in 1900. Since then, this concept has been studied by
many authors and rapid development was made on this subject. In 2011, Savas
and Patterson [6] introduced the definition for double sequence spaces defined by
modulus function and considering the non-negative four- dimensional matriz as
A = (amm.ki1)- In this paper, we have extended this concept for triple sequence
spaces using the non-negative siz-dimensional matric A = (ai,m,n,p,q,r) defined by

Received September 10, 2015; accepted January 22, 2016
2010 Mathematics Subject Classification. Primary 40A99; Secondary 40C05

373



374 S.Debnath and B.C.Das

modulus function and taking w?, the set of all triple sequence of complex numbers.

Definition 1.1. [2]: A triple sequence (Zjmy) is said to be convergent to L, in
Pringsheim’s sense if for every € > 0, there exists N(e) € N such that |y, —L| < €
, Whenever { > N,m > N,n > N and we write l4my m n—ocoZimn = L.

Definition 1.2. [2]: A triple sequence (Zymy ) is said to be bounded if there exists
M > 0 such that |xpm,| < M for all [;m,n € N.

Note: A triple sequence convergent in Pringsheim’s sense may not be bounded
[15].

Definition 1.3. [10]: A function f : [0,00) — [0,00) is called a modulus function
if it satisfies the following four conditions:

1. f(z) =0 if and only if z =0,

2. flx+y) < flz)+ f(y) for all z > 0 and y > 0,
3. f is increasing,

4. f is increasing,

5. f is continuous from the right at 0.

Definition 1.4. Let A = (aim,npqr) denote the six-dimensional summability
method that maps the complex triple sequence z into the triple sequence Az. Then
the Imnth term to Az will be (Ax); mn = Z;il 22021 > Qlmonp.gr T

Definition 1.5. Let f be a modulus function and A=(a; m,n,p,q,r) be a non nega-
tive six- dimensional matrix of real entries with su S a <

Piym,n 2 p=0,q=0,r=0 Am,n,p,q,r
00

Then
co(A f) ={z € w® : P —limymn E;Zg,oq’ioo,rzo at,m,n,p,q.rf (|1Zp,q,r|) = 0}

(A, f)={zew® : P—limimn E;Zgi}ioo,r:o at.mn.p.q.rf (|%p.qr—L|) =0, for
some L}

B (A f) = {z € w’ : suppm,n E;igi}ioo,rzo atm,n,p,grf ([ Zp,q,r|) < 00}

If f(x) = x then the sequence spaces become:

cj(A) ={z € w®: P —limymn E;Zgi}ioo,r:o m,n,pa,r | Tp,g,r| = 0}
AA)={recw®: P- limym Z;ig,oq)ioo,rzo a,m,np,q,r[Tp,g,r — L|=0, for some

L}
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13,(A) = {z € w* : supi,imn Z;igzioo,r:O Al n,p,q,r|Tp,g,r| < 00}

The spaces in Definition 1.5 converted to some well-known sequence spaces by
specifying A and f. For example, if we consider A = (C,1,1) the sequence spaces
c3(f), A(f) and 2, (f) will be of the following form:

. I—1,m—1n—1
o (f) ={z € w’ : P —limymnl/Imn 7 —o10 0 'S0 f(l7pgr]) = 0}

} A(f)={xr € wd: P —limmnl/lmn Z;;B;;O{’T":Bl f(|lzp,qr — L]) =0, for some
L

Bo(f) = {z € w? : suppmnl /lmn Y5 5" F(|2p.q0]) < 00}

Now as a final illustration, if we consider A = (C,1,1) and f(z) = x, we get the
following spaces

B ={zewd: P—limmnl/lmn 0" g =0}

p=0,9=0,r=0
A ={zewd:P—limmnl/lmn Z;;B;;O{’T":Bl |zp,q.r — L| = 0, for some L}
I~1m—1.n—
B = {x € w® : suppmnl/mn 32,5050 T || < 00}

2. Main Results

In this section, we shall establish the main properties of the sequence spaces in
Definition 1.5

Theorem 2.1. The sequence spaces cg(A, f), 3(A, f) and I3,(A, f) all are linear
over the complez field C.

Proof. 1t is obvious. O

Theorem 2.2. If A = (aimnpqr) IS & non-negative siz dimensional matriz of
. . 00,00,00
real entries with Suppm n p=0.9=0,r—0 U,m,n,p,qr < OO , and let f be a modulus

function then
1. 3(A, f) C B (A, f)
2. c}(A, f)C 13,(A, f)

Proof. Here we shall establish the inclusion (1) only.

Let z € ¢3(A, f). Now using the conditions (2) and (3) of the modulus function
(Definition 1.3) we get the following:

Z;Zgi}ioo,r:o atmnpogrf ([Tp.q.r])
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< Z;ﬁgi}ioo,r:o at,mon,pogrf (|Tp,qr — LI) + f(IL]) Z;o Soqooo r=0 A, m,n,p.q,r

There exists an integer M; such that |L| < M;. We obtain

Z;Zgi}ioo,r:o atmn.pogrf ([Tp.q.r])

< Z;O S?qooo =0 @mon,pogrf ([Tp,gr — LI) + M1 f(1) Z;O goqooo r=0 U,m,n,p,q,r

As we consider x € ¢3(A, f) and suplmnzooooquT 0 Qlm,n,p,g,r < OO We are

conclude that
z €3, (A f)
This completes the proof. O

Theorem 2.3. If A = (almww, ) is a non-negative siz dimensional matriz of
real entries with suplmnzp 00— OT —0 U mnpar < 00 , and let f be a modulus
function then the following inclusion holds

1. (A) C (A, f)
2. 3(A)C (4, f)
3. 13 (A) C I3 (A f).

Proof. Here the inclusions (1) and (2) can be easily proved. Thus we will only
establish the inclusion (3).

Let € I3_(A) such that sup;mn > o 80 ioo 0 Qlmn,pgr < 00 . Let € > 0 and
choose ¢ with 0 < § < 1 such that f(t) < e for 0 < t < 4. Now we consider the
following equality

Z;O goqooo =0 Wm,np.grf ([Tp,q,r])

00,00,00 00,00,00

= > atmn.p.grf (|Tp,qr])+ > at,m,n,p,q,r f (1 Zp,q,r])
p=0,a=0,r=0p; . |<6s p=0,q=0r=015 . .|>6

From the properties of the modulus function we have the following:

Z;ig?z}ioo,rzo‘zm’r|§5al,m7n,p,qyrf(|xp,qyr|) < 6Z§° goqooo r=041,m,n,p,q,r (2.1)

For |z, 4| > 0 and the fact that
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|Zp,q,r| < |2pqr|/6 <1+ {|Zp,q,r]/5}]

Where [t] denoted the integer part of ¢ and from the conditions (2) and (3) of
the modulus function we can write

Fl2p.q.rl) < (L [l2p,q.,/0])f (1) < 2F (V) {|2p,q,r|/5}

Now
00,00,00 00,00,00
atm,n,p,grf (| Tpq,r|) < 2f(1)/0 > ALmn,p.q.r |[Tp.g.r]
p:O,q:O,r:O‘zp,q’r|>5 p=0,q=0,r=0

The last inequality and equation (2.1) gives us the following results

Z;ﬁgzioo,rzoahmm,p,q,rf(|$p,q,r|)

< Ezgigzioo,r:oal,m,n,p,qw + 2f(1)/52;328?éioo,r:oal7m,mp,qw|$p7q7r|

00,00,00

Since suptmn S5 o Gt < 00 and 2 € 1%,(4)
we find that = € I3_(4, f).

This completes the proof. O

Theorem 2.4. If A = (aimnpqr) IS & non-negative siz dimensional matriz of
. . 00,00,00
real entries with SupLm.n Y p_0 g=0.r—0 Um,npar < 00 , and let f be a modulus

function and B = lim;_oo f(t)/t > 0 then 3(A) = 3(A, f).

Proof. Let 8 > 0. By definition of 8 we have f(t) > St for all t > 0 and since
B >0 we have t < {1/5}f(t) for all t > 0.

Now from z € ¢3(A, f) we can write the following inequality

Z;Zgi}ioo,rzoal,m,n,p,qw|xp,q,r_L| < {1/ﬁ}zzzgzioom:oal,mm,p,q,rf(|xp,q,r_L|)

whence z € ¢3(A4). In our previous theorem we have shown that ¢3(A) C

(A, f).
Hence the proof of the theorem is complete. [

Theorem 2.5. If A= (a1 mnpqr) has only positive entries and B = (bym.np.q.r)
is a non-negative six dimensional matriz such that {by.m.n.p.q.r/mmnp.qr} S bounded
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then I2.(A, f) C I2.(B, f).

Proof. The proof is easy, so omitted. [

Theorem 2.6. If A = (aim.npqr) IS & non-negative siz dimensional matriz of
real entries with

00,00,00
SUPLm,n D pe0,q=0,r=0 smsn,pgsr < OO 5

and let f be a modulus function then c3(A, f) and (A, f) are complete linear
topological spaces with the paranorm

00,00,00

9(x) = supimn Ep:(),qzo,rzo at,m,np,gr f ([Tp,a,rl)

Proof. The space c¢3(A, f) is a complete linear topological space which is clear
from the above statements. Let us consider ¢3(A, f). From Theorem 2.2 for each
x € (A, f), g(z) exists. Clearly g() =0, g(—z) = g(z) and g(z+y) < g(z)+g(y).
We shall show now that the scalar multiplication is continuous. First, we observe
the following:

9(Ax) = suprm.n 32570 0Z0 =0 Wmnp.arf (Apgr) < (14 [IM]Dg(2) ,

where [|A|] denotes the integer part of |A|. In addition, observe that  and A — 0
implies g(Az) — 0. For fixed A, if x approaches 0 then g(Axz) approaches 0. We
have to show that for fixed z, A approaching 0 implies g(Az) approaching 0. Let
x € ¢3(A, f), so this implies that

P —limimn Z;igz:jo,r:o atmn,p.qrf ([Tp,qr — L) =0,

Let € > 0 and choose N such that

Z;igiz’ioo,r:o at,m,n,pogr f ([Tp,q,r — L) < €/4 (2.2)
for I,m,n > N. Also for each (I,m,n) with 1 <[,m,n < N, since
Z;Zgzioo,rzo at,m,n,pogrf ([Tp,q,r — L) < 00

There exists an integer M, , ,, such that

Zp,q,’r’>MLm,n at,m,np,qrf (|Tp,qr — L) < €/4
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Let M = mazi<imn<N{Mimn}

We have for each (I,m,n) with 1 <I,m,n < N,

> parsm Wmnparf ([Tpgr — L) <€/4

From the equation (2.2) for I,m,n > N we obtain the following

Zp,q,r>M at,m,npq,r f (| Tp,qr — L) < €/4

Thus M is an integer which is independent of (I, m,n) such that

> parsm Wmnparf (|Tpgr—Ll) <e€/4 (2.3)
Further for |\| < 1 and for all (I, m,n)

Z;igféioo,rzo at,m,n,pogirf ([AZp,q,r])

= Z;Zgi}ioo,rzo at,m,n,p,gr f (AZp,qr — AL + ALJ)

< 2020 020.r=0 Wmnpsasr f ((AZp,qr = ALD+32020% 20 o atmon,paar f(IAL]) - (2.4)
< Zp,q,r>M at,m,np,qrf (AZTpqr — AL|) + Zp,q,rgM at,m,npqrf ([ AZp,q,r — AL|)

|;‘ Ep,sz,r<M atm,n,pogr f (AZp,q,r — AL|) + Ep,q<M,r2M at,m,n,p,gr f ([ AZp,q,r —
AL

|+ Zp,TZM,q<M at,m,n,p,a,rf (| AZp,q,r — ALJ) + Zp,r<M,q2M at,m,np,qrf ([ ATp,q,r —
AL|)

+ Eq,rZM,p<M atmn,p.qrf ([AZpqr — AL|) + Eq,r<M,p2M atmn,pq.rf (ATp.q.r —
AL|)

+f(JAL]) Z;Zgi}ioo,r:o Alm,n,p,q,r

For each (I, m,n) and by the continuity of modulus functions as A — oo implies

Zp7q77‘SM at,m,np,qr f (| AZp,q,r — AL|) + f(|AL]) Z;Zg?éioo,r:o atm,n,p,qr — 0

Using Pringshiem sense. We choose § < 1 such that |[A\| < § implies
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S atmnparf(Mpgr =MD+ FALD S amnpar < ¢/t (25)
P,q,r<M p=0,q=0,r=0
In a similar way, we can conclude that
Zp,sz,mM at,m,npqrf (| AZp,qr —AL|) < €/4 (2.6)
> pa<M s>y Womnparf ([ ATpqr—ALl) < €/4 (2.7)
> prsMg<mt Wmon,p,gr ] ([AZpqr — AL|) < €/4 (2.8)
Zp,r<M,q2M at,m,n,p,gr f (| AZp,q,r — AL[) < €/4 (2.9)
Zq,rZM,p<M at,m,npq,rf ([ AZp,qr—=ALl) < €/4 (2.10)
>t p>m Wmnpgrf (ATpqr—AL|) < €/4 (2.11)

It follows from (2.3) through (2.11) that

Z;Zgzioo,rzo at,mon,p,girf (IAZp,q,r|) < € for all (I,m,n)

Thus g(Ax) approaches 0 as A approaches 0. Therefore c3(A4, f) is a paranormed
linear topological space. Now we have to show that c3(A, f) is complete with re-
spect to its paranorm topologies. Let (; ,,.) be a Cauchy sequence in (A, f).

Then we can write g(z* — x') — 0 as s,t — oo for all (I,m,n)

Z;igi}ioo,rzo a’l7m>n7p7%7‘f(|xf),q,r_‘T;,q,rD =0 (212)

Since A = (a1,m,n,p,q.r) is non-negative, we conclude that f(|z5 . —af  .[) =0
)isa

as s,t — oo, for each fixed p, ¢, 7 and by continuity of modulus function, (,’E;qﬂ_

Cauchy sequence in C for each fixed p, q,r. Since C' is complete as s — oo we have
Ty o = Tpgr for each (p,q,7). Now from (2.12) we get for for each fixed ¢ > 0,
there exists a natural number N such that

Va5 N Wannpar f (175,22 0]) < € (2.13)

For all (I, m,n), Since for any fixed natural number M we have from (2.13)

Z;i}?fgl(\)/[,s,t>N al7m>n7P7Q7Tf(|w;,q,r - ‘T;,q,rD <e€
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From the above inequality and supposing ¢t — oo, for all (I,m,n), we obtain

Z;?é?:g\)/[,sxv atmon,parf (1T g0 — Tpgrl) <€

Since M is arbitrary, letting M — oo, we get (z°) being a sequence in

ZZZEZZB,T:O atmn,piarf ([Tpgr — Tpagr|) <€

for all (I,m,n). Thus g(z* — ) — 0 as s — oco. Also for ¢3(A4, f), we have by
definition of ¢®(A, f) for each s that there exists L® with

00,00,00

Zp:o,q:O,r:O a’l7m;n7P7Q77‘f(|:E§,q,r - LS') —0
As (I,m,n) — 00 and sUplmn Yo oo peo Gmon,pg,r < 00 from the condition
(2) of modulus function, we have f(|L* — L*|) — 0 as s,t — oo and thus L* con-
verges to L. Hence

Z;Zzi;ioo,’l‘zo alvmvnvpvlb'rqupv(Ivr - L|) — O
As (I,m,n) — oo , thus = € ¢3(A, f) and this completes the proof. [
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