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COEFFICIENT ESTIMATE OF BI-BAZILEVIC FUNCTIONS OF SAKAGUCHI
TYPE BASED ON SRIVASTAVA-ATTIYA OPERATOR

C. Selvaraj!, O. S. Babu?, and G. Murugusundaramoorthy?

Abstract. In this paper, we introduce and investigate a new subclass of the function class
Y. of bi-univalent functions defined in the open unit disk, which are associated with
the Hurwitz-Lerch zeta function, satisfying subordinate conditions. Furthermore, we
find estimates on the Taylor-Maclaurin coefficients |a,| and |az| for functions in this new
subclass. Several (known or new) consequences of the results are also pointed out.

1. Introduction, Definitions and Preliminaries

Let A denote the class of functions of the form:
(1.1) f@)=z+ Z anZ",
n=2

which are analytic in the open unit disk
A={z:zeC and |z] <1}

Further, by S we shall denote the class of all functions in A which are univalent in
A. Some of the important and well-investigated subclasses of the univalent function
class S include (for example) the class S*(a) of starlike functions of order a in A
and the class K(a) of convex functions of order a in A.

The convolution or Hadamard product of two functions f,h € A is denoted by
f = hand is defined as

(1.2) (f=h)(2)=z+ i anbnz",
n=2

where f(z) is given by (1.1) and h(z) =z + f bnz".
n=2
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We recall a general Hurwitz-Lerch Zeta function ®(z, s, a) defined by (see [27])
(1.3) D(z,5a) := ;; m (@eC\{0,-1,-2,...};s€C,R(s) > 1land |z < 1).

Several interesting properties and characteristics of the Hurwitz-Lerch zeta func-
tion ®(z,s,a) can be found in the recent investigations by Choi and Srivastava
[6],Mustafa et al[17], Lin and Srivastava [14], Lin et al [15] and references stated
therein .

For the class A, Srivastava and Attiya [26] (see also Raducanu and Srivastava
[21] and Prajapat and Goyal [20]) introduced and investigated the following linear
operator:

Jy A— A
defined in terms of the Hadamard product (or convolution) by
(1.4) Tf@ =G +f)@2) @ZenrbeC\{0,-1,-2,..}; ueC; feA),
where, for convenience.
(1.5) gg(z) = (1 +b)*[D(z, u, b) — b7H].

It is easy to observe from (given earlier by [20], [21]) (1.1), (1.4) and (1.5) that

(1.6) It =2+ Z Orazs,
k=2
where
1+b)"
(L7) O = ‘(m)

and (throughout this paper unless otherwise mentioned ) the parameters p, b are
consideredas u € Candbe C\ {0,-1,-2,.. }.

We note that
e Foru =1andb =v (v > -1), generalized Libera-Bernardi integral operator
[22]

z

T 1;V f 1 (t)dt

0

(o8]

_ z+Z(V+1)akzk - £,1@).

k+v
k=2
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e For u =0 (0> 0)andb = 1, Jung-Kim-Srivastava integral operator [11]

TH@) = % f (Iog(%))o_lf(t)dt
0

o)

Z o k_
z+;‘(m) az =1,1(2)

closely related to some multiplier transformations studied by Flett [8].
It is well known that every function f € S has an inverse =1, defined by

f1f@2)=z (zen)

and .
F(FLw) = w (|w| < ro(f); ro(f) 2 Z),
where
(18)  g(w) = f1(w) = w—aw? + (2a3 — ag)w® — (585 — 5azag + agw’ + - - .

A function f € A is said to be bi-univalent in A if both f(z) and f~%(z) are
univalent in A. Let X denote the class of bi-univalent functions in A given by (1.1).

An analytic function f is subordinate to an analytic function g, written f(z) <
g(z), provided there is an analytic function w defined on A with w(0) = 0 and
Iw(z)| < 1 satisfying f(z) = g(w(z)). Ma and Minda [16] unified various subclasses

of starlike and convex functions for which either of the quantity fo(/z()z) orl+ fo,/(/z()z)
is subordinate to a more general superordinate function. For this purpose, they
considered an analytic function ¢ with positive real part in the unit disk 4, ¢(0) =
1,¢’(0) > 0, and ¢ maps A onto a region starlike with respect to 1 and symmetric

with respect to the real axis. The class of Ma-Minda starlike functions consists
z f'(2)

of functions f € A satisfying the subordination T < ¢(z). Similarly, the class

of Ma-Minda convex functions of functions f € A satisfying the subordination
z 7(2)

1+ Ty < o(2).

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type
if both f and ! are respectively Ma-Minda starlike or convex. These classes are
denoted respectively by Si.(¢) and K= (¢). In the sequel, it is assumed that ¢ is an
analytic function with positive real part in the unit disk A, satisfying

¢(0) =1 and ¢’(0) >0,

and ¢(a) is symmetric with respect to the real axis. Such a function has a series
expansion of the form

(1.9) (@) =1+B1z+Byz> +B3z® +---, (By>0).
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Recently there has been triggering interest to study bi-univalent function class
Y. and obtained non-sharp coefficient estimates on the first two coefficients |a,| and
lag| of (1.1). But the coefficient problem for each of the following Taylor-Maclaurin
coefficients:
|an| (neIN\({1,2,3}; N:={1,2,3,---}

is still an open problem (see [3, 4, 5, 12, 18, 29]). Many researchers (see [2, 9, 13, 28,
30, 31]) have recently introduced and investigated several interesting subclasses of
the bi-univalent function class X and they have found non-sharp estimates on the
first two Taylor-Maclaurin coefficients |ay| and |as|.

Several authors have discussed various subfamilies of Bazilevic¢ functions of
type A from various perspective. They discussed it from the perspective of con-
vexity, inclusion theorem, radii of starlikeness and convexity boundary rotational
problem, subordination just to mention few. The most amazing thing is that, it is
difficult to see any of these authors discussing the coefficient inequalities, and coef-
ficient bounds of these subfamilies of Bazilevic function most especially when the
parameter A is greater than 1 (A € IR ). Motivated by the earlier work of Sakaguchi
[23] on the class of starlike functions with respect to symmetric points denoted by

S; consisting of functions f € A satisfy the condition Re(%) >0, (ze U)and
using the techniques of Deniz [7] in the present paper, we introduce new families
of Sakaguchi-type Bazilevic functions of complex order [10] of the function class
¥, involving Hurwitz-Lerch zeta function, and find estimates on the coefficients
|ap| and |az| for functions in the new subclasses of function class X. Several related

classes are also considered, and connection to earlier known results are made.

Definition 1.1. A function f € X given by (1.1) is said to be in the class S;’i’(y, A, )
if the following conditions are satisfied:

_ 1-A bf ’
(110 1([(1 )z (T, 1(2) _1]< o)
Y ([T @ - TRt ()]
and
_ 1-A b ’
i 1 ([(1 W] (TEg(w)) —1J<¢(W),
7 {[TPg(w) — Thg(tw)]—*

where [t <1 (t# 1),y € C\{0};A > 0;z,w € A and the function g is given by (1.8).

For the sake of brevity throughout this paper we let
tI<1, (t#1)

and
yeC\{0;;A>0;z,we A

unless otherwise stated.
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Example 1.1. If we set ¢(z) = ¥££, (-1 < B < A < 1), then the class S;’E(y,)\,@ =

1+Bz”

3;:’;(7/, A, A,B) which is defined as f € X,

1 (-2 Tpf @)Y np 1+ Az
v\ [T - Tt 1+Bz

and

1 [ [ - WM (Tpg(w)y’ J 1+Aw
+ = -1]< .
7 [TEg(w) - Tpg(tw)]—* 1+Bw

Example 1.2. If we set ¢(z) = 2822 (0 < o < 1) then the class Sty (y, 4, ¢) = Sir(y, 4, )
which is defined as f € &,

_ 1-A( b ,
Re[1+1 ([(1 21T (2) _1]}
Y [T @) - Tef ()]

and

[ 1 ( [(2 - oWl (T pg(w)y ”
Re|l+ — -1|l>a
Y [T g(w) — Teg(tw)]

On specializing the parameters A one can state the various new subclasses of X
as illustrated in the following examples.

Example 1.3. For A = 0 and a function f € ¥, given by (1.1), is said to be in the class
S;f(y, @) if the following conditions are satisfied:

1 (10 - 0920721 Q)Y
(1.12) y (JEI‘(Z) ) ] <00
and
. [(1—t)w](jfzg(w»')
1.13 —
19 * V[ 2yw)— Tigomy |~ P

where y € C\ {0};z,w € A and the function g is given by(1.8).

Example 1.4. For A = 1 and a function f € X, given by (1.1) is said to be in the class
H(y, ¢) if the following conditions are satisfied:

(1.14) 1+ % (T2f@) -1) < 62
and
(L.15) i % ((T2gw) — 1) < (),

where y € C\ {0};z, w € A and the function g is given by (1.8).
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Itis of interest to note that for y = 1the class S;’ft’(y, A, ¢) reducesto the following

new subclass Bg’ft’()\, ¢).

Definition 1.2. A function f € X given by (1.1) is said to be in the class B;’i’()\, )
if the following conditions are satisfied:

(1.16) ( [(1 - NI () <6(2)
' (T2 - Thf(t)]++
and
1— 1-A b ’
1.17) ( [( : tjw] E)J ng(w)) <o)
[Tag(w) — T pg(tw)]*=*

where A > 0;z,w € A and the function g is given by (1.8).

For y = 1 and particular values of A, we have the following subclasses as
illustrated below.

Example 1.5. For A = 0 and a function f € X, given by (1.1) is said to be in the class

Bgft’(o, ¢) = S;'f’t’b(cp) if the following conditions are satisfied:
[(1-02)(T:f @)y
(19 (Jﬁf(Z) —T® ] 0w
and
[(1 - W T pg(w))
1.19 ,
419 ( Tegw) - Tig(tw) ] <o

where z,w € A and the function g is given by (1.8).

Example 1.6. For A = 1 and a function f € X, given by (1.1) is said to be in the class

B (1,¢) = HE(¢) if the following conditions are satisfied:

(1.20) T @) < 9@
and
(1.21) (TLgW))’ < Pp(w)

where z,w € A and the function g is given by(1.8).

In the following section we find estimates on the coefficients |a,| and |as| for
functions in the above-defined subclasses S;’i’(y, A, ¢) of the function class X.
In order to derive our main results, we shall need the following lemma:

Lemmal.l. (see [19]). If p € P, then |pk| < 2 for each k, where P is the family of all
functions p analytic in A for which R (p(z)) > 0, where p(z) = 1 + p1z + pz? + -+ for
zZ€eA.
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2. Coefficient Bounds for the Function Class Sg’kt’(y, A, )

We begin by finding the estimates on the coefficients |a;| and |as| for functions in
the class S;’f(y/, A, ).

Theorem 2.1. Let the function f(z) given by (1.1) be in the class S;’;’(y/, A, ¢). Then

|az]
(2 1) < ‘)"Bl \/E
' = AVBZAGYIA-2)(1+1)+4]-2(B,~B1)[A(A,)+22102 +2BZ{(A-1)(1+1+12) +3)Os
and
2
2.2) lag] < [yBl N [yBi]
' I -DA+t+12) + 3105 \[A 1) +2]0,)

were A(A, t) = (A — 1)(1 + ).

Proof. Letf € S;’f(y, A, ¢)andg = f~1. Then there are analytic functions u, v : A —
A with u(0) = 0 = v(0), satisfying

(G- 0GRy )
@3) * ?[[Jﬁf(z) “ @ 1) = o)
and
1-— 1-A b ’
o4 ) 1[ [ - W (Tl 1) oo
7 \ 720 w) — T2gw

Define the functions p(z) and q(z) by

_1+u(@) )
p(z) := 1-u@) - 1+ p1z+pz° +
and Lv(2)
_l+v(z) 2.
q(z) == T-vD) 1+quz+quz° +
or, equivalently,
_p@-1 1 P2,
29 e 5[p12+[p2‘? 2

and

2
2.6) v = X921 [mz " (qz - %JZZ + ]
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Then p(z) and q(z) are analytic in A with p(0) = 1 = q(0). Since u,v : A — A, the
functions p(z) and q(z) have a positive real partin A, and |pj| < 2 and |gj| < 2. Using
(2.5) and (2.6) in (2.3) and (2.4) respectively, we have

1-— 1-A bf ’
- 1+1[[( 0212 1@) 1):(,;(%

[ pi)z
Prz+|p2 =5 |20+

Wt - Tt r

and

1([A-ow"(Tew)y ) (1 AN
(28) 1+ ;([jﬁg(w) e - 1) = (P(E [Q1W+ (Q2 - E]W 4o

In light of (1.1), (1.8), (1.9), from (2.7) and (2.8), it is evident that

1+ 7%{()\ - 1)(1+1t) + 2})@ra2 + 7%{[()\ - 1)1+t +1t?) + 3]Osa3
+3(A DA+ )[(A - 21 +1) + 4|02}z + - --

2
=1+ 1Bipsz + [$Ba(p2 — 3) + 1Bop2l2? + - -

and
1- %{(/\ - 1)1 +1t) +2)@zaw + %{%(/\ 1A+ H[A -2)(1 +1) +4]O3a2
+[(A = 1)(1 + t + t%) + 3](283 — ag)Oz}w? + - - -

2
=1+ 3B1quw + [3B1(q2 — qfl) + 7BafIW? + -

which yield the following relations :
2.9) (A= D@+ +210s2 = 5By

2
[{(/\ “D)L+t+ 1)+ 31058 + %(/\ — 1)L+ O - 2)(L +1) + 4)0%a2| = %Bl(pz - %) + %szf
(2.10)
(2.11) ~((A - DA+ )+ 21023 = LB

and

[%(A DL+ t{(A - 2)(L +1) + 403583 + [(A — 1)(1 + t+ t?) + 3] (283 — a3)®3]
(2.12) 2
= %Bl(% - q_21) + %Bzcﬁ-
From (2.9) and (2.11) , it follows that

(2.13) p1 = —qs
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and

(2.14) 8[(A — 1)(1 + 1) + 21°©3a% = »*Bi(pZ + ).

By taking A(A,t) = (A — 1)(1 + t) for the sake of brevity, adding (2.10) and(2.12), we obtain
[A(/\, (A -2)A+1) + 402 + 2{(A - 1)L +t+1t7) + 3}63] a2

(2.15) = BL(p; +02) + 5 (B2 — B)(P? + 62).

Using(2.14) in (2.15), we get

(2.16)

2= 7*Bi(p2 + 02)
© 282 [A(/\, (A —2)(L+1) + 4102 + 2{(A - 1)(L +t + 1) + 3}@3]—4(52—51)[/\()\, t)+2]202

Applying Lemma 1.1 to the coefficients p, and g,, we immediately have
2|y)’B3

2
el =< lyB? [A(/\, B{(A-2)(1+1) + 4102 + 2{(A - 1)(L + t + t2)+3}®3] —2(B,—B1)[A(A, ) +2]202|

which gives the bound on |a;| as asserted in (2.1).

Next, in order to find the bound on |as|, by subtracting (2.12) from (2.10), we get
(2.17)

B 1 B
2A(A-D(A++1)+310525-2[(1-D(L+t+E)+3]05f = 12 [(pz — ) = 5} - qi)]+%(pi—qi).
Using (2.13) and(2.14) in(2.17), we get

_ YB1(p2 — Qo) L VB +d)
T A[(A-1A+t+1) +3]10;  8[(A - 1)(L +1) + 2202

as

Applying Lemma 1.1 once again to the coefficients p;, q;, p, and g, we readily get (2.2).
This completes the proof of Theorem 2.1.

|

Putting A = 0 in Theorem 2.1, we have the following corollary.

Corollary 2.1. Let the function f(z) given by (1.1) be in the class S;’;’(y, ¢). Then

lyIB1 VB1
B [2 - t- 18 - (1 - )83 - (B, - B)(L - 1)%0)

(2.18) lag] <

and

lyBil lyBil \?
(2.19) |a3|§(2—t—t2)®3+((1—t)®2 }
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Putting A = 1in Theorem 2.1, we have the following corollary.

Corollary 2.2. Let the function f(z) given by (1.1) be in the class Wg’b(y/, ®). Then

lyIB1 VB1
\/|3yB§@3 — 4(B, — B1)©2|

(2.20) laz| <

and

(2.21) las| <

[yIBs _ (1y1Bs 2
303 20, | -

If jﬁ is the identity map, from Corollary 2.1 and 2.2, we get the following
corollaries.

Corollary 2.3.  Let the function f(z) given by (1.1) be in the class S5, ,(, ¢). Then

lyIB1 VB1
@ - 008 - (L - (B2 - B

(2.22) laz| <

and

(2.23) las| <

yB lyIB1\?
@-t—-t2) \1-t) "~

Remark 2.1. If Jﬁ is the identity map and y = 1, in Corollary 2.4 our result coincides with
the result given in [25].

Corollary 2.4. Let the function f(z) given by (1.1) be in the class Hx(y, ¢). Then

lyIB1 VB

(2.24) laz| <
13782 - 4(B, - By)|

and

B B\’
(2.25) jag) < V1B +(|V!2 l) .

Remark 2.2. If jﬁ is the identity map and y = 1,t = 0 Theorem 2.1 reduces to Theorem 2.8
of Deniz [7].
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Concluding Remarks:

(i)

(i)

By setting ¢(z) = 5%, -1 <B < A <1, we have

Bi=(A-B) and (B,-Bi)=B-A)B+1)

By setting ¢(z) = 202 0 < g < 1, we have

B; = By = 2(1 - p).

Hence,we can deduce interesting results analogous to Theorem 2.1. Further, appro-
priately specializing the parameter p and b various other interesting consequences
of our general results involving Libera-Bernardi integral operator [22] andJung-
Kim-Srivastava integral operator [11] (which are asserted by Theorems 2.1 and
Corollaries above) can be derived easily. The details involved may be left as an
exercise for the interested reader.
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