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Abstract. The main aim of this research article is to formulate some fixed point and
coupled fixed point results under generalized weak contraction on Re —metric spaces. As
an application, we obtain the solution for periodic boundary value problems and also give
an example to demonstrate the applicability of our results. The obtain results generalize
and improve several well-known results in the existing literature. Keywords: Fixed
point, coincidence point, generalized weak contraction, Re —metric space, ordinary
differential equations.

1. Introduction

The classical Banach contraction principle has many inferences and huge appli-
cability in mathematical theory and because of this, Banach contraction principle
has been improved and generalized in various metric settings. One such interesting
and important setting is to establish fixed point results in metric spaces equipped
with an arbitrary binary relation. By using the notions of various kinds of binary
relations such as partial order, strict order, near order, tolerance, etc. on metric
spaces, many researcher have been doing their research attempting to obtain new
extensions of the celebrated Banach contraction principle. Among these extensions,
we must quote the one due to Alam and Imdad [3], where some relation theoretic
analogues of standard metric notions (such as continuity and completeness) were
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used. Further, Ahmadullah et al. [2] extended the above setting for nonlinear con-
tractions and obtained an extension of the Boyd-Wong [5] fixed point theorem to
such spaces.

On the other hand, weak contraction was first studied in partially ordered met-
ric spaces by Harjani and Sadarangani [22]. In [7], Choudhury et al. establish
some coincidence point results for generalized weak contractions with discontinuous
control functions on partially ordered metric spaces. Some of our basic references
are ([1], [4], [8-[12], [14], [16)-[21], [27]).

In this paper, we establish some fixed point and coupled fixed point results under
generalized weak contraction on Re —metric spaces. We obtain the solution for
periodic boundary value problems and also give an example to show the fruitfulness
of our results. Our results generalize and improve the results of Choudhury et al.
[7], Ding et al. [13], Harjani and Sadarangani [22] and many other results in the
existing literature.

2. Fixed point results

Throughout this article, Re stands for a non-empty binary relation, X for a
non-empty set, Ny for the the set of whole numbers, that is, Ny = NU {0} and R
for the set of all real numbers. For simplicity, if 7 € X, we denote £(7) by &7.

Definition 2.1. [25]. Suppose (X, d) is a metric space and Re is a binary rela-
tion on X. Then the triple (X, d, Re) is called relational metric space or in brief
Re —metric space.

Example 2.1. [2]. Let (X, d) be the usual metric space and let (z, y) € Re & a < y,
(z,y) €ERe<xz>yor (z,y) € Ree xly, .., then (X, d, Re) is an Re —metric space.

Definition 2.2. [3]. Let Re be a binary relation on a non-empty set X and T,
n € X. We say that 7 and 7 are Re —comparative if either (v, n) € Re or (n,
7) € Re. We denote it by [7, 1] € Re.

Definition 2.3. [3]. Let X be a non-empty set and Re be a binary relation on X.
A sequence {7} C X is called an Re —preserving sequence if (7, 7p4+1) € Re for
alln € No.

Definition 2.4. [3]. Let X be a non-empty set and ¢ be a self-mapping on X. A
binary relation Re on X is called (—closed if for any 7, n € X, (7, n) € Re implies

(¢T, ¢n) € Re.

Definition 2.5. [2]. An Re —metric space (X, d, Re) be said to be Re —complete
if every Re —preserving Cauchy sequence in X converges.

Definition 2.6. [2]. Let (X, d, Re) be an Re —metric space and 7 € X. A self-
mapping ¢ on X is called Re —continuous at 7 if for any Re —preserving sequence

{Tn} such that 7, % 7, we have C(Tn) A ¢(1). Moreover, ( is called Re —continuous
if it is Re —continuous at each point of X.
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Definition 2.7. [23]. Let (X, d) be a metric space. Two mappings ¢, £ : X — X
are said to be compatible if

lim d(¢&Tn, £CTn) =0,
n—oo
provided that {7,} is a sequence in X such that

lim {7, = lim &7, € X.
n—oo n—oo

Definition 2.8. [24]. Let X be a non-empty set. Two self-mappings ¢ and & on
X are said to be weakly compatible if they commute at their coincidence points,
that is, if (7 = &7 for some 7 € X, then (€7 = &(7.

Definition 2.9. An Re —metric space (X, d, Re) is said to be Re —regular if for
every Re —preserving sequence {7,,} C X converges to 7 € X, we have (7,,, 7) € Re
for all n € Ng.

Definition 2.10. Let X be a non-empty set and ¢ be a self-mapping on X. A
binary relation Re on X is called {(—closed with respect to ¢ if for any 7, n € X,

(&7, &n) € Re implies (¢7, (1) € Re.

In [7], Choudhury et al. introduced the following families of functions:

The family ¥ of all functions 1 : [0, +00) — [0, +00) which satisfied the following
conditions:

(y) ¥ is continuous and non-decreasing,
(tiy) () = 0 if and only if 7 = 0.
The family © of all functions 6 : [0, +00) — [0, +00) satisfying

(i9) 0 is bounded on any bounded interval in [0, +00),
(i) 0 is continuous and 0(0) = 0.

Theorem 2.1. Let (X, d, Re) be an Re —metric space, ¢ and & be two self map-
pings on X satisfying

(i) Re is (—closed with respect to & and ((X) C &£(X),

(i7) there exists To € X such that ({79, (7o) € Re,

iii) there exist ¥ € U and ¢, 0 € © such that

(2.1) (1) <) =7 <,

for any sequence {T,} in [0, +00) with T, — T > 0,

(2.2) (7) = limep(,) + imé(r,,) > 0,
and

(2.3) P(d(CT, Cn)) < @(d(&r, &n)) — 0(d(ST, &n)),
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for all 7, n € X such that (&7, £€n) € Re. Also assume that one of the following
conditions holds.

(a) (X, d, Re) is Re —complete, ¢ and & are Re —continuous and the pair (¢, £)
is compatible,

(b) (&(X), d, Re) is Re —complete and (X, d, Re) is Re —regular,

(¢) (X, d,Re) is Re —complete, £ is Re — continuous and Re is E—closed, the pair
(¢, &) is compatible and (X, d, Re) is Re —regular.

Then ¢ and & have a coincidence point. Moreover, if

(iv) for each T, n € X there exists v € X such that vy is Re — comparative to (T
and ¢n, and also the pair (, §) is weakly compatible.

Then ¢ and & have a unique common fized point.

Proof. Let 79 € X be arbitrary and ¢(X) C £(X), there exists 71 € X such that
(1o = &711. By (1), we have (79, (7o) € Re, that is, (79, £71) € Re. Since Re is
¢—closed with respect to &, ({79, (71) € Re. Now (11 € ((X) C £(X), there exists
79 € X such that {71 = £75. Then (71, £72) € Re. Since Re is (—closed with
respect to &, ({71, (T2) € Re. Proceeding in the similar manner, we get a sequence
{Tn}tnen, such that ({7, £T,41) € Re and

(2.4) &Tpy1 = (1y, for all n € Np.

Thus the sequence {7y, }nen, is Re —preserving. Let w,, = d({7y, £Tp41) for all
n € Np. Since ({Tn+41, ETny2) € Re, by using contractive condition (2.3) and (2.4),
we have

V(d(ETny1s ETng2)) = (d(CTn, (Tny1))
< Qo(d(g'rna 57n+1)) 79(d(57n7 57n+1))a

which implies that

(25) ¢(wn+1) < @(wn) - o(w'rz))

which follows, by the fact 6 > 0, that ¢(wwp+1) < ¢(w,) and so by (2.1) we find
that w1 < w, for all n € Ny. Consequently {c,} is a non-increasing sequence
and so there exists an w > 0 such that

(2'6) nlingo Wn = nhﬂngo d(ng 57n+1) =w.

Taking limit supremum on both sides of (2.5), using (2.6) and the continuity of v,
we obtain

P(w) < limp(w,) - limb(w,) = ¢(w) — limp(w,) + limb(w,) <0,
which contradicts (2.2). Thus

(2.7) w= lim w, = lim d(&r,, {Tpy1) =0.
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One can easily obtain that {£7,}nen, is a Cauchy sequence in X. Consequently
{&Tn}nen, is an Re —preserving Cauchy sequence in X. Now, we shall demonstrate
that ¢ and £ have a coincidence point between cases (a) — (¢).

Suppose that (a) holds, that is, (X, d, Re) is Re —complete, ¢ and & are
Re —continuous and (¢, §) is compatible. Since (X, d, Re) is Re —complete, there

exists § € X such that {{7,} 4 5 and (2.4) implies that {¢7,} 4 5. Since ¢ and ¢

are Re —continuous, {¢&7,} 4 ¢6 and {&&7,} 4 &6. Also the fact that the pair (¢,
§) is compatible implies

d(§6, Cé) = nh—>n;o d(gngJrla Can) = nh—>Holo d(§<7n7 Can) =0,

that is, J is a coincidence point of ¢ and &.

Suppose now (b) holds, that is, (£(X), d, Re) is Re —complete and (X, d, Re)
is regular. As {£7,,} is an Re —preserving Cauchy sequence in Re —complete space

(&(X), d), so there exists n € £(X) such that {&7,} A 7. Let 6 € X be any point

such that n = &0, then {{7,} 4 ¢6. Since (X, d, Re) is Re —regular and {£7,} is
Re —preserving which converges to £J, we obtain that ({7, £6) € Re for all n € Nj.
Using contractive condition (2.3), we have

V(d(ETnt1, €6)) = P(d(CTn, ¢06)) < @(d(§Tn, £6)) — O(d(ETn, £0)).

Letting n — oo in the above inequality and by using (iig) of 8, ¢ and {{7,} 4 &0,
we get ¥(d(&0, (0)) = 0. It follows, from (iiy), that d(£6, ¢6) = 0, that is, ¢ is a
coincidence point of ¢ and &.

Suppose now that (¢) holds, that is, (X, d, Re) is Re —complete, ¢ is Re —conti-
nuous and Re is {—closed, the pair (¢, £) is compatible and (X, d, Re) is Re —regular.

Since (X, d, Re) is Re —complete, there exists § € X such that {{7,,} S 0, then
(2.4) follows that {¢7,} % 5. Since ¢ is Re —continuous, {&rn} % ¢5. Furthermore
{&rn} 4 €0 and the pair ({, &) is Re —compatible, so we have

Jim d(E€T g, CE7a) = lim d(ECTa, CETw) = 0.

These facts together implies that {(&7,} 4 £0.

Also, since (X, d, Re) is Re —regular and {{7,} is Re —preserving which con-
verges to 0, ({7, d) € Re, which, by the fact that Re is {—closed, implies (£7,,
£0) € Re. Using the contractive condition (2.3), we get

Y(d(CETn, €6)) < @(d(§ETn, §6)) — 0(d(EETn, £0)).
Taking limit n — oo and by using (iig) of 6, ¢ and {££7,} S &6, {C&rn} LS &6,

we get ¥(d(&0, (0)) = 0. It follows, from (iiy), that d(£6, ¢6) = 0, that is, ¢ is a
coincidence point of ¢ and &.
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Consequently the set of coincidence points of ¢ and £ is non-empty. Let 7
and 1 be two coincidence points of ¢ and &, that is, {7 = {7 and (n = &n. Now,
we claim that &7 = &n. By the assumption, there exists o € X such that (o is
Re —comparative with {7 and (7. Put oy = a and choose a; € X so that {ag = (ag.
One can inductively define the sequence {£a,} where a1 = (o, for all n € Ny.
Hence (r = &7 and (o = (ag = €y are Re —comparative. Suppose that (£aq,
¢1) € Re. We claim that (€, £7) € Re for each n € N. For this, we shall use
mathematical induction. As ({1, £7) € Re and so our claim is true for n = 1.

Now, suppose that (o, £7) € Re holds for some n > 1. Since Re is {(—closed
with respect to &, we get (Cau,, (7) € Re, that is, (§apnt1, £7) € Re. Similarly one
can show that (7, £ay,+1) € Re. Thus our claim is proved. Hence «,, and {7 are
Re —comparative, for each n € Ng.

Let 7, = d(é7, £avy) for all n € Ny. Since (a,, £7) € Re, by using the contrac-
tive condition (2.3) and (2.4), we have

P(d(ET, Eamy1)) = (AT, Can)) < (d(ET, Son)) — O(d(ET, Ean)),
which implies that

(2.8) P(mny1) < @(mn) — (),

which, by the fact that @ > 0, implies ¥(7,4+1) < ¢(7,) and so by (2.1), it follows
that 7,41 < m, for all n € Ny. Thus {7, } is a monotone non-increasing sequence.
Hence there exists an © > 0 such that

(2.9) lim 7, =d(¢r, Eayp) = 7.

n— oo

Taking limit supremum on both sides of (2.8), using (2.9) and the continuity of 1,
we obtain

() < limp(m,) — limf(m,), that is, (r) — limp(m,) + limf(r,) < 0.

This contradicts (2.2). Thus we must have

(210) 7= lim 7, = lim d(fT, gan) =0.
n—o0 n—roo
Similarly, one can obtain that
(2.11) lim d(&n, €ay) = 0.
n—oo
Hence, by (2.10) and (2.11), we get
(2.12) &r = &,

Since &7 = (7, therefore by weak compatibility of € and (, we have £ = £CT = (€T
Let § = &7, then &6 = (4, that is, § is a coincidence point of ¢ and £. Then from
(2.12) with n = ¢, it follows that {7 = &9, that is, 6 = &6 = (0. Hence § is a
common fixed point of ¢ and £. To prove the uniqueness, assume that « is another
common fixed point of ¢ and . Then by (2.12) we have v = &y = £§ = 4, that is,
the common fixed point of ¢ and £ is unique. O
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If we take 1p = I (the identity mapping) and 6(¢) = 0 for all ¢ > 0 in Theorem 2.1,
we have the following corollary.

Corollary 2.1. Let (X, d, Re) be an Re —metric space, ¢ and & be two self map-
pings on X satisfying conditions (i) and (it) of Theorem 2.1 and
(1) there exists some ¢ € © such that for any sequence {7} in [0, +00) with
Tp — T >0,
limgp () < T,

and
d(¢r, ¢n) < p(d(éT, &n)),

for all T, n € X such that ({7, €n) € Re. Also assume that one of the conditions
(a) — (¢) of Theorem 2.1 holds. Then ¢ and & have a coincidence point. Moreover,
if condition (iv) of Theorem 2.1 holds, then ¢ and £ have a unique common fized
point.

If we take () = 0 and ¢(t) = k¢ (t) with 0 < k < 1 and for all ¢ > 0 in Theorem
2.1, we have the following corollary.

Corollary 2.2. Let (X, d, Re) be an Re —metric space, ¢ and & be two self map-
pings on X satisfying conditions (i) and (it) of Theorem 2.1 and

(i) there exist some ¢ € U and k € [0, 1) such that

Y(d(CT, Cn)) < kp(d(ET, &n)),

for all T, n € X such that ({7, €n) € Re. Also assume that one of the conditions
(a) — (¢) of Theorem 2.1 holds. Then ¢ and & have a coincidence point. Moreover,
if condition (iv) of Theorem 2.1 holds, then { and § have a unique common fized
point.

Taking ¢ = ¢ in Theorem 2.1, we have the following corollary.

Corollary 2.3. Let (X, d, Re) be an Re —metric space, ¢ and & be two self map-
pings on X satisfying conditions (i) and (it) of Theorem 2.1 and
(i) there exist some v € U and 0 € © such that for any sequence {T,} in [0,
+o0) with T, = 7 > 0,
limé(r,) > 0,

and

for all T, n € X such that ({7, €n) € Re. Also assume that one of the conditions
(a) — (¢) of Theorem 2.1 holds. Then ¢ and & have a coincidence point. Moreover,
if condition (iv) of Theorem 2.1 holds, then ( and & have a unique common fized
point.
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If we take v = ¢ = I (the identity mappings) in Theorem 2.1, we have the
following corollary.

Corollary 2.4. Let (X, d, Re) be an Re —metric space, ¢ and & be two self map-
pings on X satisfying conditions (i) and (it) of Theorem 2.1 and
(i) there exists some 0 € O such that for any sequence {1y} in [0, +00) with
Tn — 7 >0,
limé(7,) > 0,

and

d(Cr, Cn) < d(T, &n) —0(d(ET, €n)),

for all T, n € X such that ({7, €n) € Re. Also assume that one of the conditions
(a) — (¢) of Theorem 2.1 holds. Then ¢ and & have a coincidence point. Moreover,
if condition (iv) of Theorem 2.1 holds, then { and £ have a unique common fized
point.

If we take ¢ = ¢ = I (the identity mapping) and 6(t) = (1 — k)t, for all ¢t > 0,
where 0 < k£ < 1 in Theorem 2.1, we have the following corollary.

Corollary 2.5. Let (X, d, Re) be an Re —metric space, ¢ and & be two self map-
pings on X satisfying conditions (i) and (it) of Theorem 2.1 and

(2) there exists k € [0, 1) such that

d(¢T, (n) < kd(&T, &),

for all T, n € X such that ({7, €n) € Re. Also assume that one of the conditions
(a) — (¢) of Theorem 2.1 holds. Then ¢ and & have a coincidence point. Moreover,
if condition (iv) of Theorem 2.1 holds, then { and § have a unique common fized
point.

If we take £ = I (the identity mapping) in Corollary 2.5, we have the following
corollary.

Corollary 2.6. Let (X, d, Re) be an Re —metric space and ¢ be a self mapping
on X such that

d(¢r, ¢n) < kd(r, n),
for all T, n € X such that (1, n) € Re, where k € [0, 1). Also suppose that either
(a) ¢ is Re —continuous or,
(b) (X, d, Re) is Re —regqular.

There exists 7o € X such that (1o, (7o) € Re and Re is (—closed. Then ( has
a fixed point.
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Example 2.2. Let X = [0, 1], equipped with the usual metric d : X x X — [0, +00)
with the natural ordering of real numbers < . Let {, £ : X — X be defined as

T2

CT:? and &7 =72, for all 7 € X.

Define ¢, ¥, 0 : [0, +00) — [0, +00) as follows

3
§t2, otherwise,

%[t]{ if 3<t<4,

0, otherwise.

) l[t]{ if3<t<4,
Y(t) =17, o(t) =

and 0(t) = {

Then v, ¢ and 0 have all the properties mentioned in Theorem 2.1. One can easily see
that the contractive condition of Theorem 2.1 is satisfied for all 7, n € X. Furthermore,
all the other conditions of Theorem 2.1 are also satisfied and § = 0 is a unique fixed point
of ¢ and ¢&.

3. Coupled coincidence point results

Given n € N with n > 2, let X™ be the nth Cartesian product X x X x ... x X
(n times).

Definition 3.1. Let Re be a binary relation on X and the product space X?
associated with the following binary relation: for all e; = (71, 7;) and g9 = (72,
n5) € X2, we have

(€1, €2) € S & (11, T2) € Re and (1, 1,) € Re.
Definition 3.2. [1]. Let (X, d) be a metric space. Define A, : X" x X™ — [0,
+00), for A = (ay, ag, ..., ay), B = (b1, ba, ..., b,) € X™, by

1 n
A,(A, B)=— d(a;, b;).
(4 8)= 13 dlai, )
Then A,, is metric on X".

Definition 3.3. [15]. Let F : X2 — X be a given mapping. An element (r,
n) € X2 is called a coupled fixed point of F if

F(r,n)=7and F(n, 7) =1.

Definition 3.4. [26]. Let F': X? — X and G : X — X be given mappings. An
element (7, ) € X2 is called a coupled coincidence point of the mappings F and G
if F(r,n) =Gt and F(n, 7) = Gn.

Definition 3.5. [26]. Let F': X? — X and G : X — X be given mappings. An
element (7, n) € X? is called a common coupled fixed point of the mappings F' and
Gifr=F(r,n)=Grand n=F(n, 7) = Gn.
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Definition 3.6. [6]. Let (X, d) be a metric space. Mappings F : X? — X and
G : X — X are said to be compatible if

lim d(GF(an, B,). F(Gan, GB,)) = 0,
h—>m d(GF(ﬁ'rw an)a F(Gﬁna GOén)) = 07

whenever {a,} and {3,,} are sequences in X such that

lim F(ap, 8,) = lim Ga, =a€ X,
n—oo n—oo
lim F(8,, ) = lim GB, =p¢€ X.
n—oo n—oo

Definition 3.7. [6]. Let X be a non-empty set. Two mappings G : X — X and
F : X? = X are said to be weakly compatible if they commute at their coupled
coincidence points, that is, if F'(7, n) = G7 and F(n, 7) = Gn for some (1, n) €
X2 then GF(r, n) = F(Gr, Gn) and GF(n, 7) = F(Gn, G7).

Definition 3.8. Let X be a non-empty set and F : X? — X be a mapping. A
binary relation Re on X is called F—closed if for any (71, 1;), (T2, 175) € X2, (71,
72) € Re and (ny, ;) € Re implies (F(71, 1), F(72, 15)) € Re and (F(n,, 71),
F(ny, 72)) € Re.

Definition 3.9. Let X be a non-empty set, F' : X2 — X and G : X — X be
given mappings. A binary relation Re on X is called F'—closed with respect to G
if for any (71, n1), (72, 1y) € X?, (Gr1, GT2) € Re and (Gny, Gn,) € Re implies
(F(71, m), F(r2, n2)) € Re and (F(ny, 71), F(n,, 72)) € Re.

Lemma 3.1. Let (X, d, Re) be an Re —metric space, F: X?> = X anG: X — X
be given mappings. Define the mappings ®r, ®c : X2 — X2, for all ¢ = (7,
n) € X2, by

Pp(e) = (F(r, m), F(n, 7)) and ®q(e) = (Gr, Gn).

Then
(1) (X, d, Re) is Re —complete if and only if (X2, Aa, S) is S—complete.
(2) If (X, d, Re) is Re —regular, then (X2, Ay, S) is also S—regular.
(3) If F' is Re —continuous, then ®p is S—continuous.
(4) Re is F—closed if and only if S is ®p—closed.

(5) Re is F'—closed with respect to G if and only if S is ®p—closed with respect
to ‘bg.

(6) If there exist two elements To, ny € X with (Gro, F (70, 1n9)) € Re and (Gnj,
F(no, T0)) € Re, then there exists a point eg = (79, 19) € X2 such that (®c(eo),
b (Eo)) eS.

(7) If F(X?) C G(X), then ®p(X?) C Da(X?).
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(8) If F and G are compatible in (X, d), then ®p and @G are also compatible
m (X27 Ag)

(9) If F and G are weak compatible in X, then ®p and @G are also weak com-
patible in X?2.

(10) A point ¢ = (1, 1) € X? is a coupled coincidence point of F and G if and
only if it is a coincidence point of Pr and Pq.

(11) A point ¢ = (1, ) € X? is a coupled fived point of F if and only if it is a
fixed point of ®p.

Proof. Statements (1), (2), (3), (5), (6), (7), (8), (9), (10) and (11) are obvious.

(4) Assume that Re is F—closed and let &1 = (71, 77), €2 = (72, 75) € X? be
such that (g1, €2) € S. Then (71, 72) € Re and (1, 175) € Re. Since Re is F—closed,
we have (F(71, 1), F'(T2,n3)) € Re and (F'(n,, 71), F(n,, T2)) € Re, which implies
that (Pp(e1), Pr(e2)) € S. Hence S is @ p—closed.

(5) Assume that Re is F—closed with respect to G and let e1 = (71, 1y),
gy = (T2, 7y) € X? be such that (®g(e1), Pe(e2)) € S. Then (Gr1, Gr2) € Re
and (Gn,, Gny) € Re. Since Re is F—closed with respect to G, we have (F(71,
M), F(72,n5)) € Re and (F(ny, 71), F(n,, 72)) € Re, which implies that (®p(e1),
®p(ez)) € S. Hence S is ®p—closed with respect to ®¢. O

Theorem 3.1. Let (X, d, Re) be an Re —metric space, F : X? -+ X and G : X —
X be two mappings satisfying

(i) Re is F—closed with respect to G and F(X?) C G(X),

(1) there exist two elements To, ng € X with

(Gro, F(70, n9)) € Re and (Gngy, F(ng, 7o) € Re,

(ii1) there exist v € ¥ and @, 0 € O satisfying (2.1), (2.2) and

B.1) W <d<F(Th ), F(ra, nz));d(F(ﬁu 1), F(ny, 72))>
d(Gty1, GT2) +d(Gny, Gnsy)) d(Gty, Gry) +d(Gny, Gny))
- Lp( 2 : >_0( 2 : >

for all Ty, 1y, T2, ny € X, where (G71, GT2) € Re and (Gny, Gn,y) € Re.

(iv) G is Re —continuous and Re is G—closed,

(v) the pair {F, G} is Re —compatible.

(vi) F is Re —continuous or (X, d, Re) is Re —regular.

Then F and G have a coupled coincidence point. Furthermore, suppose that

(vii) for every (1, m), (7*,n*) € X2, there exists a point (7', ') € X? such
that (F(7', 1), F(n', 7)) is Re —comparative to (F(1, n), F(n, 7)) and (F(7*, n*),
F(n*, 7)), and also the pair (F, G) is weakly compatible.

Then F and G have a unique coupled common fixed point.
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Proof. One can easily obtain that the contractive condition (3.1) means that
Y(A2(Pr(er), Pr(e2)))
< @(Ax(Paler), Palez))) —0(A2(Paler), Palez))),

where e1 = (71, 1) and 3 = (72, 1,) € X2 It is only require to apply Theorem
2.1 to the mappings ¢ = ®r and ¢ = @ in the relational metric space (X2, Ag, S)
using Lemma 3.1. [J

Corollary 3.1. Let (X, d, Re) be an Re —metric space and F : X?> — X be a
mapping satisfying
(i) Re is F—closed,

(1) there exist two elements To, ng € X with
(To, F(70, mo)) € Re and (ng, F(ng, To)) € Re,
(#it) there exist v € ¥ and ¢, 0 € © satisfying (2.1), (2.2) and

¥ (d(F(T17 771)7 F(TQv 7]2)) +d(F’(nlv Tl)a F(7727 TQ)))

2

< Qﬁ(d(Th T2)J;d(7717 772))) _e(d(Tlv T2)J;d(7717 772)))7

for all 71, 1y, T2, ny € X, with (71, 72) € Re and (ny, n5) € Re.
(iv) F' is Re —continuous or (X, d, Re) is Re —regular.

Then F has a coupled fixed point.

In a similar way, we may state the results analog of Corollary 2.1, Corollary 2.2,
Corollary 2.3, Corollary 2.4 and Corollary 2.5 for Theorem 3.1 and Corollary 3.1.

4. Application to ordinary differential equations

In this segment, first we obtain the solution for the following first-order periodic
problem:

(4.1) { W) =

where 7" > 0 and f : I x R — R is a continuous function. Consider the space
X =C(I,R) (I = [0, T]) of all continuous functions from I to R, which is a
complete metric space with respect to the sup metric

t, u(t)), t €0, T},
(0) = u(T)

d(r, n) =sup|7(t) —n(t)|, for all 7, n € X.
tel

Definition 4.1. A lower solution for (4.1) is a function a € C*(I, R) such that

a'(t) < f(t, a(t)) for t € I and a(0) = a(T) = 0.
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Theorem 4.1. Consider problem (4.1) with f : I x R — R is continuous and for
T,ne€X witht <mn,

0< f(t, M)+ n—f(t, )= At < Z(n—1),

wl >

Then the existence of a lower solution of (4.1) provides the existence of a solution
of (4.1).
Proof. Equation (4.1) is equivalent to the integral equation

T

uw=/muﬁmawm+mmwa

0

where G(t, s) is the Green function given by

e)\(T+s—t)

—— 0<s<t<T

AT 1 " — -
Gt 5) =1 3T

o 0st<s<T

Define now the mapping ¢ : X — X by

T

dﬂ@:/ﬂu@W&ﬂw+M@M&

0

and a binary relation
Re={(r, n) e C'(I, R) x C'(I, R) : 7(t) < n(t), for all t € I}.
For any (7, 1) € Re, that is, 7 <7, then by using our assumption, we have
f(t, 7))+ AT < f(t, m) + .

Since G(t, s) > 0, that for t € I, it implies

T

/G(t, f(s, 7(5)) + Ar(s)]ds
OT

/G@,@U@7MQ)+AM@M8
0

= ().

¢(m)(®)

IN
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Thus, (¢7, ¢(n) € Re, that is, Re is (—closed. Now, for all (7, i) € Re, we have

d(¢(r), ¢(n))
= sup |C(7)(t) — C(n)(1)]

tel
T
— sup / G(t, $)[f(s, 7(8)) + M (s) — F(s, 0(s)) — Mn(s)]ds
tel 0
T
< s / G(t, 5) - 5(r(s) ~ ns))ds
A T
< gd(r, 77)3161113 /G(t, s)ds
t T
A A(T+s—t) A(s—t)
< §d(T’ 7) ilell? ee/\T —3 ds+/:/\T — 1d5
0 t
1
S gd(T, 77)
Thus 1
a¢r), <)) < zd(r, )

Thus the contractive condition of Corollary 2.6 is satisfied with k = 1/3 < 1. Finally,
let a € X be a lower solution of (4.1). Then

a'(s) + Aa(s) < f(s, a(s)) + Aa(s), for t € I.
Multiplying both sides by G(t, s), we get

T

T
/a’(s)G(t, s)ds + )\/a(t)G(t, s)ds < ((a)(t), for t € I.
0

0

Then, for all for ¢ € I, we have

T
A(T+s—t) A(s—t)
/a’(s)eemﬂiilds + /a'(s)hd& + )\/a(s)G(t, s)ds < ((a)(t).

0 t 0

Using integration by parts and using a(0) = a(T) = 0, for all t € I, we get a(t) <
C(a)(t), that is, (a, Ca) € Re. Thus all the hypothesis of Corollary 2.6 are satisfied.
Consequently, ¢ has a fixed point 7 € X which is the solution to (4.1) in X = C(I,
R). O
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Now, we study the existence and uniqueness of solution for the following two-
point boundary value problem:

() = ht, 7(), T(t)), 7€ (0, +o0), t €0, 1],
(42) { 7(0) = (1) = 0.

where h : [0, 1] x R x R — R is a continuous function. The space X = C?(I,
R) (I = [0, 1]) denote the set of all continuous functions from I to R, which is a
complete metric space with respect to the sup metric

d(t, n) =sup|7(t) —n(t)|, for all 7, n € X.
tel

Theorem 4.2. Under the assumptions
(i) h: [0, 1] x R x R = R is continuous.
(i) Suppose that for allt € I, 71 < 79 and n; < 15,

0 <h(t, 72, ma) = h(t, 71, M) < |(T2 = 71) + (02 = M)

(iii) There exists a point (a, b) € C%(I, R) x C*(I, R) such that

a”’(t) < h(t, a(t), b(t)), t €0, 1],
(4.3) b”(t) < h(t, b(t), a(t)), t €0, 1],
a(0) = a(1) = b(0) = b(1) = 0.

Then (4.2) has one and only one solution in C*(I, R).

Proof. Tt is obvious that the solution (in C?(I, R)) of (4.2) is equivalent to the
solution (in C(I, R)) of the following Hammerstein integral equation:

1

T(t) = /G(t7 s)h(s, 7(s), 7(s))ds for t € [0, 1],

0

d2
where G(¢, s) is the Green function of differential operator e with Dirichlet

boundary condition 7(0) = 7(1) = 0, that is,

(4.4) G(t, s) = { s(1— 1)
Define ¢, 9, 6 : [0, +00) — [0, +00) as follows

—[t)?, if3<t <4,
vty =12, o(t) =1 3%

—t2, otherwise,

1o .
ande(t>:{ sl i3 <t <4,
64

0, otherwise.
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Define now the mapping F : X2 — X by
1
F(r, n)(t) = /G(t, s)h(s, 7(s), n(s))ds, t € [0, 1] and 7, n € X,
0

and a binary relation
Re = {(r, n) € C*(I, R) x C*(I, R) : 7(t) < n(¢), forallt € I} .

For (71, 72) € Re and (1y, n5) € Re, that is, 71 < 79 and n; < 75, then by using
our assumption, we have

h(t, 71, m) < h(t, 72, 12).
Since G(t, s) > 0, that for t € I, it implies
1
F(ron)(®) =[Gt (s, ma(s), my(s))ds

0
1

< [t s, mals), ms)ds
0
= F(r1, m)®).
Thus, (F(71, 1), F(72, n5)) € Re. Similarly, one can obtain that (F(n,, 71), F (14,
72)) € Re. Consequently Re is F'—closed.
Let 71, 17, T2, Ny € X such that (71, 72) € Re and (7, 1) € Re. From (i), we
have
d(F(Tl7 771)5 F(T27 772))
= sup [F (71, my)(t) — F(T2, 12) ()]
tel
1

= sup /G(t, s)[h(s, T1(s), m(s)) = h(s, T2(s), 12(s))]ds

tel
1

sup /G(t, s) - |(71(s) = 72(5)) + (11 (s) — m2(s))| ds
tel J

IN

< @lr 7). n)sup [ Gl s)ds.

tel
It is easy to verify that

1 1

2
1
/G(t, s)ds = = + t and sup /G(t, s)ds = .
o 2 2 teo, 1] 5 8
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It follows that

A(F (i, m), F(ra, 1)) < g(dm, 72) +dOny, 1),

Similarly
1
d(F(ny, 1), Flng, m2)) < g(d(r1, 72) +d(ny, 1,)).

Combining them, we get

d(F(Tlv 771)7 F(TQv 772))+d(F(7717 Tl)a F(n27 T2))

2
o L (d(ry, m2) +dn, n2)
- 8 2

Thus

<

(d(F(Th 771), F(T2> 772))+d(F(7717 7—1)7 F(772ﬂ TQ)))
2

d(F(Th 771)7 F(TQ’ 772))+d(F(7717 71)’ F(n27 7—2)))2

2

<d(71, 72);d(7717 772)>2

< (d(Th 72)-561(771’ 772)) _ 0 (d(ﬁ, T2) ‘;d(m, 772))7

I
A/~

<

2|~

which is the contractive condition of Corollary 3.1. By (éii), there exists a point (a,
b) € C?(I, R) x C?(I, R) such that

—a"(s) < h(s, a(s), b(s)), s €0, 1].

Multiplying by G(t, s), we get
1
/— a’(s)G(t, s)ds < F(a, b)(t), t €10, 1].
0

Then, for all ¢ € [0, 1], we have

1

(- t)/sa"(s)ds _ t/(l _ $)a"(s)ds < Fla, b)(0).
0

t

Using an integration by parts and a(0) = a(1) =0, for all ¢ € [0, 1], we get

—(1=t)(ta'(t) — a(t)) — t(=(L = t)a'(t) — a(t)) < F(a, b)(t).
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Thus, we have
a(t) < F(a, b)(t), for t € [0, 1].

This implies that (a, F'(a, b)) € Re. Similarly, one can show that (b, F'(b, a)) € Re.
Thus all the hypothesis of Corollary 3.1 are satisfied. Consequently, F' has a coupled
fixed point (7, ) € X? which is the solution to (4.3) in X = C*(I, R). O

Conclusion 4.1. Using the same technique, one can easily obtain the multidimen-
sional version of Theorem 2.1.
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