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Abstract. The purpose of this paper is to study the class of conformally flat p-power
(a, B)-metrics F = a(1+ g)p7 where p # 0 is a constant. This metric is interesting, be-
cause for p = —1, %, 1,2 it reduces to the Matsumoto, square-root, Randers and square
metric, respectively. We prove that if a p-power («, 8)-metric has relatively isotropic
mean Landsberg curvature, then it is either a Riemannian metric or a locally Minkowski
metric.

Keywords: Conformally flat metric, p-power («, 3)-metric, mean Landsberg curva-
ture.

1. Introduction

Conformal geometry has many important and interesting applications in phys-
ical theories, which have led to increased attention and research. In general rel-
ativity, light-like geodesics remain invariant under the conformal relation between
pseudo-Riemannian metrics. The Weyl theorem states that the study of conformal
and projective properties of a Finsler metric characterizes the metric properties as
uniquely [13, 19].
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Two Finsler metrics F and F, defined on a differentiable manifold M, are said
to be conformally related if F' = e"(*) F', where x(z) is a scalar function on M and
is referred to as the conformal factor. If F is a locally Minkowski metric, we say
that F' is a conformally flat metric.

S. Kikuchi found a Finsler connection that is conformally invariant and he ex-
pressed the conformal flatness of a Finsler metric in terms of this connection [12].
Based on Kikuchi’s idea, M. Matsumoto introduced a conformal invariant Finsler
connection for Finsler metrics that have a tensor satisfying in a certain condition,
weaker than Kikuchi’s condition, then the condition that a Finsler metric is confor-
mally flat stated by the terms of this connection [16].

Ichijyo and Hashiguchi proposed a condition that a Randers metric can be con-
formally flat [10]. Randers metrics are the simplest examples of («, 8)-metrics which
made an important class of Finsler metrics. They have wide-ranging applications
in physics, biology, etc (see [2]).

A Finsler metric that is represented as F' = a¢(s), s := B/« is called a («, §)-
metric where a(z,y) := \/a;j(x)y’y/ is a Riemannian metric, B(z,y) = b;(z)y’
is a 1-form and ¢(s) is a C° function that satisfies a certain inequality [15]. The
one-form /3 can be considered as an external force like wind and current. Thus (a, §)-
metrics can express the geometry of a Riemannian space impacted by an external
force. These metrics have been extensively studied because they are computable and
the research on («, 8)-metrics have contributed significantly to the field of Finsler
geometry and have suggested several ideas for further studies.

L. Kang considered conformally flat Randers metrics of scalar flag curvature
and proved that they are projectively flat and also provided a complete classifica-
tion of such metrics [11]. Conformally flat («, 5)-metrics with isotropic S-curvature
are considered in [3]. It is shown that they are Riemannian or locally Minkowski
metric and also classified conformally flat weak Einstein (a, §)-metrics of polyno-
mial type. In [5] it is proved that every non-Riemannian conformally flat weakly
Landsberg («, 8)-metric must be a locally Minkowski metric. Chen et al. studied
conformally flat («, 8)-metrics with constant flag curvature. Their research showed
that these metrics are either locally Minkowski or Riemannian metrics [4]. Tayebi
and Razgordani studied conformally flat weak Einstein fourth root («, 8)-metrics
and proved that they are also either locally Minkowskian or Riemannian [23]. For
more references, refer to [1, 17, 21, 22]

The class of p-power («, 3)-metrics are of the form

F= a(l + g)p,

where p # 0 is a constant. For p =1, F' is a Randers metric. The Randers metrics
were introduced by G. Randers, when he was studying general relativity [18]. Later
on, R. S. Ingarden applied this metric to the theory of the electron microscope
[2]. If p = —1 then F = o?/(B8 + «) is a Matsumoto metric. This metric was
introduced by M. Matsumoto and is also called the slope metric. As a geometrical
motivation for the Matsumoto metric, suppose that a person is walking with the
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constant speed v on a surface S that has the angle § with respect to sea level and
under the gravitational field g. We can embedded S in the Euclidean space E? using
the parametrization

(z,y) — (2,9, f(=,9)),

where f(x,y) is a smooth function. By use of Okubo’s method [2], we obtain the

Matsumoto metric
Plaii) =
x? ) Jj’ = b)
b= e - a8

where

o= \/(1 + 2)82 4 2f, fydy + (1+ £2)52,
B = fed + fuy.

In order to obtain the usual form of the Matsumoto metric, we set v = —4 and in

a?
a+p”
Also, in the case of p = %, F = \/a(a+ B) that is called square-root (a, 3)-
metric. In [24] p-power («, 8)-metrics of Einstein-reversible type have been consid-
ered and the local structure of a two-dimensional square-root metric is determined.

Thus, the class of p-power («, )-metrics deserve more attention.

this case, we have F' = For more details see [20].

For a Finsler metric F', we have the basic tensors, fundamental tensor g, and
Cartan torsion C. By taking horizontal covariant derivative of Cartan torsion along
the geodesics we obtain the tensor field L that is called Landsberg curvature. The
trace of C and L are called the mean Cartan torsion I and the mean Landsberg
curvature J, respectively. A Finsler metric F' is called relatively isotropic mean
Landsberg curvature if there exists a scalar function ¢ = ¢(z) on M such that

(1.1) J+ cFI=0.

As to find an explicit example of conformally flat Finsler metric, this paper is de-
voted to the study of the conformally flat p-power (o, 8)-metric, that has relatively
isotropic mean Landsberg curvature. The main result is the following.

Theorem 1.1. Let F = a1 + g)p be the conformally flat (a, B)-metric on a
differentiable manifold M of dimension n > 3, where p # 0 is a real constant.
Suppose that F' has relatively isotropic mean Landsberg curvature. Then F reduces
to a Riemannian metric or a locally Minkowski metric.

As the consequences of Theorem 1.1, we have the following conclusions, that retrieve
other researcher’s results.

Corollary 1.1. Let F' = a+ 3 be the conformally flat Randers metric on a differ-
entiable manifold M of the dimension n > 3. Suppose that F' has relatively isotropic
mean Landsberg curvature. Then F' is a Riemannian metric or a locally Minkowski
metric.
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It would be noted that, for F' = o+ 3, it is proved in [6] that every Randers metric
is of isotropic mean Landsberg curvature if and only if it is of isotropic S-curvature.
On the other hand every conformally flat Randers metric with isotropic S-curvature
is either a locally Minkowski or a Riemannian metric [11]. Thus, using these results,
we have additional proof for Corollary 1.1.

Corollary 1.2. Let F = Ja(a+ ) be the conformally flat square-root (v, 3)-
metric on a differentiable manifold M of the dimension n > 3. Suppose that F' has
relatively isotropic mean Landsberg curvature. Then F' is a Riemannian metric or
a locally Minkowski metric.

In [17] the conformally flat square-root (v, B)-metrics of relatively isotropic mean
Landsberg curvature is studied and Corollary 1.2 is proved.

Corollary 1.3. Let F = T be the conformally flat Matsumoto metric on a
differentiable manifold M of the dimension n > 3. Suppose that F has relatively
isotropic mean Landsberg curvature. Then F is a Riemannian metric or a locally
Minkowski metric.

2. Preliminaries

Let F' = F(x,y) be a Finsler metric on an n-dimensional differentiable manifold
M and TMy := {J,cp; T M — {0} the slit tangent bundle. The fundamental tensor
(g,) = (gij(z,y)) of F is a quadratic form on T M that is defined

gij(z,y) == %[FQ]yw (,y).

A curve x* = x%(t) on Finsler space (M, F) is called geodesic if satisfies in the
following system of ODEs:

d*axt . dx
dt? + G, T dt

—) =0,

where G = G%(z,y) are called the geodesic coefficients of F' and defined by

¢ = 20 Py — (P71t}
In Finsler geometry, there are some geometric quantities that are vanishing for
Riemannian metrics and are called non-Riemannian quantities. The Cartan torsion
C is a symmetric trilinear form C := Cijkdxi ® dz? @ dz* on T M, that is defined
as follow
_ 10gi;
S 20yk”

One can see that F' is a Riemannian metric if and only if C = 0. Thus it is a
non-Riemannian quantity.

1
Cz‘jk = Z[Fz]ytyjyk
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The mean Cartan torsion of F is the tensor field I := I;dz?, that is defined by
I; i= g"* Cijp.

Furthermore, one can see that

I, = ('zi {ln\/det(gjk)}

The horizontal covariant derivative of Cartan torsion along the geodesics defines
the tensor field L := Lijkdxi ® dz? @ dz* on the slit tangent bundle T'My, that is
called the Landsberg curvature of F. Thus L;ji := Cijr;my™, where ”;” denoted
the horizontal covariant derivative with respect to the Berwald connection of F.
Also, the Landsberg curvature can be expressed as the following

1 m
—§FFym [G™]
A Finsler metric F is called the Landsberg metric if L = 0.

The mean Landsberg curvature J := J;dz' is a non-Riemannian quantity that
is obtained by horizontal covariant derivative of the mean Cartan torsion I along
the geodesics of F. Thus

Also, the mean Landsberg curvature J can be obtained as following

(2.1) Lijk =

yiyiyk-

Ji = g"" Lij.

A Finsler metric F' is called weak Landsberg metric if J = 0.

A Finsler metric F' is called of relatively isotropic mean Landsberg curvature if
J/1, the relative growth rate of the mean Cartan torsion along geodesics of F is
isotropic, i.e. there exists a scalar function ¢ = ¢(z) on M such that

J+cFI=0.

A Finsler metric F' is an (a, 8)-metric if F = a¢(s), s := [/a, where a =

Vaij(x)y'yl is a Riemannian metric, 8 = b;(x)y’ is a 1-form with |[8,]] < bo,
x € M and ¢(s) is a positive C* function on (—bg, by) satisfying

(2.3) B(s) — 59 (s) + (> — s2)¢ (s) >0, |s| <b < by.

In this case, the metric F' = a¢(s) is a positive definite Finsler metric [9]. The
fundamental tensor F' = a¢(s) is given by

Gij = paij + pobibj + p1(bicy; + bjoy) + paciaj,
where «; := a‘laijyj, and

p =06 — 56, po = 68" + ¢,
1= —s(00" + D)+ o0, pao=s{s(6d” +¢'d) — ¢}
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Let
1 1
Tij = i(bl‘] +bﬂ1), Sij = 5(

where b;|; denote the coefficients of the covariant derivative of 3 with respect to a.
Let’s denote

bijj = bjli)

= a" g, r00 = T3 y'y’ s i = 0",
N % L m i . _im

To ‘= 1Y, Ti0 ‘= TimY 84 =4 Smyj,
— m . pm P 7

50 = Simy", 5; = b" 504, S0 1= 5y’

The geodesic coefficients G of an («, 8)-metric F' = a¢(s) are given by
(2.4) G' =G +aQs'y + {—2Qasg + roo}{\llbi + @oz_lyl},

where G¢, are the geodesic coefficients of o and

¢l
Q=575
. 00 —s(6¢" +¢'d))
T 20005 + (7 =)o
\I]:: ¢//

2(¢ — s¢' + (> — s%)¢"]

For more details, see [9].

3. Proof of Theorem 1.1

In this section, we focus on a class of (a, 8)-metrics, that contain Randers metric,
square metric, square-root metric, Matsumoto metric, etc. This class of metrics is
called p-power («, 8)-metrics and is of the form

F=a(l+s)?, s:=p/a,

where p # 0 is a real constant. For more details see [24].

We consider p-power («, 8)-metric with relatively isotropic mean Landsberg cur-
vature and prove Theorem 1.1. In [8], the mean Cartan torsion of an («, §)-metric
is computed.

Lemma 3.1. ([8])For an (a,)-metric F = a¢(s), s = B/, the mean Cartan
torsion is given by

(3.1) I; = _7g(¢_5¢/)hi7
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where

A:=1+sQ+ (b —sH)Q,
D :=—(nA+1+sQ)(Q — SQ') (b — sH) (1 +5Q)Q",

_ i an [ e

A3
hj :=bj — oflsyj.

It is well known that, by Deicke’s theorem, F' is a Riemannian metric if and only if
I=0. Thus from (3.1) we have

Lemma 3.2. An (a, 8)-metric F = ad(s), s := [/« is a Riemannian metric if
and only if & = 0.

From (2.2) and (3.1), one can see that the mean Landsberg curvature of an (a, §)-
metric F = a¢(s), s = B/, is given by

204A | 02— s2 LA
a? o
m |:‘l/1 + Sz:| (7'00 — 2@@80)]1]

+a [ —a?Q'soh; + aQ(a?s; — y;js0) + a*Asjo

J, = 1{20‘3 {9 + (n+1)(Q — sQ")| (50 + m0)h;

_|_

(32) +C¥2(Tj0 — QOZQS]') — (7’00 — 2OZQSQ)yj:| i},

where y; := a;;y’. For more details see [8, 14]. From (3.1) and (3.2), we obtain

204A | b2 — 52

O42

+W[W1 +s

Jj +c(x)FI; = —1{M [% +(n+1)(Q— SQ')} (so +10)h;

A} (roo — 2aQso)hj + a{ — aQQ’sohj

+aQ(a?s; — yjso) + a?Asjo + a*(rjo — 2aQs;)

0)
(3.3) —(ro0 — 2aQs0)y } a'®(p — 5¢/)hj}-

Since we study conformally flat («, 3)-metrics, we need the following Lemma.

Lemma 3.3. ([2]) Let F = a¢(s), s = §/a, be an (o, B8)-metric. Then F is locally
Minkowski metric if and only if o is flat and B is parallel with respect to «.
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Now, let F' = a¢(s), s = 3/a, be a conformally flat Finsler metric, it means that,
there exists a Minkowski metric F' such that F = e*(*) F, where k(z) is a scalar
function on the manifold. Since F = a¢(3/a), we deduce F = a¢(3/a) is an
(a, B)-metric, where

(3.4) a=e@a, [=ep
From (3.4), we have
aij = e @ay; by =" @,
The Christoffel symbols I ;k of a and the Christoffel symbols f; . of & are related
by
f‘;k = I‘j—k + 5;-/% + Ok — Klaj,
where k; := % and £’ := a'r; [7]. Thus, we obtain
- ob; - ~.
(3.5) bij; = 307 bl = € (bij; — bjks + brk"ag;).
where l;i” ; denote the coefficients of the covariant derivative of B with respect to a.

Since F is a Minkowski metric, from Lemma 3.3, we have Bil\j = 0. Thus

(36) b2|] = bj/ii - brnraij.
From (3.6), we conclude
1 . 1. 1,
(3.7) rij = i(mbj + r;b;) — brk"asj, rj = _§(b Ky )bj + §I€jb )
1 X 1
(3.8) rio = 5[/’%5 + (kry")bs] — KD ys, 845 = i(f%‘bj — Kjb;),
1 1
(39) Sj = i(bTK)T)bj — Kij, Si0 = i[lﬁ,@ — (I’iryrﬂ)i].
Further, we have
(3.10) roo = (rry")B — (reb")a?,
1 1
(3.11) ro = 5 (s W — 3 (e,
1 1
(3.12) s0= 5 (k") = 5 (ke )%,

From (3.11) and (3.12), we see that a conformally flat («, 5)-metric satisfyies ro +
so = 0 which means that the 1-form /5 has constant length with respect to a.

In order to simplify the computations, we take an orthonormal basis at any point
z with respect to a such that o = /Y., (y*)? and 8 = by', where b := ||3;] a.
Then, we take the following coordinate transformation

v (s,u’) — (y),
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in T, M, that is

S _
(3.13) yh = m‘% yt=ut, 2<A<n,
where & = /> _,(u?)?. In this case, we have
b _ bs  _

Then, by (3.6)-(3.14) one can obtain

bskoa 1

1 = b1 + ——— = —s50 = -b%R
(3.15) 700 K10 + Nk To 80 = 507 Ko,
1 kabsa 1
(316) A0 = 5\/% - (b:‘il)'LLA, r10 = EbI{O’
1
(3.17) sS4 = —imzﬁ, 51 =0,
1 Kkabsa 1
1 = - = ——DbK
(3 8) SAO va 810 2 "{07
VP2 _ 2 2
(3.19) hA:f%, ha :bf%.

where 7o 1= kau?.

Now, we can prove Theorem 1.1.
Proof of Theorem 1.1: Since l;iHj =0, we have that b is a real constant. If b = 0,
then F = e#®)& is a Riemannian metric. Now, let F is not Riemannian. Suppose

that F is a conformally flat («, 8)-metric with relatively isotropic mean Landsberg
curvature. By (3.3) and rg + s = 0, we obtain

a2 )
7 V1 s} (roo — 20Qs0)h; + af — Q' soh;

+aQ(a?s; —yjs0) + a?Asjo + a*(rjo — 2aQs;)
i)
(3.20) —(roo — 2aQso)yj}K —c(2)a*®(¢ — s¢')h; = 0.
Putting j = 1 in (3.20), we have

a? [}
57—, (V1 + 55 oo = 20Qs0)h + af = a*Q'sohy

+aQ(a?sy — y150) + a?Asig + a?(r1p — 2aQs)
(3.21) —(roo — QQQSO)y1}§ —c(z)a*®(¢p — 5¢')hy = 0.

Substituting (3.14)-(3.19) into (3.21) and then multiplying the resulting equation
with —2A (b — 52)3/2 we have

b2a3{zmA [be(2) (9 — 59') + Wr01] @ — g [p°0Q' (82 — 52)
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(3.22) +00%(sQ + 1) — APY® — 2T A(L*Q + 5)] } = 0.

From (3.22), we get

(3.23) Albe(x)®(¢ — s¢') + U1kq] =0,
(3.24) Ro[b?@Q'(b* — s*) + @b (sQ + 1) — A®H* — 20 A(b°Q + )] = 0.

Since A = Q'(b* — 52) + sQ + 1, one can see that (3.24) simplify as follow
(V*U1AQ + T As)Rg = 0.

This means that

(3.25) U ABQ + 5)Ro = 0.

Now let j = A in (3.20), thus we have
a? (0] 9

o [\Ill + SZ] (roo — 2aQsg)ha + a[ —a”Q'soha +

aQ(ass —yaso) + a?As g0 + (140 — 20Qs54)

(3.26) —(roo — 2aQso)yA]§ + C(x)a4q)((b —5¢"Yha = 0.

Putting (3.14)-(3.19) into (3.26) and using the same method as used in the case of
j=1and from A = Q' (b* — s?) + sQ + 1, we get
(sA + 5+ Q> Prad® — [(sA + s + *Q)*®
(3.27) +25(b*°Q + 5) U1 A]Roua = 0,
(3.28) sV b2 — s2[®bc(z)(p — 5¢") + W1k1]Auy = 0.

One can easily see that (3.28) is equivalent to (3.23). Also, multiplying (3.27) with
u? implies that

(3.29) s(b*Q + s)¥1 ARga® = 0.

It is obvious that (3.29) is equivalent to (3.25). Anyway, we showed that a confor-
mally flat (a, §)-metric with relatively isotropic mean Landsberg curvature satisfiy
(3.23) and (3.25).

If b2Q + s = 0, then we obtain ¢ = kv/b2 — 52, where k is a constant. This is a
contradiction with the assumption that ¢ = (1 + s)?. Thus b>Q + s # 0 and then
from (3.25) we conclude that ¥ =0 or k4 = 0.

If ¥; = 0, then using (3.23) we obtain that ® = 0, and from Lemma 3.2, we see
that F'is a Riemannian metric.

If Wy #£ 0, then k4 = 0. In this case , we prove that k1 = 0.

Simplifying (3.23) and multiplying it by A2, we get

(3:30) {[(6* - )@ — s2)A — g(zﬁ — PN Jir — be(a) A2 (6 — 5¢/) = 0.
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Let A; := (p—1)s — 1 and Ay := (1 — p?)s® + (2 — p)s + p(p — 1)b? + 1. Putting
#(s) = (1 + s)? into (3.30) and multiplying by A} A3 and using Maple program, we
obtain

(3.31) Ay A3Ec(2)bp(1 + )P~ + Mzs™ + ...+ Mg = 0,
where
E:=2n(p+1)(p—1)%*+ (p—1)[(p — 5)n — 3] s>

—{2(np® — 2n+1)p* + (n+2)p—1)b*> + (n+ 1)(3p—4) } s
(3.32) +[(n+2)p* — (n+4)p+2]b* + (1 + n),

and M;, (0 <i<7) are polynomials independent from s. Specially
(3.33) Mz :=3(n—Dp(p+1)(p—1)*k;.

Now, we consider the following cases.

Case(I): If p > 2, is a positive integer constant. Then (3.31) can be rewritten as
(3.34) Tips| T My, s 4L+ M =0,

where M4, = 2nbp(p 4+ 1)*(p — 1)°c(x). Thus ¢(z) = 0 and therefore (3.34) is
reduced to

(3.35) Mzs" + ...+ My =0.

From (3.35) and (3.33) we obtain that x; = 0.

Case(Il): If p = 1, then F' = a + § is a Randers metric. In this case (3.31) is
reduced to

(3.36) (k1 — 2bc(z))s® + 2(ky — 2bc(x))s + b(rk1b — 2¢(z)) = 0.

From (3.36) it follows that ¢(z) = k1 = 0.
Case (III): If p is a positive non-integer constant. Then, from (3.31) and (3.32),
we hvave that c(x) = M; =0, (0 <4 < 7). Thus from (3.33), it follows that x; = 0.
Case (IV): If p = —1. In this case F' = (;‘T_Qﬁ, is a Matsumoto metric. Putting

o(s) = 1; in (3.30) and multiplying by A A3(1 + s)?, we get

18(2n + 1)1 8% + D7s® + ...+ Dy = 0.

Thus k1 = 0.

Case (V): If p < —2 is a negative integer constant. In this case, Eq. (3.31) can
be rewritten as follows.

(337) Ng_pSg_p +N7_p57—p + ... +N18 +N0 =0,
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where Ns_, = 3(n — 1)p(p + 1)(p — 1)*x;1. Thus r; = 0.
Case (VI): If p is a negative non-integer constant. In this case, (3.31) is reduced
to

(3.38) A1 AZEc(z)bp + (1+8) " P[Myzs” + ... 4+ M) = 0.
From (3.33), and (3.38) we have r1 = ¢(z) = 0.

Therefore, in any case k1 = k4 = 0, which means that x is a constant. Thus F'
is a locally Minkowski metric. This completes the proof. O

It would be noted that, in the Case (I), ¢(s) = (1+ s)? is a polynomials of s. In
[5] it is proved that every («,)-metric F' = a¢(s) with relatively isotropic mean
Landsberg curvature, where ¢(s) is a polynomial of s, is either a Riemannian or a
locally Minkowski metric.

4. Conclusion

In this paper, we considered conformally flat p-power («, 3)-metrics. We proved
that every conformally flat p-power (c, )-metrics with relatively isotropic mean
Landsberg curvature is a Riemannian or a locally Minkowski metric. Therefore,
this class of («, 8)-metrics are classified. The readers are encouraged to consider
the class of conformally flat p-power («, §)-metrics with other Riemannian or non-
Riemannian quantities, such as weakly isotropic scalar flag curvature, weak Einstein
metric, etc.
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