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Abstract. In this paper, we focus on the study of a hybrid system of sequential type
that incorporates both Caputo and Hadamard fractional derivatives. Our approach
leverages the fixed point principle to derive novel results concerning the existence and
uniqueness of solutions to this system. Additionally, we establish further results by
employing Schaefer’s fixed point theorem, which allows us to extend the applicability
of our findings. To illustrate the practical relevance and application of our theoretical
results, we also provide a detailed example at the conclusion of the paper. At the end,
an example is given.
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1. Introduction

In recent years, fractional calculus has established itself as an essential mathematical
framework for the modeling and analysis of complex phenomena across a wide array
of scientific disciplines, including but not limited to physics, engineering, biology,
and finance. Unlike classical calculus, which is limited to integer-order derivatives,
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fractional calculus extends the concept of differentiation and integration to non-
integer orders. This extension allows for the modeling of systems with memory
effects and long-range dependencies, which are characteristic of many natural and
engineered processes. Among the various fractional operators, the Caputo and
Hadamard fractional derivatives have gained particular prominence due to their
applicability in describing anomalous diffusion, viscoelastic materials, and other
processes where the current state depends on the history of the system.

The Caputo derivative is widely used for its suitability in initial value prob-
lems, aligning well with physical interpretations and boundary conditions. On the
other hand, the Hadamard fractional derivative is particularly useful in dealing with
problems on unbounded domains, where scale invariance plays a significant role. By
incorporating these fractional derivatives into differential equations, researchers can
capture more realistic and nuanced dynamics that are often observed in complex
systems but are inadequately addressed by traditional integer-order models.

Simultaneously, the study of hybrid systems that combine both discrete and
continuous dynamics has emerged as a critical area of research. Many real-world
processes, such as those found in robotics, control theory, and biological systems,
exhibit behaviours that involve instantaneous changes (jumps) alongside continu-
ous evolution over time. These hybrid systems require sophisticated mathematical
models that can account for the interplay between discrete events and continuous
processes. For example, in robotics, hybrid systems can model the transition be-
tween different operational modes, while in control theory, they are used to design
controllers that switch between different strategies depending on the system’s state.
For more details, see [2,6,7,16].

Understanding the dynamics, stability, and control of hybrid systems is crucial
for optimizing performance and ensuring reliable operation in applications where
both types of dynamics are present. Fractional hybrid systems, which combine the
concepts of fractional calculus and hybrid dynamics, offer a particularly rich field of
study. These systems not only incorporate the memory and hereditary properties of
fractional calculus but also accommodate the complex interactions between discrete
and continuous components. The development of robust mathematical tools and
methods for analysing such systems is essential for advancing technologies that
depend on precise modelling and control, such as autonomous vehicles, medical
devices, and adaptive control systems. For more details, see [1,5,8,11,13,15,17,18].

Zhao et al. [19] investigated the existence result for the fractional hybrid differ-
ential equations with Riemann-Liouville fractional derivatives given by

{ (*05.) (7 ) = Gl 7€), € 0,T),r € (0,1),
r(0) =0,

where #F D" is Riemann-Liouville fractional derivative, F' : [0, T] xR — R/{0},G :
[0,1] x R — R are assumed to be continuous.
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Also, Hilal and Kajouni [10] studied the following Caputo hybrid problem:

{ (©D4) (725) = G(&, 7€), € € [0, L],m € (0,1),
=d,

(0) (L)
N FO, ) T 2T, (D)
where, F': [0,7] x R — R/{0},G : [0,1] x R — R are assumed to be continuous
and a1 + a9 # 0.

Then, in [4], the authors considered the following sequential hybrid problem:

(CD‘ll_RLD6’+) (}&%) = (1, x(7),0(7)),7€[0,1],9€(1,2],r€(0, 1],
Cp4 RLP 0(¢ — ot (). 0(r

( le D0+) (X(T,X(T,ﬂ(T)))w( 7X( ),9( ))7 0<P§17

x(0) =x'(0) =0, x(1)=0x(¢),d €R,¢€(0,1),

0(0) =9'(0) =0, 0(1)=¢e0(¢),e e R,E€(0,1).

where ¢ D7 BL DS ¢ € {p,r} are Caputo and Riemann-Liouville fractional deriva-
tive, A, x : [0,1] x R? — R/{0}, ¢, : [0,1] x R? — R are assumed to be contin-
uous. Recently, in [3] the authors investigated the existence of the solution for the
following hybrid fractional differential equation

D (°D* 4+ ) (W@)@») F(&,e1(6) ae. €T =[0,1]
m(sol,i?)(o)) S e 81(1)) =01 Jy & (11,21 (1)) dua
cpw (7m(%1,§?)(0))) + DY (751(6112)1))) e fo (t1,e1 (1)) dua
D> (m(sol,i?)(o))) +p1°D* (51(611,2)(1))) =03 fo (e1,€1 (1)) déa,
where 0 < w < 1,1 < B < 2.\, 1,0, € E for i = 1,2,3, with ¢; = —1. ¢D* DB

are the Caputo’s fractional derivatives, and k1 : [0,1]xE — £{0},w € C([0,1]x &, E)
and &,h,¢:[0,1] x £ — £ are a given continuous functions.

Motivated by the above research papers, in this article we shall study the exis-
tence of the solutions of the following differential system of sequential type:

C a1 Hps 7(§) _ , abla
(D D) T @)~ FErO5©),  €eutla>0
H BQC (e'D)

ay P G

H B T(§) a s(§) _
D 1(n<5,r<5>,<<5>>)‘5=a =0 “D*(ger@a@n) |, =

7(0) = 011 (b, 7(0),<(b)),  <(b) = 020 (b, 7(b), (b))v 01,62 € R.

where €D, HDF: i = 1,2 are the Caputo and Hadamard fractional derivatives
of orders a; and f;, respectively with, 0 < «a;,3; < 1, 0,9 : [a,b] x R? —
R/{0} are continuous functions,d; € R,(i = 1,2) and F,G : [a,b] x R? — R
are two functions.

<)(»)G@ﬂ®@0%
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2. Preliminaries

In this section, we review some of the basic concepts of fractional calculus, which
we will use throughout in this stady. For more details, see the following references
[12,14,17].

Definition 2.1. [17] The Riemann-Liouville fractional integral of order p > 0 for
a continuous function is defined by

§
") = g | (€= 9 o)

provided the right-hand side exists on (a, 00).

Definition 2.2. [17] The Riemann-Liouville fractional derivative of order p > 0
of a continuous function is defined by

RDPu(t) = D"I"Pu(t)

1 d\" [*
- - (£ t— 5)" P lu(s)d 1
T =) (dt) /a( s) u(s)ds, n < p<n,
where n = [p]+ 1 denotes the integer part of real number p and D = d/d¢, provided
the right-hand side is point-wise defined on (a, 00).

Definition 2.3. [14] The Hadamard fractional integral of order 6 for a continuous
function v : [a,00) — R is defined as

108 = r(le)/; <ln 5)01 Y 4 g,

T

Definition 2.4. [17] For an at least n-times differentiable function G : (0, 00) —
R, the Hadamard-Caputo derivative of fractional order ¢ > 0 is defined as

H g 1 ¢ noat " ds

where § = 5(% and log(-) = log, (")
Lemma 2.1.  [12] Let AC}[a,b] = {G:[a,b] » C:6"'G(¢) € ACla,b]} and
u € ACY[a,b] or C§la,b] and g € C. Then, the following formula holds

n—1

19 (107 u(E) = u(€) — 3 cx(log(€/a))",

k=0

where ¢; €R,i=0,1,2,...,n—1 (n=[q] +1).
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Lemma 2.2. [12] Let « > 0. Then
RreDer () =7+ Y ci(—a)', n=[a]+1.

In the following lemma, we establish the existence of a solution to the linear
problem. Thus, we proceed to prove the lemma below.

Lemma 2.3. Let ¢, € C([a,b],R). Then, the solution of the system

Cpai1H b & = a
(CDorH phr) TETE. D) ¢(8), € € [a,b],
(2.1) (HDﬂ2CD0‘2) ’0(57?(5% =(€),

subject with the conditions

HpB () — C po s(€) —
{ D% (et )L 0P 2(19@,7(5)&(5)))‘5:@—07

(b) = 017 (b, 7(0),5(8)), 5(6) = 020 (b, 7(b),5(8)), 61,62 € R
is given by:

7€) = (&, 7(€),<(&)) (01 =7 I (*12 o)) +7 12 (FI216)(©))
and

(€ = ot 7(©). 50 (02 " 135 (M1220) 0+ 132 (V150) ©)).

Proof. Applying the operator RI;E to the first equation of (2.1) and using
Lemma 2.2, we get

ipn (O Y _, )
N (n(£77(£),<(5))> 0o+ I10(E), a0 €R.

Using the condition ¥ DA (m)‘ =0, we get ap = 0, and consequently,

2.2 H pi (T(’E) ) —R o

22 wer©.@)

Applying the integral Hlf}r on (2.2) and using Lemma 2.1, we obtain
7(§)

— < = B1 (R a1
e ~ ot LI,
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Hence, we obtain
(2.3) 7€) = (&, 7(€),<(&)) x (bo +7 I (*IZ9)(€)) -
Using 7(b) = 617 (b, 7(b), (b)), we get

01 (b, (1), () = 1 (b,7(8), (1)) (bo + 1% ("I210)(B))
from where we find
(2.4) bo = 61 =" I (RIS ) (D).

For the second equation of (2.1), by applying the operator T f 7

Lemma 2.1, we get

and exploiting
“De q(f)) — H 1f2
v (ﬁ(f»T(é),c(f)) co+7 L2Y(E), co € R

Thanks to condition ¢ D2 (m) ’E:a = 0 implies ¢y = 0. Therefore, we can

write

C oo §(£) _H B2
(25) o (e =" e

Taking Riemann-Liouville integral of order as in (2.5), we obtain

(19(5:((5%) =do +7 132 (120 (). do € B

Hence, it follows that
(2.6) $(€) = V(€. 7(€).5(€) (do +R 1z (1) (f))-
Using the condition ¢(b) = 630 (b, 7(b), (b)), we obtain

829 (b, 7(b), (b)) = 0 (b, 7(b), < (b)) (do +R e (Hffzw) (b)) .
Then
(2.7) do = 0y —F 1% (Hffm) (b).

By replacing (2.4) in (2.3) and (2.7) in (2.6), the proof is complete.
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3. Main Results

Let ¢ = C([a,b],R),a > 0, be the set of all continuous functions from [a,b] to
R. We introduce the spaces X = {7(§) : 7(§) € C(la, b],R)} with the norm ||7|| =
sup{|7(&)|,¢ € [a,b]}. Y = {s(&): ( ) € C(Ja,b],R)} with the norm ||| =

sup{|s(&)|,€ € [a,b]}. Then, the product space (X xY, ||.||X><Y) is a Banach

space endowed with the norm defined as || (7,¢) || xxy = ||7|| + ||s||. For reasons of
simplicity, we may use the notation
pt dr
HIOI f(€) = / / (1og ) (7= 1) o (1)
and

1 ST T\F~1 dr
RLyeH [P :7// — 7)o (log— ) Fro(r)—
at TQ(E) F(CV)F(B) u N (6 T) (Og 71) T,S (T) r dTa
where € € {¢,b}. In view of Lemma 2.1, we define the operator A by:

A: X xY - XxY
(z,y)(t) = (Ai(z,y)(1), A2(z,y) (1)),

where, V¢ € [a, b],

A )(0) = e ()| 02 = 120 RI22 1) O 7 123 (P12 1))
and

A (w,y)(t) = V(1) [62 I (M1 ey 0) #7132 (M 00) (0 >]
We impose the following hypotheses:

(H1) : The functions F,G : [a,b] x R x R — R are continuous, and suppose that
there exist constants m;, n;, (i = 1,2), such that for all £ € [a,b] and 7, ¢; € R, (i =
1,2)

|F(§,71,61) — F (§,72,%2)| <my |1 — 2| + mals — o
and
G (&,71,61) — G (& 72,%)| < nufm— 7| + 020 — Gl

Moreover,

M = sup {|F(£,0,0)| : € € [a,b]} and M = sup {|G(£,0,0)| : € € [a, b]}.
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(H2) : Let 2 C C x C be a bounded set, thent there exist constants p; > 0, (i = 1,2)
such that

[F(&u(€),v(€) < p1 and  [G(§u(§), v(§))] < p2, V(u,v) € Q.

(Hs) : We assume that the functions n, ¥ are continuous and there exists M,,, My, €
R*such that
In(€,u)| < M, and [9(€,u)| < My

To simplify our computations, we put:
Ay =2 (my +mo) FIPET (1) (b)
Ay := |01 + 2MHF PR (1) (b)
Az :=2(ny +ny) F1*27 1% (1) (b)
Ay = |0o] + 20121 P2 (1) (b)
¥y = 2M,, HIP BT (1) (b)
Y 1= 2My TroH 182 (1) (b).

Theorem 3.1. Assume that (Hy) and (Hs) are satisfied. Then the system (1.1)
has a unique solution on [a,b] if

(31) (m1 + m2) ¥+ (711 + 'I’LQ) Yo < 1.

Proof. Define B, = {(7,5) € C x C : ||(7,5)|| < o} such that

M, A2 + MyAy
ez 1— (M,Ay + MyAs)’

We show that AB, C B,. Let (7,¢) € B, and £ € [a, )], then we have

|Ax(z, ) (1) =

My (1) [91 I (BRI £y ) () T IO (RIS o) (E ﬂ \
SM |91|—|—‘HIBI RIO’lfzy ‘+’H161 RIalfxy)( )’:|

< M, | 104 + 2 FIP R () (b)}

< M, | 164+ 2 FIPRI (g — fool + o) (b)]

< My | 104 + 2 FIP RIS (my ] + mallyl| + M) <b>}

SMU QA1+A2 .
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Similarly, we can find

Az (2, y)(1)] =

2000~ 122 " 1100,) ) 7 133 (7150200
< My 1021+ | P15 (102 90.0) 0)] + | P12 (712 90.0) (0 H

< My 10 + 2 Fro2t 1 g, ) (b)}

< My | [62] + 2 RI%2H 1% (|g,, | ><b)}

< My | 1621 +2 P11 (] + mally] + 57) )

< My |0As3 +A4]-

Consequently, we have
[A(z, y)I| < (MyA1 + MyAsz) 0 + MyAs + MyAs < o,

which implies AB, C B,.
Next we show that the operator A is contractive.
For all (11,¢1), (72,62) € X X Y, we get

|AL (21, 91) (8) — A (22,92) (1))

S MW (91 B HIﬂlRIal (fmlyyl) (b) + HIﬂlRIal (f:rhyl) (t)>

— (91 _HbiR (fwz,yz) (b) + HBiR faq (fwg,yz) (t)) ‘

S M’? (|HIBIRIQ1 (f$27y2 - f:cl,yl) (b)| + |HIBIRIO‘1 (fm,yz - fﬂh,yl) (t)D
< 2M77HIﬁ1RIa1 |fr2,y2 - fﬂﬂl,yl| (b)

< 2M,, (my |z — @2 + Mo Y1 — yo ) TP BT (1)(b)
< (mq +ma2) Xy (|zr — 22| + [y1 — v2l) -

Consequently, we obtain the inequality

(32) (AL (z1,91) = Ar (22, 92) || < (ma+m2) X (lzr — 22l + llyr — v2ll) -
Using the same method as before, we obtain

(33) A2 (w1,91) = Az (22, 52)[| < (1 + n2) Xa (1 — 22l + [y — w2l)
The inequalities in (3.2) and (3.3) allow us to write:

A (z1,51) — A(z2,y2)|| <[(m1 + m2) E1 + (n1 + n2) o] (|1 — 22| + lyr — v2

327
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Using (3.1), we deduce that the operator A is a contraction. Then the system (1.1)
has a unique solution in [a, b].

The second existence result relies on the following lemma.

Lemma 3.1. /9] (Leray-Schauder alternative)
Let P : & — & be a completely continuous operator. Let also

C(P)y={r€&:7=AP(1) for some 0 <\ < 1}.

Then, either set ((P) is unbounded, or P has at least one fized point.

Theorem 3.2. Assume that (Hs) and (Hs) are satisfied. Then, the system (1.1)
has at least one solution on [a,b].

Proof. in the first step, we show that the operator A is completely continuous.
Since the functions F, G, n, 4, then the operator A is continuous. We have

[A(z,y)(1)] =

ey (1) [91 H LR g, V() 7 I (RI ) } ]
<M |:|91|—‘,—’Hlﬁ1 Rlalfx,y) ’_’_‘HI/BI RIalf:Ey ‘:|
M, [ 62 42 T I (f, ) (b)]

With the aid of (Hs), we obtain

(3.4 a(ap)(0)] < M, [ 02] + 201 TIPRL (1) (b)]
Similarly,
(3.5) ol 9)(8)] < My [ 10a] + 25 PO 1 (1) (b)}

The inequalities (3.4) and (3.5) allow us to obtain
A ) O] < My | 101+ 200 "I R1% 1) ()] + 2 Il + 200 711 (1) )|

Hence, the operator A is uniformly bounded.
In the next step, we show the equi-continuity of A. For this, we consider £1,& €
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[a, b] with & < &. Then V(7,¢) € Q, we have
|AL (2,9) (t2) — A (2,y) (1)

SM7@rﬁﬂmwwnw@+Hﬂﬁwwmw@ﬁ

-(&—Hﬁmwwmmw+Hﬂmemwm0]

< Mn |HIBlRIQ1 |fx,y| (t2) - HIﬁlRIal |fx7y| (t1)|

B1—1 B1—1
len b t2 t1
log = —(log =
/a o8 S 08 S

< 7m0
“ ()T (a +1)
ds b2 ty Ar—l ds
_ o1 7 1 _“ _ o1 7
x(s—a) 3+/tl <0gs) (s —a) .
and then,

AL (2, y) (t2) — Ax (2, 9) (1)

TT(B+ DT (a+1)
While £ — &5, the right side of the inequality (3.6) tends to zero.
Following the same steps as before, we get

| A2 (1,6) (§2) — A2 (1,6) (§1)] = 0 as & — &a.

So, A€ is equicontinuous.
Using Arzela-Ascoli theorem, we conclude that A is completely continuous.
In the last step we show the boundedness of

F=A{(r,9) e X xY : (1,6) = M(7,¢), 0 < XA < 1}.

—_

Let (7,5) € F, then V¢ € [a, b], the equation (7,5) = AA(7,¢) gives us
7(§) = AMi(7,6)(&),  <(§) = Aa(7,6)(§)-
With the aid of (Hs), we find
]| < My |61] + p131

llyll < My |02] + p23a.
Consequently, we have
(3'7) ”(7—7 C)H < Mn |01| + My ‘92| + 01251 + p2Xs.

The above inequality (3.7) shows that F is bounded.
Using the above lemma, we deduce that the problem (1.1) has at least one solution
on [a,b].
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4. Example

We consider the following example:

1 4 7'(5)
(“pt70) (e rte @)

208 €3
(02) ()

F(&,7(6),5(8)), €€2,5]

G(f,T(f%df)), §€ [2’5]

(4.1)
Hpi (&) Ccpi (&) _
D’ (e, <<s>>)‘ =0, “Di (s, (5)))‘5:2_0’
17 31
7(5) = 5z (b,7(b),c(b)),  <(5) = —9I(5,7(5),<(5)).
We have
1 3 4 2 17 3
041137 042:1 51157 52:? 91:?5, ‘92:7a
1 1
n(t,2(t),y(8)) = 155 Isin 2 (@) + leosy(@)], - I(t, 2(8), y(t)) = o siny(t)] + 3,

1. In order to apply Theorem 3.1, we consider two nonlinear functions F,G :
[2,5] x R x R — R such that

5 1 )
t,x(t),y(t =2+ ————— cosa(t —
_sina(t) | tan"ly(t) 8
g(t,u(t),v(t)) T2 +3 3 + ﬁ
Since 5 1
|f(t7331>y1)_f(t>332ay2)| < — |x1_m2‘+60| y2‘7

lg (t,x1,91) — g (t, 22, 92)| < ; |1 — 22| + g ly1 — 2!,

In(t, z(t), y(t))] < 0,105, [I(t, z(t),y(t))| < 0,06,
(m1 + mg) Y1+ (n1 + ng) Yo =0,1387 < 1.

Consequently, F, G satisfy (H;) and n,9 satisfy condition (Hz). Thus, the
problem (4.1) satisfies the conditions of Theorem 3.1.

2. Now, we consider: F,G :[2,5] x R x R — R defined as

x(t) 1
ly@)] e

A1+ y@))

fltzy)=e "+

1
g(t,z,y) = cost + = tan™! z(t) +
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Then, V¢ € [2,5], we have

7r 5
7 () y )] <24 7= and g ((0) y(0)| < + 2
Thus, all conditions of Theorem 3.2 hold. Thus, the problem (4.1) has at least
one solution defined on [2, 5].

5. Conclusion

In this paper, we have investigated a hybrid system of sequential type that integrates
both Caputo and Hadamard fractional derivatives. By utilizing the fixed point
principle, we have derived new and significant results regarding the existence and
uniqueness of solutions to this complex system. Furthermore, we extended our
analysis by applying Schaefer’s fixed point theorem, which has broadened the scope
and applicability of our findings.

Theoretical results are often abstract, but their true value lies in their applica-
bility to real-world problems. To demonstrate this, we provided a detailed example
that illustrates how our results can be applied to practical scenarios. This example
not only validates our theoretical work but also offers insights into how such hybrid
systems can be modelled and analysed using the methodologies we have developed.

The results presented in this paper contribute to the growing body of knowledge
on fractional calculus and hybrid systems. They offer a robust framework for further
exploration in both theoretical and applied contexts. Future research could build
on our findings by exploring the effects of different fractional derivatives or by
applying these techniques to more complex systems in various scientific disciplines.
We hope that our work will serve as a foundation for future studies and inspire
further advancements in this evolving field.
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