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Abstract. By this study, for double sequences of sets, we first presented strongly
r-deferred Cesaro summability (0 < 7 < 00) concept (in Wijsman sense), and we exam-
ined relations between this concept and deferred statistical convergence concept. Then,
we gave theorems associated with Wijsman strongly r-deferred Cesaro summability
concept.
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1. Introduction

This study is based on Wijsman convergence concept, which is one of conver-
gence concepts for sequences of sets. For double sequences, Wijsman convergence
concept was developed by Nuray et al. [9]. Also, Wijsman Cesaro summability and
Wijsman statistical convergence concepts for double sequences were presented by
Nuray et al. in [9] and [8], respectively.

For sequences, the deferred Cesaro mean, acquainted by Agnew [1], was devel-
oped and presented as deferred statistical convergence concept by Kiiciikaslan and
Yilmaztiirk [7]. For double sequences, deferred Cesaro summability and statistical
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convergence concepts were given by Dagadur-Sezgek [4,10]. Also, for sequences of
sets, Altinok et al. [2] presented Wijsman deferred Cesaro summability and statisti-
cal convergence concepts. Recently, Ulusu-Giille [11] studied on Wijsman deferred
Cesaro summability and Wijsman deferred statistical convergence concepts for do-
uble sequences. See [5,6] for more details.

2. Basic Concepts

In this part of the study, we remind some fundamental definitions and notations
(See, [3,4,8-11]).

In a metric space (X, p), the distance function p = p(x, C) := pu,(C) is defined
by

= i f
ta(C) ;gcp(m,y)

for any non-empty C' C X and any = € X.

On a non-empty set X, for a function g : N — 2% g(j) = C; € 2%, the sequence
C;} ={C1,Cs,...} is said to be sequences of sets.
J

All through this work, (X, p) is conceived as a metric space and C, Cji, (j, k € N)
are conceived any non-empty closed subsets of X.

A double sequence {Cj} is (in Wijsman sense);

i. convergent to set C provided that

lim Nm(Cjk) = Nm(c)v

J,k—oc0

ii. strongly r-Cesaro summable (0 < r < c0) to set C' provided that

u,v

1 \
m — > [pa(Cr) — (O =0,

w,v—00 UV
J,k=1,1

iii. statistically convergent to set C' provided that for every € > 0

NI
lim — {(J,k):Jgu,kgu:|Mw(cjk)—u$(0)|zg}‘=o,

u,v—00 UV

. s
for each x € X. The notations Cjy, & C, Cik WL[U>] C and Cji, %) C' are used
respectively.

For a double sequence x = (), the deferred Cesaro mean D, , is defined by

1 qu toy 1 Qu sty
(Dy,yp®)uv = ot N Y oa = ot Tk
YTV j=putl k=s,+1 UV j=pu+1

k=s,+1
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where (py), (qu), (Sv), (t,) are non-negative integer sequences satisfying the follow-
ing conditions:

(2.1) Pu < Qu, lim ¢, =o00; s, <t,, lim t, =00
uU—r 00 V—> 00

and

(22) Qu — Pu = Pu; by — Sy = %.

Note here that the method D, , is openly regular for any selection of the se-
quences (pu), (qu), (Sv); (t)-

All through this study, except where otherwise stated, (py), (qu), (sv), (t») are
conceived non-negative integer sequences satisfying (2.1) and (2.2).

A double sequence {Cj;} is (in Wijsman sense);

i. deferred Cesaro summable to set C' provided that

qusto

Jim = Y ke(C) = 1 (0),
’ Pu Y j=pu-+1
k=s,+1

ii. deferred statistical convergent to set C' provided that for every € > 0

lim
U,V — 00 (puzpv

{GF) <5 < s 50 < < o a(Cp) = 1 C)] 2 2} =0

for each x € X. The notations Cjy, 2R ¢ and Cik 285 0 are used respectively.
Also, {W2DS} denotes the class of WaDS-convergent double sequences of sets.

3. Main Definition and Theorems

In this part of the study, for double sequences of sets, we first presented strongly
r-deferred Cesaro summability (0 < r < 0o) concept (in Wijsman sense), and we
examined the relations between this concept and the deferred statistical convergence
concept. Then, we proved theorems associated with Wijsman strongly r-deferred
Cesaro summability concept.

Definition 3.1. A double sequence {Cj;} is Wijsman strongly r-deferred Cesaro
summable (0 < r < 00) to set C' provided that

Qu,to
lim Mz Cik _,uwC T:()v
o X elCo) =)
k=s,+1

. Wa[D]" .
for each z € X and the notation Cj i>] C' is used.
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The double sequence is called Wijsman strongly deferred Cesaro summable to
W [D
set C' if =1 and the notation Cj, 100 ¢ s used.

The class of Wijsman strongly r-deferred Cesaro summable double sequences of
sets will be denoted by {W2[D]"}.

Remark 3.1.

(i) For pu = 0, qu = u;8y, = 0, ¢, = v, this newly defined concept matches with
Wijsman strongly r-Cesaro summability concept in [9].

(ii) For pu = Ju-1, qu = Ju;Sv = kv—1, tv = kv ((ju,kv) states double lacunary

sequence), this newly defined concept matches with Wijsman strongly r-lacunary
summability concept in [9].

Theorem 3.1. If Cj Wﬂr C where 0 < r < oo, then Cjy W2BS o,

Wa[D]" .
Proof. Assume that Cjy, L] C and 0 < r < oo . For every € > 0, we can write

the following inequality

qu7t7)
> 1pa(Cik) = pa (O
Jj=pu+1
k=s,+1
Gusto
> > |12 (Ciire) — pa(O)["
J=pu+1
k=s,+1
[ta (Cir)—pa (C)| 2
>e" {(jvk) 1w < J < qu, So < k <t,, |,LL.’E(Cjk) - Nx(c)‘ > 5} ,

for each x € X and so

11 TS
S 2 (G - (O
Pu LB it
k=s,+1
> {(]7 k/') Pu < J < Qu, Su < k< ty, |/”'w(Cjk) - ,ua:(c)l > 5}‘
Puthy
L . W2DS
For u,v — oo, considering our acceptance, we obtain that Cj, — C. O

The converse of Theorem (3.1) is provided when the sequence {C}} is bounded.
Otherwise, it is not provided (see, Example 3.3 in [11]).

A double sequence {C;} is bounded provided that sup p,(Cjx) < oo, for each
x € X. Also, all bounded double sequences of sets are denoted by LZ2_.
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Theorem 3.2. If {Cj;} € L2 and Cj "2BS 0 then Cik "R o where
0<r<oo.
Proof. Assume that {Cj,} € L2 and Cjj, Y285 ¢ Since {Cji} € L%, there is an

M > 0 such that
112 (Ck) — pz(C)] < M

for all j,k € N and each z € X.

Thus, for every € > 0, we have

1 Gusto

¢ > 1ia(Chi) — 1 (O)]
Pt st
k=s,+1
1 qu7t1)
= o > 2 (Cj) — pa(O)["
Pubo J=pu+1
k=s,+1

| (Cik) —pa (C) | 2€

1 qu’t‘U ,
o > |2 (Cji) — 1 (C)]
puthy A=
k=s,+1
|1z (Ck) — 1 (C)| <&
< ot {(j, k) :pu <J < qu, S <k <ty, |pa(Cir) — pa(C)] > 5}’ +&"

for each z € X. For u,v — o0, considering our acceptance, we obtain that
Wy [D]"
Cj — C. O

Corollary 3.1. L2 N{W,[D]"} = L2 Nn{W,DS}.

Theorem 3.3. If {A;i}, {Bji} and {Cji} are double sequences of sets such that
A, C Bj, C Cyy for all j,k € N, then

A 28 and 0 "8 0= B B €

Proof. Assume that Aj Wﬂr C, Ci

J,keN,

Wﬂr C and Aj, C Bji C Cji. For all
Ajk C Bjk C Ojk
= Uz (Cir) < pa(Bjk) < pa(Ajk)
= [12(Cjk) = 12(C)| < pa(Bjr) = p2(C)] < [pa(Ajr) — p2(C)]
(or |pa(Ajk) = pa(C)| < |pa(Bjk) — pa(C)| < |pa(Ci) — pa(C)])
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is held for each z € X.
Thus, we have

1 Qusty .
” D pa(Cir) — 12(C))|
Pt i lp
k=s,+1
1 q“»t'u
<o > lp(Bjk) = pa(C)]
Pu Y j=pu+l
k=s,+1
1 Qusto
< 0 Z |Mw<Ajk:)_M:c(C)|T'
QOU. vj:pu"l‘l
k=s,+1

Both two cases, for u,v — o0, considering our acceptance, we obtain that
W [D]"
Bjk — C. O

Theorem 3.4. If (p’i) and (;}) are bounded, then Cjj Wz—[g}r] C implies that
eICILEANG)

Proof. Assume that (p u ) and (;}—”) are bounded. Here, we can write the following
equality

1 Qu,tv
” > 12(Chik) = pa(C)"
Pu vjzpu"l‘l
k=s,+1
Qusty  Puste qu,Sv  Pu,Sv
el DOEDIEDIED ) HREVHCT,
(p“ vl =1 j=1 j=1 j=1
k=1 k=1 k=1 k=1
q ¢ Qusto P ¢ Pusto
ubv r (A
= k) C — k; C
ot i) =pa(ON" | = Zm 1) = Ha (O]
k 1 k 1
s qflu W) ()7 |4 et | pfm ) — (O]
Puthy Qusuj:1 z ] ‘ %ﬂ% PuSv = z ] ”
k=1 k=1

for each z € X. Clearly, Wijsman strongly r-deferred Cesaro summability of the
sequence {Cj;} is equal to the linear combination of Wijsman strongly r-Cesaro
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summability of same sequence. Here, this linear combination can be considered as
a matrix transformation. For this matrix transformation to be regular (which is

desirable), the sequence
{ (Pu +9u) (50 + 1) }

Puthy

must be bounded that similar situation was shown in [10]. Thus, the proof is
completed. [

The last two theorems were considered under the following prerequisites:
Pu <P, <q,<qu and s, <), <t <ty

for all u,v € N, where these are non-negative integer sequences.

Theorem 3.5. If (%) — L €R, then {Wa[D] }ipy) € {WalD]"} o 1.

WalDlip )
Proof. Assume that {Cjr} € {Wa[D] "}, 4 and Cjy —¥" C. Here, we can
write the following inequality

1 quty 1 qiuti;
7 > 2(Chi) — pa(CO) > ” > 1(Chik) = pa(O)

P i pn P g
k=s,+1 k:s,’v+1

Tty
euty | 1

> uiwv 1IN Z |Mw(Cjk>_,U/a:(C)|r
PulPo | Py Vg4l
k=s!+1

for each x € X. Then, for u,v — o0, considering our acceptance, we obtain that
WZ[D]”;P/Y ’
Cin  —%"" C and {Cj} € {Wa[D]"}pryr). Consequently, {Wa[D]"} 4 C

{WalD]" }pr yy- O

Theorem 3.6. If the sets {j :pu <J <P}, {7:q, <J < qu}, {kisy <k < s},
{k:t), <k <t,} are finite for all u,v € N, then

L2, N {Wa[D]"}pr ) © LN {Wa[D]" by
e , Wl
Proof. Assume that {Cjx} € LZ, N {Wa[D]" }ipr g and Cjg — " C. Since
{Cjx} € L2, there is an M > 0 such that
|12 (Cjk) — pa(C)] < M
for all j,k € N and each z € X.
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Thus, we have

1 Gusto
5 2 Ime(Co) = (O
Pulo sl
k=s,+1
1 py,:S pu, p,“tv
" out Yoot D+ Y | a(Cn) —m(O)
R B R L
k=so+1  k=si+1 k=t +1
1 qu’ qu, qu’
T outn Z Yoo+ > | e(Ci) — (O
Jj=p,+1 j=p,+1 j=pl,+1
k=s,+1  k=s)+1 k=t! +1
1 qu;Sy Qust, v Qusto
"o Z Yoo+ > | (G — (O
uPv Jj= qu-‘rl j= qu+1 j= qu+1

k=s,+1 k=s/+1 k=t/ +1

1 @ty M
< > 11e(Cir) = 1 (O)) + 8

/ / / /

Puvy Pt

k=s!+1
for each x € X. Then, for u,v — oo, considering our acceptance, we obtain that

Ws[D
Cik 2l C and {Cj} € L2, N {Wa[D]"}pw - Consequently,

L, N A{Wa[D] Y pr ) € L3 0{Wa[D] } - O
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