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Abstract. Let (M,g) be an n—dimensional Riemannian manifold and (7" M, g) be
its cotangent bundle with a metric § that generalizes Sasaki and Cheeger-Gromoll
metrics. In this paper, we investigate the harmonicity of the canonical projection
m: (T*"M,§) — (M,g), the harmonicity of 1-forms regarded as maps o : (M,g) —
(T*M,§) and the harmonicity of the identity maps I; : (T"M,§) — (T*M,° g) and
I : (T*M,® g) — (T*M, §), where ®¢ is the Sasaki metric. Moreover, we consider the
same problems on the unit cotangent bundle T} M.

Keywords: Riemannian manifold, cotangent bundle, Sasaki metrics, Cheeger-Gromoll
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1. Introduction

Sasaki was the first who constructed a Riemannian metric on the tangent bun-
dle of a Riemannian manifold [18]. About 30 years later, inspired by the paper of
Cheeger and Gromoll [3], Musso and Tricceri introduced another natural Rieman-
nian metric on the tangent bundle [10]. Today these metrics are known as Sasaki
and Cheeger-Gromoll metrics, respectively. In further studies, natural metrics on
tangent bundles are generally obtained by deformations of the horizontal and ver-
tical parts of the Sasaki and Cheeger-Gromoll metrics (for a history of tangent
bundles see [9]).
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Due to the duality of tangent and cotangent spaces, most geometric objects in
tangent bundles can be considered in cotangent bundles. Therefore, Sasaki and
Cheeger-Gromoll type metrics have been discussed on cotangent bundles by many
authors (for example see [1,6,7,16,17]).

Let (M,g) be a Riemannian manifold and TM be the tangent bundle of M.
When a vector field X on M is given, it may be thought of as a map X : M — T M.
In the cases of T'M is endowed with Sasaki, Cheeger-Gromoll, or complete lift type
metrics, some conditions were found under which X is an an isometric immersion,
a totally geodesic or a harmonic map (see [8,12,13]). In addition, some conditions
were examined for the canonical projection 7 : TM — M to be a totally geodesic
or harmonic map. Also, the methods used to investigate these properties were
considered for identity maps I : TM — TM when the domain bundle and the
target bundle have different metrics (see [13]).

Similar results were obtained by replacing the tangent bundle T'M by cotangent
bundle T* M; Sasaki, Cheeger-Gromoll or complete lift type metrics by Riemannian
extension type metrics and the vector field X by a 1-form o (see [14,15]).

This paper has two parts. In the first part, we discuss the harmonicity of the
canonical projection 7 : T*M — M, the harmonicity of a 1-form which defines a
map ¢ : M — T*M and the harmonicity of the identity maps I : T*M — T*M.
In the second part, the same problems are considered on the unit cotangent bundle
T} M. Here, we assume a general metric g. This metric can be considered as the
correspondence of the metric in [2] on the cotangent bundle.

We assume in the sequel that the manifolds, functions, tensor fields and con-
nections under consideration are all smooth, i.e. of differentiable of class C*°. The
Einstein summation convention is used, the range of the indices i, j, s being always
{1,2,...,n}. We shall denote by x(M) the module of vector fields on M and by
AY(M) the module of 1-forms on M.

2. The cotangent bundle T*M and the metric g

Let (M, g) be an n—dimensional Riemannian manifold and denote by = : T*M — M
its cotangent bundle with fibres the cotangent spaces to M. Then T*M may be
endowed with a structure of a 2n—dimensional manifold, induced by the structure
on the base manifold. If (U, z%);i = 1, ...,n is a system of local coordinates, then the
system of local coordinates (7= (U), 2,2’ = p;),7=n+i=n+1,...,2n is defined
on T*M, where z* = p; are the components of covectors p in each cotangent space
T:M, x € U with respect to the natural coframe {dxz'}.

Let X = X 8‘2,- and w = w;dx? be the local expressions in U of a vector field X
and a 1-form w, respectively. Then the vertical lift Vw of w and the horizontal lift
HX of X are given, with respect to the induced coordinates, by

V 8
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and

2.2 Hyx — xi _Z_ Th X7
( ) Ot + pn ij 8]917

where F?j are the coeflicients of the Levi-Civita connection V of g. Using the equa-
tions (2.1) and (2.2), we obtain

0 0
2. B, = —— +p5.—,
( 3) J Oxi +p hjaph
0
2.4 E- = .
24) = o

These 2n vector fields are linearly independent and generate the horizontal distri-
bution of V and the vertical distribution of 7*M. Indeed, we have X = X/E;
and Vw = w;F;. The set {E3 = Ej, E;} is called the frame adapted to the affine
connection V on 7= 1(U) C T*M (for details concerning T*M see [19]).

For each € M, the scalar product g~! = (g%/) is defined on the cotangent
space 7~ !(z) = T M by -
(2.5) 97 (w,0) = g wib;
for all w,6 € A'(M).

Now, we consider the Riemannian metric § on T*M as follows:

g(HXvHY) = V(g(X7Y))=g(X,Y)O7r,
g("xVw) = 0,
(2.6) §w,V0) = ag ' (w,0) +bg (w,p)g " (6,p),

for any X,Y € x(M) and w,0 € A*(M), where a and b are smooth functions of
t =1g7(p,p) such that a > 0 and a + 2¢tb > 0 [11]. The matrix representations of
g and its inverse g~! are given by respectively

s (95 0
(27) g = ( 0 aglj +b910930 >
and y
_ g¥ 0
2.8 1 - ,
(28) ! ( 0 39— aatigmyPibs >

where ¢ = ¢g**p;. and ¢g"° = ¢p;.
For the Levi-Civita connection V of the metric §, we get the following proposition
by a straightforward computation.

Proposition 2.1. Let (M, g) be a Riemannian manifold and (T* M, g) be its cotan-
gent bundle. The Levi-Civita connection V of the metric g satisfies the relations

Vg Ej = F%Eh + %RijhOEBa

Ve E; = 4RO,

Vi E; = ¢RY°E), -1/, E;,

Vi Ej = Fi(¢E; + ¢°F;) + (Fag” + F39"°¢°)C = AY E;

(2.9)
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with respect to the adapted frame, where F} = %,FQ = Q(Q:T_Q“t/b),Fg = % s

C = prEy; and A?j = {(2F + F2)g" + F39°¢?°}C. Also, T, are the Christoffel
symbols of V, Riﬂ? are the local coordinate components of the curvature tensor field
of V, Rijho =pm R, ™ and R'E’ 0= gShgitmeSjt'”.

3. Harmonic maps on the cotangent bundle 7T*M

Let (M,g1) and (N, g2) be two Riemannian manifolds of dimensions m and n,
respectively and f : M — N be a smooth map. Let U C M be a domain with
coordinates (z!,...,2™) and V C N be a domain with coordinates (3!, ...,4™) such
that f(U) C V, and suppose that f is locally represented by y® = f*(z?,...,2™),a =
1,...,n. Then the second fundamental form of f, denoted by B(f), is locally given
by

o 0 I arpu OF

of*aff o
(3.1) 500)(@’@)7:{8@”8@4 i Ok M "o

B gt Oxd ? oy

+

and that of the tension field 7(f) of f is
I s O g 287 00%, D

32) () =trB(f) = 95555 i Pk 8 9zt Dt oy

where M Ffj and VT 5 are the Christoffel symbols of the Levi-Civita connections of

the metrics g1 and go respectively.

The map f is a totally geodesic map if and only if 5(f) = 0, and the map f is
said to be harmonic if 7(f) =0 [5].

First, we shall study the harmonicity of the canonical projection 7 : T*M — M,
which is a Riemannian submersion. From (2.9) and (3.1), we obtain

(3.3) BB Ey) = B(r)(En E;) = 0,
BB E) = 5 R0 5
807 we write

Theorem 3.1. Let (M,g) be a Riemannian manifold and (T*M,g) be its cotan-
gent bundle. The Riemannian submersion 7 : (T*M, g) — (M, g) is totally geodesic
if and only if M is locally flat. Moreover, m is a harmonic map.

Let d be another Riemannian metric on M. For the projection 7 : (T*M, §) —
(M,d), we get the relations

(3.4) B(m)(Er, B;) = 0,
BEEE) = —5RI () 5
B(m)(EnEy) = {Th -T2
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where dl“fj are the Christoffel symbols of the metric d. Hence we have the proposition

below.

Proposition 3.1. Let (M, g) be a Riemannian manifold and (T*M, §) be its cotan-
gent bundle. The map 7 : (T*M, g) — (M, d) is totally geodesic if and only if (M, g)
is flat and the identity map I : (M, g) — (M, d) is totally geodesic.

Note that if 7 : (T*M,g) — (M, d) is totally geodesic then (M, g) and (M, d)
are locally flat.

On the other hand, we know that d is harmonic with respect to g if g* {/T}; —
Ffj} =0 [4]. From (3.4), we obtain

Proposition 3.2. Let (M, g) be a Riemannian manifold and (T*M, ) be its cotan-
gent bundle. The map © : (T*M,g) — (M,d) is harmonic if and only if d is
harmonic with respect to g.

Now, let ¢ be a 1-form on M. We consider ¢ as a smooth map from M to T* M.
For investigation of the harmonicity of o, we should prove the following proposition.

Proposition 3.3. Let (M, g) be a Riemannian manifold and (T*M, §) be its cotan-
gent bundle. The map o : M — T*M is an isometric immersion if and only if
Vo = 0.

Proof. We have
(3.5) oipX = ("X +V (Vx0))o(p), Vp € M.
If we assume
g’p(X, Y) = §,,,(0:X,0.,Y) = gp(X,Y) + ag;l(VXU, Vyo)
+bgp_1 (VXO', 0)9}71 (VYO', 0)7

then o is an isometric immersion if and only if ¢’ = g. It is obvious that ¢’ = g if
and only if Vxo = 0 for every vector field X on M, ie.,, Vo=0. O

Since o : (M, g) — (T™M, §) is an immersion, we can use the formula below:

(3.6) L) X,Y) =V, x0.Y —0.(VxY), VXY € x(M)
(see [14]). We have
(3.7) U*(%) ZEi—l—Vz‘UjE;.

Using the equations (2.9), (3.5) and the formula (3.6), we obtain
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Proposition 3.4. Let (M, g) be a Riemannian manifold and (T*M, §) be its cotan-
gent bundle. The second fundamental form (o) and the tension field T(o) of the
map o : (M,g) = (T*M, §) are given by respectively

(3.8)
0 0 a hsm hkm
5(0)(%, @) = 5{(ViUS)R,j‘ om + (Vjor) R om B
1
+{_§Rij;zn0m + V;V,op, + (Vidm)(VjO'n)Azm}Eﬁ,
(3.9)

7(0) = {ag” (V;0) R 000} By + {g” (ViVjon) + g7 (Viow) (Vjou) AR } Ex;.
The equation (3.9) gives the following results.

Theorem 3.2. Let (M,g) be a Riemannian manifold and (T*M,g) be its cotan-
gent bundle. The map o : (M, g) — (T*M,g) is harmonic if and only if it satisfies
the system:

(3.10) ¢%(Vjo )R ™0, =0, ¢9(ViVjion) + g9 (Viom)(V o) AT™ = 0.

Corollary 3.1. The tension field 7(o) is collinear with C = piaip,_» if and only if
g9(V;Vjon) = fon, g9 (Vos) R0, =0, where f is a smooth function.

At the end of the first part, we investigate the harmonicity of the identity maps
Iy« (T*M,§) — (T*M,%g) and Is, : (T*M," g) — (T*M, ), where g denotes
the Sasaki metric on T*M. Therefore, before we proceed, we need to recall the
Levi-Civita connection *V of the metric ¥g. From [1], the Levi-Civita connection
components of %¢ are given as follows.

SinEj = I;ZEh + %RijhOEva
SV, Ej = 3R By,

SV, Ej = iR B, — T, By,
SVETE_; = 07

(3.11)

where I" and R are given as in Proposition 2.1. Using (2.9), (3.1) and (3.11), we get

(312 BUE.E) = 0, BB E) = 5 RE,
BL)(Er B;) = —AVEyp
and
-1 _,.
(313)  BUso)(BuEy) = 0, BlIs,)(Er Ey) = “ = R4y,
B(Is,)(Er, B;) = A/EL

Thus, we write
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Proposition 3.5. (i) The map I; : (T*M,§) — (T*M,%g) cannot be totally
geodesic.

(i) The tension field Ty, of Iy is 17, = —("a+900("b;8)+(§5&0'§&)+agOOF3. So, the
map I : (T*M,§) — (T*M,° g) cannot be harmonic, i.e., 5g cannot be harmonic

with respect to g.

Proposition 3.6. (i) The map Is, : (I*M,° g) — (I*M,g) cannot be totally
geodesic.

(i) The tension field 715 of I is 715, = n(2F; + Fa) + ¢ F3. So, Is, :
(T*M,% g) — (T*M,§) cannot be harmonic, i.e., § cannot be harmonic with re-
spect to Sg.

4. Harmonic maps on the unit cotangent bundle 77 M

The unit cotangent bundle 77 M of a Riemannian manifold (M,g) is the (2n —
1)—dimensional hypersurface given by Ty M = {w € T*M : g }(w,w) = 1}. If
we denote by (2, p;) local coordinates on T*M, then Ty M can be expressed as
g% = 1, where ¢?°© = ¢ pj. The local vector fields {E;, Y} generate a system for
17 M, where

: 0 . 0
4.1 Vie —-¢°C, C=pj—.
(4.1) op 9O Pigy
The induced metric from (T*M, §) on T7 M is given as follows:
(42) ga(ElvE]) = gij7ga(Ei7Yj) = Oaga(Yi7Yj) = a(gl] - giogjo)a

where a is a constant that satisfy a > 0. It is easy to check that 9a(Ei, C) =
9.(Y*,C) =0, i.e. C is orthogonal on T} M with respect to g,.

We have

Proposition 4.1. Let (M, g) be a Riemannian manifold and (T} M, go) be its unit
cotangent bundle. The Levi-Civita connection *V of the metric g, satisfies the
relations

“Vi,Ej =By + 3R, Y™,

“VyiE; = %R%{OEh, ,

“VpY) = §R B, T} Y,

1y Y = —g0Y?,

where I' and R are given as in Proposition 2.1.

(4.3)

Now, we examine the harmonicity of the projection # = 7 |7+ . From (3.1)
and (4.3), we get

(44) B(7)(E, Ey)
o) - el

The equations in (4.4) give us the following theorem.

BE(Y', YY) =0,
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Theorem 4.1. Let (M,g) be a Riemannian manifold and (T} M, g,) be its unit
cotangent bundle. The map 7 : (T7 M, g.) — (M, g) is totally geodesic if and only
if M is locally flat. Moreover 7 is a harmonic map.

Denote by °g the induced Sasaki metric on T; M. For investigation of the har-
monicity of the identity map from (T} M, g,) to (T3 M,%g) (resp. from (T} M, g)
to (17 M, g,)), we should express the following proposition.

Proposition 4.2. Let (M, g) be a Riemannian manifold and (T} M,° G) be its unit

cotangent bundle. The Levi-Civita connection SV of the metric °G satisfies the
relations

S?EiEj = FZE}L + %Rijhoyh,
SVyiE; = $RMOE,

4. - .
(4.5) VYT = L R

.fOEh - thyhv
SVyi YT = —g?0Y?,

where I' and R are given as in Proposition 2.1.

Using (3.1), (4.3) and (4.5), we obtain the following expressions for the identity
maps Iy, : (TF M, go) = (TFM,° ) and Isg : (T7 M,° g) — (T M, ga), respectively:

(16) B (E ) = B Y =0, AL, )V, E)) = * “RY B,
and
(W7) BB B) = BlIsg) (YY) =0, Blsp)(¥',E) = = RI0E,

Consequently, we state

Proposition 4.3. (i) The map I,, : (TyM,gs) — (TyM,°g) (resp. the map
Isg: (TyM,°g) — (T¥M, g4)) is totally geodesic if and only if (M, g) is locally flat.
(it) The maps I,, : (T M, g.) — (T M, g) and Isy : (TyM,°g) — (TT M, ga)
are harmonic.
Let o be a 1-form with g~ (0, 0) = 1. Denote by o5 : (M, g) = (T*M, §),05(q) =
o(q) and a4, : (M, g) = (T¥M, ga), 74,(q) = 0(q), Vg € M. We have

_, 0 ;
(48) O*(axl) =F;,+ (Viaj)YJ.
So from (4.3) and (4.8), we get the expression for 7(gy, ):
(4.9) 7(54.) = {97 (ViV;on)}Y" + a{g"” (Vj01,) RY " 0,0 } ..

Having in mind Corollary 3.1 and the expression (4.9), we give the final theorem of
the paper.

Theorem 4.2. Let (M,g) be a Riemannian manifold and (Ty M, g,) be its unit
cotangent bundle. The map G4, : (M,g9) = (I7¥M, ga) is harmonic if and only if
7(0g) is collinear with C.
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