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Abstract. The class of spherically symmetric Finsler metrics forms a rich and im-
portant class of Finsler metrics. In this paper, for an arbitrary spherically symmetric
Finsler metric, we construct four classes of Finsler metrics which are projectively re-
lated to it.
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1. Introduction

Two Finsler metrics F' and F on a manifold M are called projectively related if any
geodesic of the first is also geodesic for the second and vice versa. In [7], Rapcsdk
gave a generalization of the previous conditions for the case of a pair of projectively
equivalent Finsler metrics, that is, a pair of metrics having the same geodesics up
to reparametrization. Indeed, he proved that F' and F are projectively related if
and only if there is a scalar function P = P(x,y) defined on T'Mj such that

G =G+ Py,

where G* and G? are the geodesic spray coefficients of F' and F, respectively. In
this case, P is called the projective factor.
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In order to find some interesting examples of projectively related metrics, one
can consider the class of spherically symmetric Finsler metrics [2,9]. A Finsler
metric F' = F(z,y) on a domain 2 C R™ is called spherically symmetric metric if it
is invariant under any rotations in R™. Indeed, the class of spherically symmetric
metrics in the Finsler setting was first introduced by S.F. Rutz who studied the
spherically symmetric Finsler metrics in 4-dimensional timespace and generalized
the classic Birkhoff theorem in general relativity to the Finsler case [8].

In [14], and by solving the equations of Killing fields generated by rotations,
Zhou showed that (€, F') is spherically symmetric if and only if F' can be written
in a special form. Indeed, according to the equation of Killing fields, there exists a
positive function ¢ depending on two variables so that F' can be written as

F=1ylo (jal, 20),

where x is a point in the domain €, y is a tangent vector at the point = and (,),
| - | are standard inner product and norm in R™, respectively.

Let us put w:=|y|, v := (z,y), r := |z| and s :=< z,y > /|y|. It is proved that
a Finsler metric F' on a convex domain 2 C R™ is spherically symmetric if and only
if there exists a positive function ¢ := ¢(r, u,v), such that

Fz,y) = o(lzl, [yl, (z, ),

where

i=1

Thus, some of the well-known Finsler metrics are spherically symmetric metrics,
namely, Funk metric, Bryant metric, Berwald metric, etc.

In [6], Mo-Zhou classifies the spherically symmetric Landsberg metrics in R™ and
finds some exceptional almost regular metrics that do not belong to Berwald type.
Then, Huang-Mo has found the equations that characterize spherically symmetric
Finsler metrics of scalar flag curvature [4]. In [13], Zhou investigated projectively
flat spherically symmetric Finsler metric with constant flag curvature in R™. Re-
cently, Guo-Liu-Mo consider spherically symmetric metrics with isotropic Berwald
curvature [3].

In this paper, for an arbitrary spherically symmetric Finsler metric F', we con-
struct some classes of Finsler metrics which are projectively related to it.

Theorem 1.1. Let F = u¢(r,s) be a spherically symmetric Finsler metric in R™.
Define

r2 _ g2

(1.1) b(r,s) == o¢(r,s) + —a + cs,
(1.2) (r,s) == (r, s) + p(r)s,
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where ¢ is a real constant and p = p(r) is a smooth function in R™. Then F =
ug(r,s) and F' = up(r,s) are projectively related to F.

There is a complicated class of Finsler metrics which is projectively related to a
spherically symmetric Finsler metric F' = ug(r, s).

Theorem 1.2. Let F = ud(r,s) be a spherically symmetric Finsler metric in R™.
Define

(1.3) o(r,s) == —//@dsds,

where

(1.4)  A(r,s) := c(r? — 8*)™(¢p — 5¢5)*™ T + k(r® — s2)"(¢p — s55)*" 1,

As = 0A/0s and m,n,k are real constants. Then F is projectively related to
F =ug(r,s).

Similarly, we can construct another Finsler metrics that is projectively related
to a spherically symmetric Finsler metric.

Theorem 1.3. Let F' = u¢p(r,s) be spherically symmetric Finsler metric in R™.
Define

(1.5) B(r,s) == 7//@@&9,

where

1
2m

(1.6) B(r,s) := [(r2 — 5™ 4 (p— sqbs)_%"} - ,

Bs := 0B/ds and m is a real constant. Then F' is projectively related to F =
uep(r, s).

2. Preliminary

Let M be an n-dimensional C'>* manifold, TM = J,,, T M the tangent space
and TMy := TM — {0} the slit tangent space of M. A Finsler structure on the
manifold M is a function F : TM — [0,00) with the following properties: (i) F' is
C*> on T'My; (ii) F is positively 1-homogeneous on the fibers of tangent bundle T'M,
ie., F(z,\y) = A\F(x,y), VA > 0; (iii) The quadratic form g, : T, M x T, M — R is
positive-definite on T, M

1 92

{Fz(y—l—su—l—tv)} , u,v € TpM.

s=t=0
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Then, the pair (M, F') is called a Finsler manifold.

Given a Finsler manifold (M, F'), then a global vector field G is induced by F'
on slit tangent bundle TMy = TM — {0}, which in a standard coordinate (z%,y*)
for T My is given by

) .0
Azt -2G (may)@a

where G' = G*(z,y) are called spray coefficients and given by

G=y'

C 1 PF? . OF?
¢ Y [(‘hjkayly ot

G is called the spray associated to F'.

Two Finsler metrics F and F on a manifold M are said to be (pointwise) pro-
jectively related if they have the same geodesics as point sets. Hereby, there is a
function P(z,y) defined on T'Mj such that

G'=G' + Py,

on coordinates (27, y") on TMy , where G* and G" are the geodesic spray coefficients
of F and F, respectively, and the projective factor P : TM — R is positively
homogeneous of degree one with respect to y.

Let

) 3 .1 aGm
= = Gogay (& " oY)

It is easy to verify that D := D! ; ,da’ @ 0; ® da* ® da' is a well-defined tensor on
slit tangent bundle T'My. We call D the Douglas tensor. The Douglas tensor D
is a non-Riemannian projective invariant, namely, if two Finsler metrics F' and F
are projectively equivalent, then the Douglas tensor of F' is the same as that of F.
Finsler metrics with vanishing Douglas tensor are called Douglas metrics.

A Finsler metric F' on a domain 2 C R" is called spherically symmetric if it
is invariant under any rotations in R™. According to the equation of Killing fields,
there exists a positive function ¢ depending on two variables so that F' can be
written as F = |y|¢(|z, <T}’/|>
vector at the point « and (, ), || are standard inner product and norm in Euclidean

space, respectively.

), where x is a point in the domain 2, y is a tangent

Lemma 2.1. ( [14]) A Finsler metric F' on a convex domain € C R”™ is spher-
ically symmetric if and only if there exists a positive function ¢(r,u,v), such

that F(z,y) = ¢(|z], |yl, (x,y)), where [z] = /¥ (2)?, |y| = /X7, (y")? and
(x,y) = X x'y".

(2
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3. Proof of Theorem 1.1

Let F = |y|¢(|z|, (xz,y)/|y|) be a spherically symmetric Finsler metric. Let us
put
{z,9)
lyl -
Then F has the expression F' = ug(r, s) and it does not always need to be (a, f)-
metrics such as the Bryant metrics.

ro=lzl, w:=lyl, v:i={xy), s:=

In [6], Mo-Zhou obtain the geodesic spray coefficients of spherically symmetric
Finsler metric F' = ug(r, s) as follows

(3.1) G = uPy' + u?Qa’,
where
(32) P == (s0+ (2 =0, )Q + 5= (s0, + 10.).

_ i _¢T + S¢TS + T¢ss
B 2r ¢ - S(ybs + (T2 - 52)¢ss '

Then we have the following.

(3.3) Q

Lemma 3.1. Let ' = u(r,s) be a spherically symmetric Finsler metric in R".
Suppose that ¢(r,s) := ¢(r,s) + k(r,s), where k = Ek(r,s) is a smooth function
satisfies

(3.4) ky — skys —rkss = 0,

(3.5) k— sks + (r? — s%)kgs = 0.

Then F is projectively related to F := uq@(r, s).

Proof. Let G* and G’ be geodesic spray coefficients of F' and F, respectively. By
(3.1), we have

(3.6) G = upyi +u?Qa,
where

17 - v 1
(3.7) P =3[0+ (2 = 6.]Q+ = (50 +104).

1 _ér + S(grs + r&ss

g(lz - S(Z;s + (T2 - 32)(555 .

Then by assumption, we get

(3.8) Q=

( ) Q 1 _¢r + Sd)rs + Tﬁbss + [ - kr + Skrs + rkss:|
3.9 = — .
2r g — sgs + (r2 — s2)gs + [kz — skg + (r2 — SQ)kss]
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By (3.3), (3.4), (3.5) and (3.9), we get

(3.10) Q=0Q.

Then (3.1), (3.6) and (3.10) imply that

(3.11) Gt — G' =u(P - P)y'.

Thus F is projectively related to F. O

Proof of Theorem 1.1: Let F' = ug(r,s) be a spherically symmetric Finsler
metric in R™. Put

2 _ o2
—— +cs,

(3.12) 01, ) = 0(r,8) + T

(3.13) d(r,s) == (r, s) + p(r)s,

where ¢ is a real constant and p = p(r) is a smooth function in R™. Then by direct

computations, we find that (3.12) and (3.13) satisfy (3.4) and (3.5) with
k:=———+4c¢s, and k:=p(r)s.

Then by Lemma 3.1, we conclude that F is projectively related to I and F. 0O

In [5], Mo-Solérzano-Tenenblat considers spherically symmetric Douglas metrics.
By Theorem 1.1, we get the following.

Corollary 3.1. Let F = u¢(r,s) be a spherically symmetric Douglas metric in
R™. Let us define

- 72— 2

3(r,s) = Pr,s) + ——5— + s, d(r,5) = d(r,) +p(r)s,

r

where such that ¢ is a constant and p = p(r) is a smooth function in R™. Then
F =u¢(r,s) and F = u¢(r,s) are Douglas metrics.

4. Proof of Theorem 1.2

Lemma 4.1. Let F = u¢(r,s) and F = uzf)(r, s) be a spherically symmetric Finsler
metric in R™. Suppose that the following holds

(4.1)

—sK,(r,s) — rKq(r,s) _ ~fsl~(,«(r, s) — Tffs(j", s)
sK(r,s) — (r? = s%)Ky(r,s)  sK(r,s) — (r2 — s2)K,(r, s)
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where

(r,s) — sqfs(r, s),
(r,8) — s¢s(r, ).

i
S S

Then F is projectively related to F.

Proof. Let G* and G be geodesic spray coefficients of F' and F. Then by (3.1), we
have

(4.2) G' = uPy' +u*Qa’,

(4.3) G' = uPy' +u?Qu’,

where

44 1 —¢rt+shps trds —sK(r,s) —rK(r,s)
(4.4) @= %qﬁ — 8¢5 + (12 — 52)pss  sK(r,5) — (12 — s2)K,(r, s)
(4.5) 0= 1 — Gy + SPrs + Tdgs _ —sK,(r,s) — rK,(r,s)

2§ — 56, + (12— 52)pas 5K (r,s) — (r2 — s2)K.(r, s)
By (4.1), we get

(4.6) Q=Q.

Then by (4.2), (4.3) and (4.6) we have

(4.7) G'— G'=u(P - P)y'.

This means that F' is projectively related to F. [J

Proof of Theorem 1.2: By (1.3) we have

(4.8) Ay(r,s) = —5¢ss(r, 5).
Then

(4.9) A(r, ) = ¢(r,8) — 5¢5(r, 5).
Plugging

D(r,s) := ¢(r,s) — sps(r, s)
in (1.4) implies that

(4.10)  A(r,s) = c(r® — s*)™D(r, s)*™ T + k(r? — s*)"D(r, s)*" 1.

By a direct computation, we have

(4.11) —sA(r,8) —rAs(r,s) = [sD;(r,s) +rDs(r, s)|A,
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where
A= c(142m)(r? — s*)™D(r,5)*" T + k(1 + 2n)(r? — s*)"D(r, s)*" 1.

Similarly, we get

(4.12) sA(r,s) — (12 — %) Ay(r,s) =

where
A = c(1+2m)(r? — s*)"D(r,s)*™ ! + k(14 2n)(r? — s*)"D(r,s)*" 1.
By (4.11) and (4.12), it follows that

7$AT(7",S) 7TAS(Ta 8) o 75Dr(7‘a 5) 77“DS(7”,8)
(4.13) sA(r,s) — (r2 — s2)A,(r,s)  sD(r,s) — (12 — s2)D4(r,s)’

Thus by Lemma 4.1, F is projectively related to F. [J
5. Proof of Theorem 1.3

Proof of Theorem 1.3: By (1.5) we have

(5.1) By(r,s) = —s4s(r, 5).
(5.1) implies that
(5.2) B(r,s) = ¢(r,s) — s¢s(r, s).

Plugging E(r, s) := ¢(r,s) — s¢s(r, ) in (1.6) implies that

.
2m

(5.3) B(r,s) = (1 = s%)™ + B(r,5) "]

A direct computation shows that

(5.4) B, (r,8) — rBu(r,s) = L 2Er09) “ B, 9)]|B(rs)
E(r,s) [(7"2 — )M E(r, s)?™ + 1}

sE(r,s) — (r* — s*)Es(r, s)| B(r, 5)

B(r,5)|(r% = )" E(r,s)2m + 1]

(5.5)  sB(r,s) — (r* — s*)Bs(r,s) = [

By (5.4) and (5.5) we get

—5B,(r,s) —rBy(r,s)  —sE.(r,s) —rEs(r,s)
(5.6) sB(r,s) — (12 — s2)Bs(r,s)  sE(r,s) — (r2 — s2)E,(r, s)

By Lemma 4.1, we conclude that F is projectively related to F. [J
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