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Abstract. It is well-known that the condition Re [1 + Z]{,,;S)] > 0, z € D, implies that
f is starlike function (i.e. convexity implies starlikeness). If the previous condition is

not satisfied for every z € D, then it is possible to get new criteria for starlikeness by
arg [oz—i— z]{/(g)} , z €D, where o > 1.
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1. Introduction and definitions

Let A be the class of functions f which are analytic in the open unit disc
D = {z:|z| < 1} of the form f(2) = 2z +a22? + a3z +- -+, and let S be the subclass
of A consisting of functions that are univalent in D.

Also, let
c = {fEA:Re{1+%?}>O7(Z€D)}a
S* = {feA:Re [z}c;i’?} >0, (zeD)},
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denote the classes of convex and starlike functions, respectively. It is well-known
that
feCc = feS&§*,

(see Duren [1]). If the condition for convexity, Re [1 + ZJ{:&S)} > 0, is not satisfied

for every z € D, we cannot conclude that f € C, and consequently, f € S*.

In this paper f € §* in terms of the expression

75

, (2€eD)

arg {oz +

where o > 1.

2. Main results

For our consideration, we need the next lemma given by Nunokawa in [3].

Lemma A. Let p(z) = 1+ p1z + p2z? + ... be analytic in the unit disc D and
p(z) #£ 0 for z € D. Also, let’s suppose that there exists a point zg € D such that
Re p(z) > 0 for |z] < |z0| and Re p(20) = 0, where p(z) # 0, i.e. p(z0) = ia, a is
real and a # 0. Then we have

zop' (20)
p(20)

=ik,

where k > % (aJr%), when a > 0, and k < —% (|a\+i), when a < 0.

lal
Theorem 2.1. Let f € A, a > 1, and let

zf”(z)” V3

) < arctg—— (2 €D).

(2.1)

a—1

arg {a +

Then f € S*.

Proof. If we put that p(z) = ZJJ:ES), then p(0) = 1 and Zgég) +p(z)—1= fo,/i;S)
So, we would need to prove that the following implication holds:

arg {ZZS) +pl2)+a— 1} ‘ < arctgr\igl (2 € D)

(2.2)

(2.3) = Rep(z) > 0 (zeD).

First, we will prove that p(z) # 0,z € D. On the contrary, if there exists z; € D
such that z; is the zero of order m of the function p, then p(z) = (z — 21)™p1(2),
where m is positive integer, p; is analytic in D with p1(z1) # 0, and further

@ (z) _ mz | zpi(2)

p(2) zZ—x pi(z)
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This means that the real part of the right hand side can tend to —oo when z — 21,
which is a contradiction to the assumption of the theorem regarding the argument.
Thus p(z) # 0, z € D.

Now, let’s suppose that the implication (2.2) does not hold in the unit disc. It
means that there exists a point zp € D such that Rep(z) > 0 for |z| < |z9| and
Rep(zo) = 0, where p(z9) # 0. If we put p(z9) = ia, a is real and a # 0, then by
Lemma A, we have

zop’ (#0)
p(20)

where k > % (a—|—%), when a > 0, and k& < —% (|a|—&—ﬁ)7 when a < 0.

= ik,

Next, if we put @(z) = ZZS) + p(z) + a — 1, then by the previous facts:
Re®(z) =a—1, Im®(z)=Fk+a,

which for @ > 0 implies:

k s(a+3)+a
arg®(zg) = arctgﬁ > arcth
a—1 a—1
t ot % > t
arc g2(a_ 1= arctg ——,
because the function ¢(a) = 3a+ % has its minimum value go(%) = 24/3. Similarly,
for a < 0:
1 1
Fta 5(\a|+;)—\a|
arg®(z9) = arctgﬁ < arctg 1
Blal + 1o 3
= —arctg lal < _ rctgL.

Na—1) = LT

Combining the cases a > 0 and a < 0, we receive

V3
larg ®(zg)| > arctgﬁ,
which is a contradiction to the relation (2.1).

This show that Rep(z) = Re Z]J:((;) >0, for all z €D, i.e. that f € S*. O

Example 2.1. Let f € A is defined by the condition

2f"(2) 1+2 _
(2.4) 1+f() (f+1)(1 Z) V3,

where we use the principal value of the square root. For real z close to -1 we have

Re (1 + ij ((?) < 0, which means that f is not convex. On the other hand, from (2.4)

we have

ZJ{() +(V3+1) = (f+1)<1+z)
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and from here

arg {Z}f,(g)Jr(\/ngl)H < %argii—z
n V3
< Zfarctg(\/gﬁ_l)_l,

which by Theorem 2.1 (with o = v/3 + 1) implies that f € S*.
Letting « tend to 1 in Theorem 2.1, we have the following well-known result.

Corollary 2.1. Let f € A and

arg [Z;//;iz)) + 1] ‘ < g (z e D)

Then f € S*.

Further, it is easy to verify that the disc with center o and radius ﬁ is
o
V3

contained in the angle |argz| < arctg—~5, and so by using the result of Theorem
2.1, we have that

oo =| (s o) =

<OZ—\/g (z e D)
3+ (a—1)2

. . o . _. a3 < . .
implies f € §*. Since the function p(a) =: 7\/:@, a > 1, attains its maximal

value 2 for a = 4, we get

Corollary 2.2. Let f € A and

2f"(2)
f'(2)

<2 (ze€eD)

Then f € §*.

In a similar way as in Theorem 2.1, we can consider the starlikeness problem in
connection with the class defined by

2/"(2)
f'(z)
Ozaki in [4] proved that if f € G, then f is univalent in D. Later, Umezava in [6]

showed the functions from G are convex in one direction. Also, it is shown in the
papers [2] and [5] that G is subclass of S*.

G[fEA:Re[lJr ]<Z,z€ID>].
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If Re [1 + Z){,léij)} < 2 is not satisfied for every z € D, then we can pose a
question if for some 8 < 1, such that

2f"(2)
f'(z)

is it possible obtain sufficient condition for starlikeness, in a similar way as in
Theorem 2.1. The condition (2.5) is equivalent to

[3-28 2"(2)
t [ 2 )

and we can use similar technique. This lead so

(2.5) Re [5 + } < g (z € D),

}>0 (z € D),

Theorem 2.2. Let f € A, 8 <1, and let

3-28  zf"(2)
2 f'(2)

(z € D).

| <ores
< arctg

arg [ 5-28

Then f € S*.

Proof. As in the proof of Theorem 2.1, we put that p(z) = Z]J:Eg), such that p(0) = 1

and zﬁgg) +p(z)—1= ZJ{,/;S). Now, our aim is to prove that for some 8 < 1 the
following implication holds:

5—2 / 2v3
arg { 5 b_ Z;)(S) —p(z)” < arctg5 Y

(2.7 = Rep(z) > 0 (zeD).

(2.6)

(z e D)

First, as in Theorem 2.1 we conclude that p(z) # 0,z € D.

Further, if the implication (2.6) is not true, there exists a point zg € D such that
Rep(z) > 0 for |z| < |20| and Rep(zp) = 0, where p(z9) # 0. If we put p(zo) = ia,
a is real and a # 0, then by Lemma A we have

where k& > % (a + %)7 when a > 0, and k < —% (|a| + ﬁ), when a < 0. Also, for

R e - L]

using the previous conclusions, we have

5283
2 )

Re¥(z9) = Im¥(zg) = —(k + a).



530 M. Obradovié¢ and N. Tuneski

Using the same method as in the proof of Theorem 2.1, we easily conclude that

2(k 24/3
arg U(zg) = —arctgéz;) < —arctg5 \gﬁ’
when a > 0, and
2(k 2
arg U(zg) = —arctgé_i-;;) > arctg5 _\/Qgg’

when a < 0. These facts imply a contradiction of the assumption in (2.6).

So, we have the statement of this theorem. O
Letting 8 tend to 1 in Theorem 2.2, we receive

Corollary 2.3. Let f € A and

1 2f(e)
He [2 F(2)

2
} ) < arctg— ~49.1° (z € D).

V3
Then f € S*.

As in the case of Theorem 2.1, we can show that the disc with center % and

radius \/% is containing in the angle | arg z| < arctgﬁ_\/;ﬂ. So, if
2f"(2) _’(3—26_zf”(2)>_3—25‘< (3—-28)V3
f'(z) 2 f'(z) 2 V124 (5-26)%

for all z € D, then Theorem 2.2 brings that f € S*. Since the function ¥ (5) =:
(3-25)V3
V12+(5—28)2

we get

is decreasing on the interval (—oo, 1], and () — v/3, when 3 — —oo,

Corollary 2.4. Let f € A and

Zf”(z)
f'(2)

<V3 (zeD).

Then f € ™.

For a starlike function, f it is not necessary that Re@ > 0, z € D. For
example, for Koebe function k(z) = iy We have

=-(V2+1) <0,
z=(1414)/V2

and this also holds for points in D close enough to 1—\}%’

In the next theorem, we give a condition which provides Re @ >0, zeD.
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Theorem 2.3. Let f € A,y >0, and let

w7

1
+ < arctg—— (z € D).
v” 815 ( )

Then Re L2 > 0, 2 € D.

Proof. We apply the same method as in the previous theorems. In this case, we use

p(z) = @, such that p(0) = 1 and ZI’))ES) +1= Z;ES) So, the result we need to

prove can be rewritten in the following equivalent form:

(2.8) arg [ZZS) +1+ ”y} ’ < arctgﬁ (zeD)
(2.9) = Rep(z) > 0 (zeD).

First, p(z) # 0 for all z € D.

Next, if the implication (2.8) does not hold in the unit disc, then there exists a
point zo € D such that Rep(z) > 0 for |z| < |z0| and Rep(zp) = 0, where p(zo) # 0.
If we put p(29) = ia, a is real and a # 0, then by Lemma A we have

20p"(20)
p(zo)

= ik,

where k > % (a—|— %), when a > 0, and k& < —% (\a| + i), when a < 0. Now, for

lal

a > 0 we get:

zop’ (20) } . k
arg +14+~v| = arg(thk+1+7v)=arctg——
[ p(20) ( ) 1+~
1 1
sla+ < 1
M > arctg——,
1+~ 14+~
and for a < 0,
zop' (20) } 1
+1+~v| < —arctg——.
[ p(z0) ! 1+
By combining the above conclusions, we receive that
zop' (#0) ) ‘ 1
arg | ———= + 1+ > arctg——,
g( p(70) ! ST

which is a contradiction to the assumption in (2.8). O
For v = 0 in the previous theorem, we have the following result.

Corollary 2.5. Let f € A and

2f'(2)
f(2)

arg <

(z e D).

T
4

ThenRe@>0,z€]D).
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In Theorem 2.3 the function f from A need not be starlike as the next example
shows.

Example 2.2. Let f € A is defined by

z2f'(z) 142\3 _
(2.10) o _\/5(172) +1-3,

where we use the principal value for the square root. For real z close to -1 we have that
Re [Z}cé‘;)] < 0, which means that f is not starlike. But from (2.10) we have

Fig i (i)

ar 1+2z
& 1—=2

= arctg

and from here

arg [Zf/iz) + (V3 - 1)] ' <

<

ol wlie

1
(V3-1)+1
which by Theorem 2.3 (with v = +/3 — 1) implies that Re @ >0, zeD.
It is possible to show that the disc with center 1 + + and radius \/ﬁ lies

in the angle |arg z| < arctgﬁ, and so, by using the result of Theorem 2.3 we have
that

1ty
1+ (1+47)2

(z € D)

zf%z)_l‘:‘<zf%a

7o) f@)+7>_u+7ﬂ<

implies Re @ >0, z € D. When v — 400 we receive

Corollary 2.6. Let f € A and

2f'(2) ‘
-1l <1 (zeD).
1) (zeD)
ThenRe@ >0, zeD.
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