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1000 Skopje, Republic of North Macedonia

Abstract. It is well-known that the condition Re
[
1 + zf ′′(z)

f ′(z)

]
> 0, z ∈ D, implies that

f is starlike function (i.e. convexity implies starlikeness). If the previous condition is
not satisfied for every z ∈ D, then it is possible to get new criteria for starlikeness by

using
∣∣∣arg [α+ zf ′′(z)

f ′(z)

]∣∣∣, z ∈ D, where α > 1.
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1. Introduction and definitions

Let A be the class of functions f which are analytic in the open unit disc
D = {z : |z| < 1} of the form f(z) = z+a2z

2+a3z
3+ · · ·, and let S be the subclass

of A consisting of functions that are univalent in D.
Also, let

C =

[
f ∈ A : Re

[
1 +

zf ′′(z)

f ′(z)

]
> 0, (z ∈ D)

]
,

S⋆ =

[
f ∈ A : Re

[
zf ′(z)

f(z)

]
> 0, (z ∈ D)

]
,
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denote the classes of convex and starlike functions, respectively. It is well-known
that

f ∈ C ⇒ f ∈ S⋆,

(see Duren [1]). If the condition for convexity, Re
[
1 + zf ′′(z)

f ′(z)

]
> 0, is not satisfied

for every z ∈ D, we cannot conclude that f ∈ C, and consequently, f ∈ S⋆.

In this paper f ∈ S⋆ in terms of the expression∣∣∣∣arg [α+
zf ′′(z)

f ′(z)

]∣∣∣∣ , (z ∈ D)

where α > 1.

2. Main results

For our consideration, we need the next lemma given by Nunokawa in [3].

Lemma A. Let p(z) = 1 + p1z + p2z
2 + . . . be analytic in the unit disc D and

p(z) ̸= 0 for z ∈ D. Also, let’s suppose that there exists a point z0 ∈ D such that
Re p(z) > 0 for |z| < |z0| and Re p(z0) = 0, where p(z0) ̸= 0, i.e. p(z0) = ia, a is
real and a ̸= 0. Then we have

z0p
′(z0)

p(z0)
= ik,

where k ≥ 1
2

(
a+ 1

a

)
, when a > 0, and k ≤ − 1

2

(
|a|+ 1

|a|

)
, when a < 0.

Theorem 2.1. Let f ∈ A, α > 1, and let∣∣∣∣arg [α+
zf ′′(z)

f ′(z)

]∣∣∣∣ < arctg

√
3

α− 1
(z ∈ D).(2.1)

Then f ∈ S⋆.

Proof. If we put that p(z) = zf ′(z)
f(z) , then p(0) = 1 and zp′(z)

p(z) + p(z) − 1 = zf ′′(z)
f ′(z) .

So, we would need to prove that the following implication holds:∣∣∣∣arg [zp′(z)p(z)
+ p(z) + α− 1

]∣∣∣∣ < arctg

√
3

α− 1
(z ∈ D)(2.2)

⇒ Re p(z) > 0 (z ∈ D).(2.3)

First, we will prove that p(z) ̸= 0, z ∈ D. On the contrary, if there exists z1 ∈ D
such that z1 is the zero of order m of the function p, then p(z) = (z − z1)

mp1(z),
where m is positive integer, p1 is analytic in D with p1(z1) ̸= 0, and further

zp′(z)

p(z)
=

mz

z − z1
+
zp′1(z)

p1(z)
.
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This means that the real part of the right hand side can tend to −∞ when z → z1,
which is a contradiction to the assumption of the theorem regarding the argument.
Thus p(z) ̸= 0, z ∈ D.

Now, let’s suppose that the implication (2.2) does not hold in the unit disc. It
means that there exists a point z0 ∈ D such that Re p(z) > 0 for |z| < |z0| and
Re p(z0) = 0, where p(z0) ̸= 0. If we put p(z0) = ia, a is real and a ̸= 0, then by
Lemma A, we have

z0p
′(z0)

p(z0)
= ik,

where k ≥ 1
2

(
a+ 1

a

)
, when a > 0, and k ≤ − 1

2

(
|a|+ 1

|a|

)
, when a < 0.

Next, if we put Φ(z) = zp′(z)
p(z) + p(z) + α− 1, then by the previous facts:

ReΦ(z0) = α− 1, ImΦ(z0) = k + a,

which for a > 0 implies:

arg Φ(z0) = arctg
k + a

α− 1
≥ arctg

1
2

(
a+ 1

a

)
+ a

α− 1

= arctg
3a+ 1

a

2(α− 1)
≥ arctg

√
3

α− 1
,

because the function φ(a) = 3a+ 1
a has its minimum value φ( 1√

3
) = 2

√
3. Similarly,

for a < 0:

arg Φ(z0) = arctg
k + a

α− 1
≤ arctg

− 1
2

(
|a|+ 1

|a|

)
− |a|

α− 1

= −arctg
3|a|+ 1

|a|

2(α− 1)
≤ −arctg

√
3

α− 1
.

Combining the cases a > 0 and a < 0, we receive

|arg Φ(z0)| ≥ arctg

√
3

α− 1
,

which is a contradiction to the relation (2.1).

This show that Re p(z) = Re zf ′(z)
f(z) > 0, for all z ∈ D, i.e. that f ∈ S⋆.

Example 2.1. Let f ∈ A is defined by the condition

1 +
zf ′′(z)

f ′(z)
= (

√
3 + 1)

(
1 + z

1− z

) 1
2

−
√
3,(2.4)

where we use the principal value of the square root. For real z close to -1 we have

Re
(
1 + zf ′′(z)

f ′(z)

)
< 0, which means that f is not convex. On the other hand, from (2.4)

we have

zf ′′(z)

f ′(z)
+ (

√
3 + 1) = (

√
3 + 1)

(
1 + z

1− z

) 1
2
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and from here ∣∣∣∣arg [zf ′′(z)

f ′(z)
+ (

√
3 + 1)

]∣∣∣∣ ≤ 1

2

∣∣∣∣arg 1 + z

1− z

∣∣∣∣
<

π

4
= arctg

√
3

(
√
3 + 1)− 1

,

which by Theorem 2.1 (with α =
√
3 + 1) implies that f ∈ S⋆.

Letting α tend to 1 in Theorem 2.1, we have the following well-known result.

Corollary 2.1. Let f ∈ A and∣∣∣∣arg [zf ′′(z)f ′(z)
+ 1

]∣∣∣∣ < π

2
(z ∈ D)

Then f ∈ S⋆.

Further, it is easy to verify that the disc with center α and radius α
√
3√

3+(α−1)2
is

contained in the angle | arg z| < arctg
√
3

α−1 , and so by using the result of Theorem
2.1, we have that∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣ = ∣∣∣∣(zf ′′(z)f ′(z)
+ α

)
− α

∣∣∣∣ < α
√
3√

3 + (α− 1)2
(z ∈ D)

implies f ∈ S⋆. Since the function φ(α) =: α
√
3√

3+(α−1)2
, α ⩾ 1, attains its maximal

value 2 for α = 4, we get

Corollary 2.2. Let f ∈ A and∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣ < 2 (z ∈ D)

Then f ∈ S⋆.

In a similar way as in Theorem 2.1, we can consider the starlikeness problem in
connection with the class defined by

G =

[
f ∈ A : Re

[
1 +

zf ′′(z)

f ′(z)

]
<

3

2
, z ∈ D

]
.

Ozaki in [4] proved that if f ∈ G, then f is univalent in D. Later, Umezava in [6]
showed the functions from G are convex in one direction. Also, it is shown in the
papers [2] and [5] that G is subclass of S⋆.
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If Re
[
1 + zf ′′(z)

f ′(z)

]
< 3

2 is not satisfied for every z ∈ D, then we can pose a

question if for some β < 1, such that

Re

[
β +

zf ′′(z)

f ′(z)

]
<

3

2
(z ∈ D),(2.5)

is it possible obtain sufficient condition for starlikeness, in a similar way as in
Theorem 2.1. The condition (2.5) is equivalent to

Re

[
3− 2β

2
− zf ′′(z)

f ′(z)

]
> 0 (z ∈ D),

and we can use similar technique. This lead so

Theorem 2.2. Let f ∈ A, β < 1, and let∣∣∣∣arg [3− 2β

2
− zf ′′(z)

f ′(z)

]∣∣∣∣ < arctg
2
√
3

5− 2β
(z ∈ D).

Then f ∈ S⋆.

Proof. As in the proof of Theorem 2.1, we put that p(z) = zf ′(z)
f(z) , such that p(0) = 1

and zp′(z)
p(z) + p(z) − 1 = zf ′′(z)

f ′(z) . Now, our aim is to prove that for some β < 1 the

following implication holds:∣∣∣∣arg [5− 2β

2
− zp′(z)

p(z)
− p(z)

]∣∣∣∣ < arctg
2
√
3

5− 2β
(z ∈ D)(2.6)

⇒ Re p(z) > 0 (z ∈ D).(2.7)

First, as in Theorem 2.1 we conclude that p(z) ̸= 0, z ∈ D.
Further, if the implication (2.6) is not true, there exists a point z0 ∈ D such that

Re p(z) > 0 for |z| < |z0| and Re p(z0) = 0, where p(z0) ̸= 0. If we put p(z0) = ia,
a is real and a ̸= 0, then by Lemma A we have

z0p
′(z0)

p(z0)
= ik,

where k ≥ 1
2

(
a+ 1

a

)
, when a > 0, and k ≤ − 1

2

(
|a|+ 1

|a|

)
, when a < 0. Also, for

Ψ(z) =
5− 2β

2
− zp′(z)

p(z)
− p(z),

using the previous conclusions, we have

ReΨ(z0) =
5− 2β

2
, ImΨ(z0) = −(k + a).
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Using the same method as in the proof of Theorem 2.1, we easily conclude that

argΨ(z0) = −arctg
2(k + a)

5− 2β
≤ −arctg

2
√
3

5− 2β
,

when a > 0, and

argΨ(z0) = −arctg
2(k + a)

5− 2β
≥ arctg

2
√
3

5− 2β
,

when a < 0. These facts imply a contradiction of the assumption in (2.6).

So, we have the statement of this theorem.

Letting β tend to 1 in Theorem 2.2, we receive

Corollary 2.3. Let f ∈ A and∣∣∣∣arg [12 − zf ′′(z)

f ′(z)

]∣∣∣∣ < arctg
2√
3
≈ 49.1◦ (z ∈ D).

Then f ∈ S⋆.

As in the case of Theorem 2.1, we can show that the disc with center 3−2β
2 and

radius (3−2β)
√
3√

12+(5−2β)2
is containing in the angle | arg z| ≤ arctg 2

√
3

5−2β . So, if∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣ = ∣∣∣∣(3− 2β

2
− zf ′′(z)

f ′(z)

)
− 3− 2β

2

∣∣∣∣ < (3− 2β)
√
3√

12 + (5− 2β)2
,

for all z ∈ D, then Theorem 2.2 brings that f ∈ S⋆. Since the function ψ(β) =:
(3−2β)

√
3√

12+(5−2β)2
is decreasing on the interval (−∞, 1], and ψ(β) →

√
3, when β → −∞,

we get

Corollary 2.4. Let f ∈ A and∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣ < √
3 (z ∈ D).

Then f ∈ S⋆.

For a starlike function, f it is not necessary that Re f(z)z > 0, z ∈ D. For
example, for Koebe function k(z) = z

(1−z)2 we have

Re
k(z)

z

∣∣∣∣
z=(1+i)/

√
2

= −(
√
2 + 1) < 0,

and this also holds for points in D close enough to 1+i√
2
.

In the next theorem, we give a condition which provides Re f(z)
z > 0, z ∈ D.
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Theorem 2.3. Let f ∈ A, γ ≥ 0, and let∣∣∣∣arg [zf ′(z)f(z)
+ γ

]∣∣∣∣ < arctg
1

1 + γ
(z ∈ D).

Then Re f(z)
z > 0, z ∈ D.

Proof. We apply the same method as in the previous theorems. In this case, we use

p(z) = f(z)
z , such that p(0) = 1 and zp′(z)

p(z) + 1 = zf ′(z)
f(z) . So, the result we need to

prove can be rewritten in the following equivalent form:∣∣∣∣arg [zp′(z)p(z)
+ 1 + γ

]∣∣∣∣ < arctg
1

1 + γ
(z ∈ D)(2.8)

⇒ Re p(z) > 0 (z ∈ D).(2.9)

First, p(z) ̸= 0 for all z ∈ D.
Next, if the implication (2.8) does not hold in the unit disc, then there exists a

point z0 ∈ D such that Re p(z) > 0 for |z| < |z0| and Re p(z0) = 0, where p(z0) ̸= 0.
If we put p(z0) = ia, a is real and a ̸= 0, then by Lemma A we have

z0p
′(z0)

p(z0)
= ik,

where k ≥ 1
2

(
a+ 1

a

)
, when a > 0, and k ≤ −1

2

(
|a|+ 1

|a|

)
, when a < 0. Now, for

a > 0 we get:

arg

[
z0p

′(z0)

p(z0)
+ 1 + γ

]
= arg(ik + 1 + γ) = arctg

k

1 + γ

≥
1
2

(
a+ 1

a

)
1 + γ

≥ arctg
1

1 + γ
,

and for a < 0,

arg

[
z0p

′(z0)

p(z0)
+ 1 + γ

]
≤ −arctg

1

1 + γ
.

By combining the above conclusions, we receive that∣∣∣∣arg(z0p′(z0)p(z0)
+ 1 + γ

)∣∣∣∣ ≥ arctg
1

1 + γ
,

which is a contradiction to the assumption in (2.8).

For γ = 0 in the previous theorem, we have the following result.

Corollary 2.5. Let f ∈ A and∣∣∣∣arg zf ′(z)f(z)

∣∣∣∣ < π

4
(z ∈ D).

Then Re f(z)
z > 0, z ∈ D.
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In Theorem 2.3 the function f from A need not be starlike as the next example
shows.

Example 2.2. Let f ∈ A is defined by

zf ′(z)

f(z)
=

√
3

(
1 + z

1− z

) 1
3

+ 1−
√
3,(2.10)

where we use the principal value for the square root. For real z close to -1 we have that

Re
[
zf ′(z)
f(z)

]
< 0, which means that f is not starlike. But from (2.10) we have

zf ′(z)

f(z)
+ (

√
3− 1) =

√
3

(
1 + z

1− z

) 1
3

,

and from here ∣∣∣∣arg [zf ′(z)

f(z)
+ (

√
3− 1)

]∣∣∣∣ ≤ 1

3

∣∣∣∣arg(1 + z

1− z

)∣∣∣∣
<

π

6
= arctg

1

(
√
3− 1) + 1

,

which by Theorem 2.3 (with γ =
√
3− 1) implies that Re f(z)

z
> 0, z ∈ D.

It is possible to show that the disc with center 1 + γ and radius 1+γ√
1+(1+γ)2

lies

in the angle | arg z| ≤ arctg 1
1+γ , and so, by using the result of Theorem 2.3 we have

that ∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ = ∣∣∣∣(zf ′(z)f(z)
+ γ

)
− (1 + γ)

∣∣∣∣ < 1 + γ√
1 + (1 + γ)2

(z ∈ D)

implies Re f(z)
z > 0, z ∈ D. When γ → +∞ we receive

Corollary 2.6. Let f ∈ A and∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ < 1 (z ∈ D).

Then Re f(z)
z > 0, z ∈ D.
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