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Abstract. In this article, we discuss some theorems of near-points of coincidence for
generalized contractive mappings in metric and normed interval spaces that are also
weakly compatible self-mappings. In these theorems, we investigate the existence and
uniqueness of common near-fixed points. We also provide examples to demonstrate the
validity of our work.
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1. Introduction

Since the development of Banach’s contraction principle, it has been widely used
in various areas of mathematics and has been extended to different fields. It has been
the main tool for identifying fixed points for many years [3]. For the first time, Alber
et al. presented the weak contraction principle in Hilbert spaces as a generalization
of Banach’s contraction principle [1]. Rhoades then extended this principle to metric
spaces and obtained good results [10]. For the first time, multivalued mappings and
contractions were merged by Nadler [7]. Fréchet presented the concept of a metric
space in 1906 [4]. Khan applied the metric space to domain theory problems and
computer science [6]. With many efforts, the notion of the metric space has been
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generalized in various ways. In 2018, Wu introduced the metric interval space
(MIS) and the normed interval space (NIS) for the collection of closed and bounded
intervals Z in R and defined the notion of near-fixed points for these spaces [14]. In
2020, Ullah and et al. [13] presented the near-coincidence point theorems in metric
interval spaces and hyperspaces via a simulation function. In 2021, Sarwar et al.
[11] introduced the concept of cone interval b-metric space over Banach algebras.
In addition, Sarwar et al. [12] studied some near-fixed point results in MIS and
NIS by using a-admissibility and the concept of simulation functions. In 2022,
Joshi and Tomar [5] introduced a b-interval metric space to generalize MIS and
studied the topological properties in b-interval metric space. The interval space 7
cannot be regarded as a vector space because there is no additive inverse member
for any non-degenerated closed interval in Z. Therefore, the customary normed
space (Z, || - ||) cannot be used for the interval space. Hence, the concept of the NIS
has been expressed with the help of the null set. Banach’s contraction principle
states that a fixed point can be defined for the mapping 7" provided that (Z,d)
is a customary metric space. Nevertheless, for some distance functions such as
d([k, 1], [u,v]) = |(k+1) — (u+v)|, the space (Z,d) does not satisfy the conditions of
a metric space. Therefore, the MIS has been introduced based on the null set. The
MIS and the NIS proposed by Wu are important because they provide a suitable
framework for studying contractive mappings on the interval space [14]. There is no
additive inverse member for any non-degenerated closed interval in Z. Therefore, 7
cannot be a linear space. The algebraic structure of Z is named a quasilinear space
(QLS) [9, 16]. The QLS was first stated by Aseev in 1986 [2].

One of the advantages of using bounded and closed intervals is that they can be
used to describe uncertain data. In some situations, data collection cannot be done
accurately. For example, measuring the level of liquids and the stock price cannot
be precisely calculated in short time intervals. In these cases, the level of liquids and
the stock price in a short time can be supposed in a bounded closed interval, which
indicates uncertainty. Therefore, the interval analysis can be helpful in engineering,
economics and social sciences problems to cope with uncertainty [15].

The objective of this article is to establish several common near-fixed points
theorems for weakly compatible contractive mappings in the MIS and the NIS and
investigate the existence and uniqueness of near-points of coincidence for these map-
pings. Although several contractive mappings have been presented in conventional
metric spaces in some articles [8], these contractive mappings have not yet been
studied in interval spaces and are investigated for the first time in this research. In
addition, the second theorem of this article has not yet been stated in any space.
Therefore, we provide new definitions of different types of contractive mappings
in interval spaces and prove some theorems about the existence and uniqueness of
near-fixed points for these mappings in the MIS and the NIS. We also provide some
examples.

In this paper, in Section 2., we define the interval space and the null set. In
Section 3., we introduce the MIS and the NIS and their properties. In Section 4.,
we define different types of contraction mappings in the MIS and the NIS and prove
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the near-fixed point theorems for these mappings. Finally, in Section 5., we give a
general conclusion for this article.

2. Preliminaries

Suppose Z is the collection of all closed and bounded intervals [k,!] in R, such
that £ < [. The addition and scalar multiplication operations on Z are defined as
follows:

[ak,al] if a >0

[k, 1] & [u,v] = [k +u,l +v] and a[k,l]:{ lal,ak] ifa<0.

Note that Z is not a customary vector space considering the mentioned two opera-
tions, because there is no additive inverse member for any non-degenerated closed
interval. Clearly, we have [0,0] € Z as a zero member. However, the following
subtraction does not give a zero element for some [k,1] € Z,

k.l elkl]=[kl®[-1,-k=[k-11-k].
The null set is defined by:
Q= { ke k 1) [k € I}.
It is clear that
Q={[-aa: a>0}={a[-1,1]: a>0}.

For more details, see [14].

Because some members of 7 have not an additive inverse member, Z cannot be
a linear space. The algebraic structure of Z is named a quasilinear space (QLS) [9].
The QLS was first stated by Aseev in 1986 [2]. He defined the QLS as follows.

Definition 2.1. [2] A set X is called a quasilinear space (QLS) if a partial order
?<” an algebraic addition operation, and a multiplication operation on real num-
bers are expressed in it such that the following conditions hold for any elements
z,y,z,v € X and any «, 8 € R:

r<zifz<yandy<z,

r=yifxr<yandy<uzx,
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)
)
)

10) 0.z =4,
) (@a+p)az<a-x+p-
) z+z<y+vifz<yand z <w,
)

arx<a-yifz<y.

An important example of quasilinear spaces is Z, the collection of all closed real
intervals, with the inclusion relation 7 C 7, and with the addition and real-scalar
multiplication operations defined as follows:

A+B={a+b:acAbeB} and A-A={la:ac A}.

This set is denoted by Q¢ (R). For more details, see [9, 16].

Definition 2.2. [2] Let X be a QLS. A function || - || x : X — R is named a norm
if the following conditions hold:

1) [lz|lx > 0if z #0,

2) llz+ylx < llzllx +llylx,

4) if 2 <y, then [Jz|x < |lyllx,

(1)
(2)
3) llo-zllx = lalllzx,
(4)
(5)

5) if for any € > 0 there exists an element z. € X such that x < y + z. and

lzellx < e then z <y.

A quasilinear space X with a norm on it is named a normed quasilinear space
(NQLS).

Let X be an NQLS. Hausdorff metric or norm metric on X is defined by the
equality

hx(z,y) =inf{r >0: 2 <y+af,y <z +ay,|aj]| <7}

Remark 2.1. [14] In any interval space, the following facts are valid:

e The distributive law is generally incorrect, i.e.,
(a+PB) k1] #£alkl]® Bk, for any [k,]]€Z and «,B€R.

For example, for a« = =5, f = 3 and [k, ] = [—1, 3], the equality is incorrect.
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e The distributive law is true provided that the scalars are both positive or both
negative, i.e.,

(a+B) [k, ] =alk,l)®Bk,1]] for any [k,]]€Z and «,8>0 or a,8<0.
e For any [k,[],[u,v],[m,n] € Z, we have

(2.1) [m,n] & (K, 1] @ [u,v]) = [m,n]@&(=[k1]) ® (= [u,v])
= [m,n] o[k, S [u,v].

e We define [k, ] 2 [u,v] if and only if

(2.2) Jwi,ws € Q such that [k,]] ®wi = [u,v] B ws.
For example, [—1, 3] g [—2,4] by choosing wy = [-2,2] and w2 = [-1,1].
Clearly, [k,l] = [u,v] implies [k, ] 2 [u,v] by choosing w1 = we = [0,0]. However,

the inverse is not usually true. A class based on the relation 2 for any [k,l] €7, is
defined by:

(2.3) <[k,z]>:{[u,u]ez:[k,z]ﬁ[u,v}}.

<I> represents the family of all classes < [k, 1] > for [k,]] € Z.

Proposition 2.1. [14] The relation £ s a reflexive, symmetric and transitive

relation, and therefore, £ will be an equivalence relation.

This proposition shows that the classes (2.3) provide the equivalence classes. More-
over, [u,v] € ( [k, 1] ) implies that ([k,{] ) = ([u,v] ). Note that the quotient collec-
tion Z will not necessarily be a customary vector space(see [14]).

3. Metric and normed interval spaces

Definition 3.1. [14] Suppose that Z is the collection of all bounded and closed
intervals in R and d : Z x T — R¥ is a mapping. A pair (Z,d) is named a metric
interval space (MIS) if the following three conditions hold for d:

(7) d([k,1], [u,v]) =0 if and only if [k,] 8 [u,v] for all [k,I],[u,v] € T;

(id) d((F, 1, [ty 0]) = d(fu, 0], [, 1) for all [k, 1] [u, 0] € T;

(30) d([k, 1], [u,v]) < d([k,1],[m,n]) +d([m,n], [u,v]) for all [k,{], [u,v], [m,n] € L.
We have a pseudo-metric interval space (Z,d) if conditions (ii) and (iii) hold for d.
We say that the null equality hold for d if it satisfies the following equality for any
wi,we € Q and [k,1],[u,v] € T:

d([k, 1] & w1, [u, v] & wa) = d([k, 1], [u, v]),

and specifically
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° d([kal] @ wi, [U7U]) = d([kal] ) [u,v]),
o d([k,1], [u,v] ®ws) = d([k,1], [u,v]).

Definition 3.2. [14] The sequence { s ln }:oﬂ is named a convergent sequence
in pseudo-metric interval space (Z,d) if and only if hm d([kn,1n], [k, 1]) = 0 for

oo

some [k,[] € Z. In fact, the member [k,[] is the limit of sequence { [kn,ln] }

n=1"

Proposition 3.1. [14] If the sequence { 0y | }OO exists in L such that the null

n=1

equality holds for d and hm d([kn,1a], [k, 1]) = 0, then hm d([kn,1n] s [u,v]) =0
for any [u,v] € { [k,1]).

Definition 3.3. [14] Suppose that the sequence { [ky, 1] }Zo:1 exists in Z such
that lm d([kn, ], [k,1]) = 0 for some [k,[] € Z. Then the class ([k,1]) is named
the class limit of { [kn, In] }20:1' In addition, the uniqueness of the class limit in an

MIS is easily obtained (see[14]).

Definition 3.4. [14] Let { [kn, [, }Zozl be a sequence in the MIS (Z, d) such that
Ve >0, 3N € N such that d([kn,ln], [km,ln]) <&, ¥Yn,m > N.

Then { [kn,ln] }.—,
in the MIS (Z, d) is complete if and only if every Cauchy sequence { [kn, In] }20:1 in
W converges to an element [k, ] € W.

is called a Cauchy sequence in Z. Moreover, a subset W of 7

Example 3.1. [14] Assume that d : T x Z — R* is defined by d([k, ], [u,v]) = |(k+1) —
(u+v)|. Then, it is obvious that (Z, d) is a complete metric interval space (CMIS) and the
null equality holds for d.

Definition 3.5. A subset ) of Z in a complete metric interval space (Z, d) is closed
if the limit of every sequence { [kn, In] }:;1 in ) is an element of ).

Definition 3.6. [14] For a mapping || - || : Z — R* that R is nonnegative real
numbers, we present the following features:

(@) IR 21| = |- (][R 2] [k,l} €Zand A€F;

@) AR O =M W& O, VIk, 1] €Z and A € F with A # 0;

(@0) || [k, 1) @ [w, o] [| < | [k O | + || [, o] I, V[ 1] [, 0] € T

(#2) || [k I]]| = 0 implies [k,] € €.

o It is said that (Z,| - ||) is a pseudo-seminormed interval space if it satisfies
Cases (i°) and (ii).

e It is said that (Z,| - ||) is a normed interval space (NIS) if it satisfies Cases
(i), (ii) and (iii).
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e It is said that the null condition holds for || - || if item (iii) is changed to
[k 0]l =0 < [k, 1] € Q.

o It is said that the null super-inequality holds for || - || if || [k, ] @ w| > || [k, ] ||
for all [k,]] € Z and w € Q.

o It is said that the null equality holds for || - || if || [k,] ® w| = || [k, ]| for all
[k,]] € T and w € Q.

A complete normed interval space is named a Banach interval space (BIS).

Example 3.2. [14] Assume that the mapping ||-|| : Z — R" is defined by || [k, ] || = |k+I|.
Then, it is obvious that (Z, | - ||) is a BIS and the null equality holds for || - ||.

For more details about normed interval spaces, see [14].

4. Near-fixed point results

Definition 4.1. [14] A point [k,]] € Z is named a near-fixed point for a self-
mapping T : Z — T if T [k, 1] 2 [k,1].

According to the definition, we have T [k,] L [k,1] if and only if there exist
[—b1,b1], [—b2,b2] € Q where by,bo € RT so that at least one of the following
equalities holds:

o Tk, ®[-b1,b1] = [k,]];

o T[k,1] = [k, 1] & [=b1,b1];

o T [kJ} ® [_b17 bl] = [kv l] D [_an bQ]
Definition 4.2. [11] A point [k,[] € Z is a common near-fixed point for functions
T,8:T—Tif Tk12Sk12[k1.

Example 4.1. Assume that 7,5 : Z — 7 are defined by
Tk =[k—31+3 and Sk =[k—4,0+4].
We indicate that [k,!] is a common near-fixed point of 7" and S. For w; = [0,0] and
wy = [=3,3] € Q, we have T [k, 1] £ [k, 1], i.e.,
k—3,14+3] 2k < [k-3,14+3®[0,0]=][k1]®[3,3]
— [k—-3,l+3]=[k—-3,1+3].
Similarly, for w; = [0,0] and wy = [—4,4] € Q, we have S[k,I] <

to Proposition 2.1, because 2 is an equivalence relation, then T [k,
Tk 2 Sk 12 k1.

[k,1]. According
g S [k,l]. Hence
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Definition 4.3. [11] Suppose that T7,7» : Z — Z are two mappings on Z. If
[u, v] S [k, ] £, [k,1] for [k,1],[u,v] € Z, then [u,v] is named a near-point of
coincidence of Ty and T3, and [k, (] is named a near-coincidence point of T} and T5.

Definition 4.4. [11] Suppose that T},Ty : Z — Z are two mappings on Z. If

T\Ty [k,1] £ ToTy [k, 1), whenever Ty [k,1] £ Ty[k,1] for [k,1] € Z, then the pair
{T1,T>} is called weakly compatible.

Lemma 4.1. Assume that li_>m d([kn,ln], [k,1]) = 0 in the MIS (Z,d). Then for
each [u,v] € Z, we have lim d([kn, ], [u,v]) = d([k,1], [u, v]).
n— oo

Proof. Due to the triangle inequality, we obtain
d([kn, ln] s [u,v]) < d([kn, ], [k, 1)) + d([k, 1], [u, v])
and
d([k, 1], [u,v]) < d([k, 1], [kn, 1n]) + d([kn, Ln], [u, v]).
So we obtain
0 < |d([kn, ln] ; [u, v]) — d([k, 1], [u,v])| < d([kn,n], [k, 1]).

Taking n — oo and using the assumption of Lemma, we have lim d([ky,1,], [u,v]) =
n— oo
d([k, 1], [u,v]). O

Lemma 4.2. [11] Suppose that S and T are weakly compatible self-mappings of T.
If< [u, V] > is a unique class of near-points of coincidence for S and T, then < [w, v] >
is a unique class of common near-fized points for S and T'.

Theorem 4.1. Suppose that (Z,d) is a CMIS and the null equality holds for d.
Assume that F,G,T,S : (Z,d) — (Z,d) are self-mappings of T such that FZ C TZ,
GZ C ST and

(4'1) d(F [k7l] aG[uvv]) < ¢(M([k7l]’[uvv]))’

for all [k,1],[u,v] € I, where a function ¢ : [0,00) — [0,00) is continuous and
nondecreasing with ¢(t) < t for each t > 0 and

Mk, 1], [u,0]) = max {d(S [k, 1], T [u,0]), d(F [k, 1], S [k, 1)), d(G [u, 0], T [u,]),
d(F [k, 1], T [u,v]) + d(G [u,v], S [k,1])
2 )

If one of the sets FIZ, GI, ST and TZ is a closed subset of (Z,d), then

(i) F and S have a unique equivalence class of near-points of coincidence.

(it) G and T have a unique equivalence class of near-points of coincidence.

In addition, if the pairs {F,S} and {G,T} are weakly compatible self-mappings,
then a unique class of common near-fized points exists for F', G, T and S.
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Proof. Let [ko,lo] € T be an arbitrary element. Since FZ C TZ, there exists
[k1,01] € T such that T [kq,l1] = F [ko,lo] . Since GZ C SZ, there exists [ka,l2] € T
such that S [ks,ls] = G[k1,01]. By continuing this process, we define sequences
{ kn, 1] }Zozl and { [uy,, vn] }:11 in Z such that

[U2n, V2n] = T [k2nt1, lans1] = F [k2n, l2n]
(4.2) [U2n+1, V2n+1] = S [kant2, lant2] = G [k2nt1, l2ns1] Y € N.

we also have
(43) [u2n—17 ’UQn—l} =9 [anv lQn] =G [an—la 1271—1] Vn € N.

Now we show that { [uy, v,] }20:1 in Z is a Cauchy sequence in (Z, d). According to
the triangle inequality, we get

d([u2g—1,v2g-1], [U2g+1,V2g+1]) < d([t2g—1,V2g—1], [U2g; V2g])
+d([u2qa ’qu] ’ [u2q+17 U2q+1D
< 2max {d([u2q—17v2q—ﬂ , [uag, v2q]),

(4.4) d([uag; v2g) s [u2gt1, v2g11]) },

Thus from (4.2), (4.3) and (4.4), we obtain

M ([kag, lag] , [k2q11, lag11]) = max {d(S [kag, l2g] , T [kags1, l2g11]);
d(F [k2qa qu] S [quv quDv d(G [k2q+17 12q+1] T [k2q+1a Z2q+1])7
d(S [kag, lag] s G [k2g+1, lag+1]) + d(F [kag, lag] , T [kag+1, lag+1]) !

2
= max {d([uzg—1,v2g-1], [U2g; v2q)), d([u2g, v2g] , [u2g—1,v24-1]),

d([u2g+1, V2g+1] , [Uag, v2g]),

d([uzq—1,V24-1] , [U2g+1, V2g+1]) + d([uag, vag] , [U2g, V24)) }

2

< max {d([ugg—1,v29-1], [ti2g, 2q]), d([Uag; v2g] s [U2g11, V2 11]) }-

Since ¢ is a non-decreasing function, we obtain
O(M ([k2g, lag] , [k2g1, l2g+1])) < @(max {d([uzg—1,v2-1], [u2g: vag)),
d([uzq, vag], [u2g+1, ”2q+1])})~
Therefore, putting [k, ] = [kaq, l2¢] and [u, v] = [k2g+1,l2q+1] in (4.1) and using the
above inequality, we get
d([uzg, v2q], [U2g 11, v2g41]) < d(max {d([uag—1,v2-1], [2g, v2g)),
(4.5) d([Uan Uzq] ) [U2q+1, 02q+1])})-
Similarly, we have
d([uggs1, v2g41] s [Uagr2,V2g42]) < ¢(max {d([uzg, vag] , [Uagr1, V2g41]),

(4.6) d([u2g+1,V2g+1] , [U2g+2, U2q+2])})'
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Therefore, from (4.5) and (4.6) for all n > 1, we have

d([umvn] ’ [unJrlaanrl]) < ¢(max {d([un*hvn*l] ) [umvn])ﬂ
(4.7) d([un, vn], [un+1,vn+1])}).

Assume that there exists ¢ € N such that d([ugg—1,v29-1], [U2g,V24]) = 0. Then

[u2g—1, V2g—1] L [uag, V24] and from (4.5), we have

d([u2qa Uzq] ) [U2q+17 vzq+1]) < ¢(d([u2qa Uzq] ) [U2q+17 U2q+1D)-

According to ¢(t) < t for each ¢t > 0, the above inequality results that

d([uag, vag] ; [Uags1,v2g41]) < O(d([uag, vag) , [u2g41, V2g41]))
<

d([uag; vag| s [u2g+1, V2g+1])-

which implies that d([uag, vag] , [U2g+1, V2g+1]) = 0. Hence [ugq, vag] = [t2g+1, V2g+1]-
Thus from (4.6), we obtain

d([uggr1,V2q41]) s [U2g+2, Vagr2]) < @(d([uzgs1, vagr1], [Uagra, vagi2])),

which follows that [ugg+1, Vog+1] 2 [u2g+2, V2g+2]. Therefore, we have

i)

Q Q Q
[Ugq—1,v2g—1] = [u2g, Vag] = [U2g+1,v2g+1] = [U2g12, V2g+2]

If we suppose that there exists ¢ € N such that d([uag, vag] , [U2g+1, V2g+1]) = 0, then
the similar result holds. Now we assume that

(4.8) d([tn, vn], [Unt1,Vni1]) >0, Vn € N.

Since ¢(t) < t for each ¢t > 0, (4.7) implies that

d([tn, O], [tns1, vng1]) < max {d([un—1,vn-1] , [tn, vn]), d([tin, vn] , [tn41, vnta]) -
Then we have d([un, Vn], [Unt1,Vnt1]) < d([n—1,Vn—1], [tn, vs]). Therefore

max {d([un—1,vn-1], [tn, vnl), d([tn, va], [tns1,vn41])} = d([un—1,vn-1] , [tn, v]).-
Hence from (4.7), we obtain

(49)  d{[tm o], [ s1, 0 11]) < S(dn-1, 0n-1], [y va))) Vo 2 1.

By repeating the above inequality n times, we have

(4.10) ([, vn] s [ns1, vn1]) < @™ (d([uo, vo] s [ur, 11])).

This shows that
(4.11) lim d([un, vn], [Unt1,Vne1]) = 0.

n— oo
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Now using (4.10) and the triangle inequality, we have

d([urm 'Un] y [un+m7 vn-l-m]) < d([u”’ U”] ’ [un+1’ Un+1])

4+ d([unﬁ»mfla ’Un+'m71] s [Un+m7 Un+m])
< gf)"(d([uo,vo],[ul,vﬂ))

4.4 ¢n+m71 (CIZ([LL()7 UO] ) [uh Ul]))'

N

Thus d([tn, Vn) , [Untm, Unim]) — 0, as n — co. Therefore, { [uy,vy] }Zozl is a

Cauchy sequence in the MIS (Z,d). Due to the completeness of the MIS (Z,d),
there is [u,v] € T such that

(4.12) d([un, vn] , [u, v]) = 0.
Since the null equality holds for d, according to Proposition 3.1 and (4.12), we have

(4.13) lim d([un,vn],[@,7]) =0, for any [&,d] € ([u,v]).

n—oo

Thus, (4.13) implies that

(4.14) nh—>Holo d([UQn, 'UQn] 5 [11, ’D]) = nh—>n<§o d([u2n_1, Ugn_l] 5 [ﬂ, ’U]) =

&

So from (4.2), (4.3) and (4.14), we obtain

lim d(T [k2n+1, 12n+1] y [71, ’l~)]) = lim d(F [an, lQn] s [ﬂ, 17]) =

0
n—oo n— oo
0

(415) nll_)l’réo d(S [k2n7 lgn} s [fb, 'lN)]) = nh_)rrgo d(G [k)Qn,l, lgnfl] 5 [’LNI,7 ’l~)]) =

Now without loss of generality, we suppose that SZ is a closed subset of the MIS
(Z,d). Then duo to (4.15), there is [a,b] € Z such that [, 5] 2 S [a,b], i.e.,

(4.16) [0,0) ®wy = Sa,b] ®we, for some wi,ws € Q.

Now we show that d(F [a,b], [, 0]) = 0. Assume that d(F [a,b],[d,?]) > 0. From
(4.1), (4.2) and the triangle inequality, we get

d(F [a7 b] ) [ﬂ7 ’E]) < d(F [CL, b] ’G [k2n+1a l2n+1]) + d(G [k2n+1’ l2n+1] ) [ﬂ, 'D])
(4.17) < ¢(M([a,b], [k2nt1,lons1])) + d([uzni1, vanta] , [@, 7).

Using (4.2) and (4.16) and and making use of the triangle inequality and the null
equality, we obtain

M([a,b], [k2n+1,lons1]) = max {d(S [a, 0], T [k2n+1, l2nt1]),
d(F [av b] ;S [a, b]), d(G [k2n+1» l2n+1] , T [k2n+1, Z2n+1]);
d(S [a,b], G [kan+1,lan+1]) + d(F [a, 0], T [kan1, lon1]) )
2
= Imax {d(S [a, b] D w2, T [k2n+1, 12n+1]),
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d(F[a,8], 5 [a,b] ® wa), d(G [k2n+1, lons1], T [k2ns1, lana]),
d(S [a,b] ® w2, G [kany1,lany1]) + d(F [a, 0], T [kani1, l2ni1]) ¥
2
— max {d([’fh ’17] @ w1, [UQn, 'U2nD7 d(F [a7 b] ) [a’ 77] EB wl)’
d([u2n+17 U2n+1] s [u2n7 UQTI]);
d([t, 0] © w1, [Uan i1, Vang1]) + d(F [a,b], [uan, van]) 1
2
< max {d([@, 9], [uzn, van]), d(F [a, 0], [@, ]), d([uzn+1, Vant1] s [Uzn, van]),
d([fh ’E] ’ [u2n+1a U2n+1]) + d(F [av b] ) [a7 f}]) + d([ﬁv ’[)] ’ [U’?"’ Uz”]) }’

(4.18) 5
On the other hand, we have
(419) d(F [CL, b] ) [’&'7 6]) < M([aa b] ) [k2n+17 l2n+1])'

Therefore, by letting n — oo in (4.18) and (4.19) and using of (4.11) and (4.14), we
obtain
(4.20) lim M([a,b], [kan+1, l2ant1]) = d(F [a,b], [, D]).

n—oo

Thus taking n — oo in (4.17) and using of (4.14), (4.20) and the continuity of ¢,
we have

d(F [(l, b] ) [ﬂ7 ’[}]) < nh—>ngo ¢(M([au b] ) [k2n+17 l2n+1])) + nh—>H;o d([u2n+17 U2n+1] ) [ﬁa 6])
= ¢(d(F [a,b], [a,7])).
Since ¢(t) < t for each ¢ > 0, we have

d(F [a,b], [@,0]) < ¢(d(F [a,b],[a,0])) < d(F [a,b], [a,0]),
which is a contradiction. Thus d(F [a,b],[a,7]) = 0 and F [a, D] £ [@,7], i.e.,
(4.21) Fla,b]®ws =[0,0] ®ws, for some wsz,ws € Q.
Due to [ii, 7] = S [a, b], Proposition 2.1 and (4.21), we have
(4.22) (4,7 2 Fla,b] 2 S[a,b], for all [a,d] € ([u,v]).

Thus, any [@,9] € ( [u,v] ) is a near-point of coincidence for F' and S. Now we show
that < [u, V] > is a unique class of near-points of coincidence for F' and S. Assume
that ( [@,7]) is another class of near-points of coincidence for F and S such that
([w,7]) # ([u,v] ). Then, we have [u,7] ¢ ([u,v] ), [4, 7] LF [a@,b] £s [@,b] and
d([a, ], [a,v]) > 0 for all [@,9] € ( [u,v] ). In other words, there exist w1, w2, w3 €
Q such that

(4.23) [@,7] ® @1 = F [a,b] & wy = S [a,b] ® ws.
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From (4.1), (4.2), (4.23) and the triangle inequality, we have

d([ﬂa 1_)] ) [ﬁa ﬁ]) d([ﬂv 1_)] @ w1, [ﬂ‘a @]) - d(F [da B] @ wa, [ﬁa ﬁ]) = d(F [6_1,7 l_)] ) [ﬂa f)D
d(F [a,b], G [kon+1,lon+1]) + d(G [k2n+1, lon+1] , [@, D))
o(M([a,b], [k2nt1,l2n11])) + d(G [kany1, lonta] , @, 7))

(4.24) = ¢(M([a,b], [k2nt1,lont1])) + d([u2nt1, van1] , [@, 0)).

From (4.2), (4.23) and the null equality, we obtain

M([a,b], [kani1,loni1]) = max {d(S [@,b] , T [kans1, lant1]),
d(F [a‘a B] 9 S [a'7 B] )7 d(G [k2n+17 12n+1] ) T [k2n+17 12n+1])7
d(S [a,b] , G [kan+1, lans1]) + d(F [a,b] , T [k2n+1,12n+1])}
2
= max {d(S [ﬁ, E] & ws, T [kgn_;,_l, lgn+1]),
d(F [a,b] ® @2, S [@,b] ® @3),d(G [kan+1,lont1] s T [k2n+1, lont1]),
d(S [a,b] ® @s, G [kant1, lont1]) + d(F [@,b] ® @2, T [kans1, 12n+1])}
2
= max {d([ﬂ, 0] @ w1, [u2n, van]), d([@, 0] ® w1, 4, 0] © w1),
d([u2n+1,Van+1] , [U2n, V2n)),
d([w, v] ® @y, [Uzn+1, Vant1]) + d([@, 9] © w1, [uzn, v2n]) )
2
= max {d([ﬂa 1_)} ) [u2m UQTL])? d([ﬁa 1_)] ) [1_"’ 6])) d([u2n+la v2n+1] ; [uQna UQTL])»

d([’l], 5] ) [u2n+1v v2"+1D + d([ﬂ7 T]] ) [uan U2n]) }
2 )

IN N

(4.25)

Notice that according to Lemma 4.1 and (4.14), we have lim d([@,?], [u2n, v2n]) =

n—oo
d([a, ], [a, ).
Therefore, taking n — oo in (4.24), making use of (4.11), (4.14) and (4.25) and
using the continuity of ¢ and Lemma 4.1, we obtain

d([w,v],[@,9]) < lim ¢(M([a,b],[kent1,l2nsa])) + lim d(fuzni1,vania], [, 1)
= d)(d([ﬂ?@] i [ﬂ”ﬁ]))
Since ¢(t) < t for each ¢t > 0, we have

d([a, 0], [@,9)) < ¢(d([a, 0], [@,7])) < d([@2],[@,0]),

which is a contradiction. So d([u,?],[a,?]) = 0, i.e., [4, 7] i [@, 0] for all [@,?] €
([u,v]) and {[@,9] ) = ( [u,v] ). Thus F and S have a unique class of near-points
of coincidence. Therefore, we proved (7).

According to FZ C TZ and (4.21), there is [c,d] € Z such that [a, 7] L7 [e,d], i.e.,

(4.26) Tle,d] Dws = [4,0] Bwg, for some ws,ws € (L.
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Now we show that d(G[c,d],[@,d]) = 0 for all [4,9] € ([u,v]). Assume that
d(Ge,d],[6,?]) > 0. From (4.1) and (4.21), we obtain

d([i, 7], Gle,d) = d([i, 7] ®wa, G le,d]) = d(F [a,b] & ws, G [c, d])
(4.27) = d(Fla,b],Gle,d)) < ¢(M([a,b],[c,d])).

Using (4.16), (4.21) and (4.26) and making use of the null equality, we have

M([a,b], [c, d]) = max {d(S [a,b] , T [c,d]),d(F [a,b], S [a,b]),d(G [c,d] , T [c,d]),

d(Sa,b],G e, d]) + d(F [a,b], T [c, d])}

2

= max {d(S [a,b] ® w2, T [c,d] ® ws),

d(F [a,b] ® ws, S [a,b] & wa),d(G e, d] , T [c,d] & ws),

d(S [a,b] ® wa, G [c,d]) + d(F [a,b] ® ws, T [c,d] @w5)}

2

= max {d([@, 7] ® wy, [@, 7] B we), ([T, T] B wy, [4, 7] B wy),

d(C e, d], [, 5] & ws), d([a,?] & w1, G e, d]) Jr;l([ﬁ,ﬁ] @ wy, [4, D) @WG)}

amﬁLGm&gﬂﬁi]J@W}:amﬁLGhﬂ)

Thus from (4.27), (4.28) and the property of ¢, we obtian
d([a, 9], G [e,d]) < ¢(d([a, 0], G e, d))) < d([@, ], G [e,d]),

(4.28)

which is a contradiction. Therefore, we have d(G [c,d],[@,?]) = 0 and G [c,d] g
[@, 0], i.e.,
(4.29) Gle,d| @wr = [4,7] Dws, for some wr,wg € .

Due to (4.26), Proposition 2.1 and (4.29), we have
(4.30) 4,7 £ Gle,d 2 Te,d], for all [,7] € ([u,v]).

Thus, any [a,?] € <[u,v]> is a near-point of coincidence for G and T. Therefore,
from Proposition 2.1, (4.22) and (4.30), we have

Q

(4.31) [a@,8) 2 Gle,d] £

Tle,d 2 Fla,b) 2 S[a,b], for all [a,d] € ([u,]).
Now we show that < U, V > is a unique class of near-points of coincidence for G and
T. Suppose that <[ﬂ, ]> is another class of near-points of coincidence for G and
T such that ([a,v]) # ( [u,v] ). Thus, we have [z, v} ¢ ([u,v] ), [u, 7] £a e, d] 2

T [e,d] and d( [u v] [, 0]) > 0 for all [a,9] € ([u,v]). In other words, there exist
wy, ws, we € £ such that

(4.32) [@,0] ® ws = G [¢,d] ®ws =T [¢,d] & we.
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Using (4.1), (4.2) and (4.32) and making use of the triangle inequality and the null
equality, we obtain

d([UQn, 1}2”] R [ﬂ, 17]) = d([UQn, ’Ugn] R [7, 11] W ) (F [kgn, lgn] ,G [E, Cﬂ (5] ’CU5)
(4.33) = d(F [kan,l2n], G [E,d]) < ¢(M([k2n,l2n], [¢,d])).

From (4.2), (4.3), (4.32) and the null equality, we have

M ([kan, lon] [c cﬂ = max {d(S [kon, lon] , T [E,(ﬂ),
d( [k2n7 l2n] ’ S [k2n7 l2n])a d(G [Ea Cﬂ 7T [Ea Cﬂ )7
d(S [an; lZn} ,G [Ev Cﬂ) + d(F [k2n7 l2n] ,T [5’ ‘ﬂ )}
2
= max {d(S [kan, lon] , T [E,Cﬂ @ wg),
d(F [kan, l2n] , S [kan, l2n]), d(G [¢,d] ® @5, T [¢,d] & ),
d(S [kan, lan] , G [¢,d] @ ws) + d(F [kan, l2s] . T [¢, d] & wg) )
2
= max {d([uzn,l, Von—1], (G, 0] ® w4),
d([uzn; van] , [uzn—1, van—1]), d([4, V] ® w4, [4, V] ® w@4),
d([UQn_l, Ugn_1] R [ﬂ, 17] D W4) + d([UQn, ’Ugn] s [ﬂ, @] D W4) }
2
= max {d ’LLQn 1, V2p— 1] [’ﬁ ’17] d([UQn,UQn] s [’U,anl,’l)gnfl])?d([ﬁ,’f)] R [ﬂ,?)]),
)

),
d([u2n—1,v2n—1], [U, 0]) + d([uzn, v2,] , [@, V]) !

(4.34)

?

Notice that according to Lemma 4.1 and (4.14), we have lim d([a, ], [uan, v2s]) =

n—oo
d([a, o], [a, 9)).
Then taking n — oo in (4.33), making use of (4.11), (4.14) and (4.34) and using
the continuity of ¢ and Lemma 4.1, we have

d([a, ], [a,?]) < ¢(d([u, ], [a,D))).

Since ¢(t) < t for each ¢ > 0, we have
d([a, 0], [@,9)) < ¢(d([a, 0], [@,7])) < d([@2],[a,0]),

which is a contradiction. So d([@, ], [@,0]) = 0 for all [4,9] € ([u,v]). Hence,
([a,7]) = ([u,v] ). Thus G and T have a unique class of near-points of coincidence.
Therefore, we proved (7).

Since I’ and S are weakly compatible self-mappings and < [w, V] > is a unique class
of near-points of coincidence for F' and S, then according to Lemma 4.2, there is a
unique class of common near-fixed points < [w, v] > for F and S, i.e.,

(4.35) [, D] S[a,o], for all [a,7] € ([u,v]).
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On the other hand, since G and T are weakly compatible self-mappings and < [u, v] >
is a unique class of near-points of coincidence for G and T', then according to Lemma
4.2, there is a unique class of common near-fixed points < [w, V] > for F and S, i.e.,

(4.36) 4,7 £ Qa9 £ Ta,0), for all [a,d] € ([u,v]).

Therefore due to (4.35), (4.36) and Proposition 2.1, there is a unique class of com-
mon near-fixed points < [w, V] > for F,T,G and S. [

Example 4.2. Let 7,5 : Z — Z and F,G : Z — T in the MIS be defined by T [k,I] =
Sk, = [k,1] and F k1] = Gk, 1] = [f f], respectively. Then we have FZ CTZ =71

and GZ C ST = Z. Define d : T >< T * by d([k, 1], [u,v]) = |(k + 1) — (u+ )| for all
[k, 1], [u,v] € Z. Suppose that ¢(t) = Therefore by (4.1), we have

d<[§é} [g g}) <max{ (k. 1], [, 0]) d<{§,é},[k‘,l])7
o[ v],[u,q)d(““ ) a5 LW:”)})

W~

2

:>%(k—|—l)—(u—|—v)) < ;(max{‘(k—l—l) (u+v ‘ S‘k—kl’,g’u—kv,

Mk+0—§@+vﬂ+ﬁ@w4y—w+vﬂ}>
5 :

Thus, this example satisfies all conditions Theorem 4.1. Note that any [—k,k] € Q is a
coincidence near-point for S and F. Therefore, S and F' have a unique equivalence class of

near-points of coincidence < [—k, K] >, where k£ € R. Notice that according to definition of

the equivalence classes, we have < [—k, K] > = < [—1,1] > = < [-2,2] > Moreover, the pairs

{F,S} and {G, T} are weakly compatible. Thus, any [—k, k] € Q is a common near-fixed
point for T', G, F and S. Hence, T', G, F and S have a unique equivalence class of common

near-fixed points < [k, k] > inZ.

Corollary 4.1. Suppose that (Z,]|| - ||) is a BIS and the null equality holds for
I ll. Assume that F,G,T,S : (Z,| - 1) = (Z,]| - ||) are self-mappings of T such that
FICTI, GIC ST and

1F [k, 1] © G [u, v} | < (M ([k, 1], [u, v])),

for all [k,1],[u,v] € I, where a function ¢ : [0,00) — [0,00) is continuous and
nondecreasing with ¢(t) < t for each t > 0 and
M([k, 1], [u,v]) = max{|S[k, T [u,o]|,[|F[k1]oSkI| Guv]oTu]l|,
|F k1T u,v]|+||Gu,v] & Sk, ||}
2
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If one of the sets FZ, GI, ST and TZ is a closed subset of (Z,] - ||), then
(i) F and S have a unique equivalence class of near-points of coincidence.
(i1) G and T have a unique equivalence class of near-points of coincidence.
In addition, if the pairs {F,S} and {G,T} are weakly compatible self-mappings,
then a unique class of common near-fized points exists for F', G, T and S

Corollary 4.2. Let (X, hx) be a complete quasilinear space, U be an open subset
of X and V be a closed subset of X, with U C V. Let H : V x [0,1] = X be an
operator such that the following conditions hold:

(i) © # H(x,t) for each x € VAU and each t € [0,1],

(i1) there exists p € ¢ (where ¢ : [0,00) — [0, 00) is a continuous and non-decreasing
function with ¢(t) < t for each t > 0) such that for each t € [0,1] and each xz,y €V,
we have hx(H(l‘, t)v H(y7 t)) < (p(hX (CE, y)):

(791) there exists a continuous function p : [0,1] — R such that for all p,q € [0,1]
and cach v € V, we have hx (H(z, p), H(z,4)) < |u(p) — u(a)],

(iv) ¥ : [0,400) = [0, +00) is stictly non-decreasing (here;(x) = x — p(x)).
Then H(-,0) has a fized point if and only if H(-,1) has a fized point.

Proof. See the proof of Theorem 3.1 in [8]. O

Theorem 4.2. Suppose that (Z,d) is a CMIS and the null equality holds for d.
Assume that F,G,T,S : (Z,d) — (Z,d) are self-mappings of T such that FT C TZ,
GZ C ST and

(4.37) d(F [k, 1], G [u,v]) < (M ([k, 1], [u,])),

for all [k,1],[u,v] € Z, where a function ¢ : [0,00) — [0,00) is continuous and
nondecreasing with ¢(t) <t for each t >0 and

M([k, 1), [u,v]) = ad(S[k,1],T [u,v]) + B[d(F [k,1],S [k,1]) + d(G [u,v], T [u,v])]
+y[d(F [k, 1], T [u,v]) + d(G [u,v], S [k, 1])],

with a, B,v >0, a+28+2vy < 1. If one of the sets FZ, GZ, ST and TT is a closed
subset of (Z,d), then

(1) F and S have a unique equivalence class of near-points of coincidence.

(i1) G and T have a unique equivalence class of near-points of coincidence.

In addition, if the pairs {F,S} and {G,T} are weakly compatible self-mappings,
then a unique equivalence class of common near-fized points exists for F', G, T and

S.

Proof. Consider an arbitrary [ko,lo] € Z. Since FZ C TZ, there exists [k1,l1] € Z
such that T [k1,l;] = F [ko,lo] . Since G C SZ, there exists [kq,l2] € Z such that
S [ka,l2] = G [k1,11] . By continuing this process, we define sequences { [ky,, l;,] }DO
and { [uy,, vy }2021 in Z such that

n=1

[U2n, V2] = T [kon+1,lont1] = F [kan, lon]
(4.38) [U2n+1, Vant1] = S [kont2, lont2] = G [kant1, lont1] Vn € N
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we also have
(4.39) [U2n—1,V2n—1] = S [k2n, lon] = G [k2n—1,l2n—1] Vn € N.
According to (4.38), (4.39) and the triangle inequality, we have

M ([kaq, l2q] ; [k2q+1, l2g11]) = ad(S [kag, log] , T [k2g+1, log+1])

+5 [d(F [k2q’ qu] S [qu’ l2q]) + d(G [k2q+1a 12q+1] T [k2q+1, l2q+1m
+7[d(S [k2q: l2g] s G kg1, lag1]) + d(F [kag, log] s T [k2g+1: l2g41])]

= ad([uzg—1,v2q-1] ; [U2g; V2g])
+5 [d([u&zv Vag] s [U2g—1,V2g-1]) + d([u2g+1, Vag+1] ; [uag, U2q]]
+y[d([uzg—1,v2g-1] s [Uu2g+1, v2g11]) + d([u2g, vag] ; [u2g; v2g))]

< ad([uzg—1,v2g-1] , [u2g, v2g]) + 5[d([qu, V2g] s [U2g—1,V24-1])
+d([uzg+1,v2g+1] , [u2g, U2q])] + 'Y[d([UQq—la V2g-1] 5 [U2g, V2g])

+d([u2qa Uzq] ) [U2q+1, U2q+1])]-
Since ¢ is a non-decreasing function, we obtain
& (M ([k2gs lag) , [k2gs1,l2g+1]))) < d(ad([uag—1,v2q-1] s [U2g, V2g))

+B[d([uzg; vag] , [U2g—1,v2g-1]) + d([u2g41, V2g11] 5 [U2g, V2q))]

+7 [d([ugg—1, v2g—1], [tiag, v2g]) + d([uzg, vag] , [U2g+1,v2g11])])-

Putting [k,1] = [kog, l2q] and [u,v] = [kag+1,l2¢+1] In (4.37) and using the above
inequality, we get

d([uag, vag] , [U2g41,v2g41]) < O((a+ B+ 7)d([ugg—1,v2g-1] , [ti2g, v2g))
(4.40) +(B 4+ 7)d([uzqs1, v2g41] s [U2g, Uzq]))-

Similarly, we have

d([u2q+1, U2q+1] ) [U2q+27 U2q+2]) < qS((a +8+ 'Y)d([u2qa U2q] ) [u2q+17 U2q+1])7
(4.41) +(B + 1) d([uag i1, vag11] s [uagr2, v2g12]))-

Therefore, from (4.40) and (4.41), we obtain
d([unvvn] 5 [Un+1,1)n+1]) < qﬁ((a—&—ﬁ—l—'y)d([un,l,vn,l] s [Una'vn])a
(4.42) +(B + V)d([una Un] ) [u7z+1a Un+1]))a

for all n > 1. Assume that there exists ¢ € N such that d([uaq—1,v2¢—1], [t2q, V2q]) =

0. Then [ugq—1, V2g—1] 2 [ugg, V24] and from (4.40), we have

d([uzg; vag] ; [U2g+1, v2g41]) < d’((ﬂ + 7)d([ug; v2q] ; [U2g+1, 'U2q+1]))
< @(d([uag, vag) s [uzg+1,v2+1])) (since (B+7) <1).
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According to ¢(t) < t for each ¢ > 0, the above inequality results that

d([uag, vag] ; [Uags1,v2g41]) < O(d([uag, vag) , [u2g41, V2g41]))
< d([uzg, vag] s [U2g41, V2g11]),

which implies that d([uag, vaq] , [U2g+1, V2g+1]) = 0. Hence, [uag, voq] = [U2q+1, V2g+1]-
Thus from (4.41) and 8 + v < 1, we obtain

(25((5 + 7)d([u2g+1, Vag+1] , [U2g+2, v2q+2]))
¢ (d([ugt1,vag+41] , [Ug 2, vag+2]))

d([u2g+1, V2g+1] 5 [u2g+2, V2g+2])-

d([uzq 1, V2911, [U2g+2, V2gr2])

AN VAN VAN

which follows that [ugg+1, Vog+1] 2 [U2g+2, Vog+2). Thus we have

i)

Q Q Q
[ugg—1,v2g—1] = [u2g, Vag] = [U2g+1,V2g+1] = [U2g+2, V2g+2]

Moreover, if we suppose that there exists ¢ € N such that d([usg, v2q] ; [U2g+1, V2g+1]) =
0, then the similar result holds. Now we suppose that

d([un,vn], [Unt1, Unt1]) >0, ¥n € N.
Since ¢(t) < t for each ¢t > 0, (4.42) implies that

d([una Un] ) [un-‘rla Un+1]) < (Oé + 6 + ’Y)d([un—h Un—l} 5 [u”, U?LD7
+(B 4+ V)d([tn; vn] , [Unt1, vnt1]).

So, we have

(1 - ﬁ - ’Y)d([unavn] ) [un+lavn+1]) < (Oé + ﬂ + ’Y)d([un—la vn—l} ) [unavn])~

Therefore, we obtain

Ul o] binir,vnial) < G2 o, v )
. (a+B+7)
< d([un—1,Vn-1], [tn,vn]) (since m <1).

Hence {d([un,vn), [tnt1,vn41])} is a nonnegative, monotone non-increasing and
bounded below sequence. Therefore there is an r > 0 such that
(4.43) Hm d([un, vn], [Unt1, Ung1]) =7

n—oQ

Suppose that » > 0. Taking n — oo in (4.42) and using (4.43) and the continuity
of ¢, we have

(4.44) r < ¢((a+26+27)r).
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According to the nondecreasing property of ¢ and « + 28 + 2y < 1, (4.44) implies
that

r < o((a+28+29)r) < é(r) =1 < g(r).
Since ¢(t) < t for each ¢t > 0, then we have
r<¢(r) <,
which implies that r = 0, i.e.,

(4.45) Hm d([wn, vn], [Unt1, Uns1]) = 0.

n— oo

Now we indicate that { [, vy] }20:1 is a Cauchy sequence in the MIS (Z,d). Due

to (4.45), it is adequate to to demonstrate that { [uzy, van] }20:1 can be classified as

a Cauchy sequence in (Z,d). Assume that { [ugn,v2,] } is not a Cauchy sequence.
Then there is an € > 0 that we can detect two sequences of positive integers {2m(h)}
and {2n(h)} with 2n(h) > 2m(h) > h such that

d( [uzm(n)> vamm)] > [U2n(ny, Van(w)] ) = €
and
d( [uam(n)s vam(m)] s [U2n(n)—2: Von(n)—2] ) <&,
for all positive integers . Therefore, we have

3 d( [u2mn)s vam(ny] » [U2n(n) vanm ] )

IN N

d( [u2m(n)s Vam@m)] » [W2n(n)—2: Van(n)—2] )
+d( [uan(n)-2, Van(ny—2] » [U2n(n)-1: Van(n)-1] )
+d( [uzn(n)-1,v2nm)-1] s [U2n(n) Van(n)] )
< e+ d( [uzn(n)-2: Van(n)—2] » [Uan(m)—1,V2n(n)-1] )
+d( [uan(n)-1, V2nm)-1] s [U2n(n), Van(n)] )

Letting h — oo in the above inequality and making use of (4.45), we have
(4.46) hILH;O d( [tu2m(ny, Vam(n)] » [Uan(ny, Van(ny)] ) = €.
Again,

d( [uzm(n)s Vamm)] s [W2n(nys vanm] )
< d( [u2m(ny, Vamm) ]+ [U2m(n)—1, V2m(ny-1] )
+d( [ugm(ny -1 Vamn)—1] + [Uanmy+1, Van(ny+1] )
(4.47) +d( [tzn(n)+1> V2ann)+1] > [U2nn) Vanm)] ),
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and
d( [u2m(h)71av2m(h)71] ) [u2n(h)+lvv2n(h)+1] )
< d( [uzmn)—1,V2mn)—1] > [U2m(n) Vam(n)] )
+d( [wam(ny, Vamn) ] > [Wan(ny, Vann)] )
(4.48) +d( [wan(ny, Van(n)] » [U2n(n)+1, V2n(n) 1] )-

Taking h — oo in the inequalities (4.47) and (4.48) and using (4.45) and (4.46), we
get

(4.49) hli_?go d( [u2mn)—1> Vamm)—1] » [U2n(r)+1, Vonny41] ) = €.
Moreover,
d( [u2mn)=1>V2m(m)—1] s [U2n(h)> Van(n)] )

d( [UQm(h) 15 V2m(h)— 1] [Uzn(h)+1,vzn(h)+1] )
(4.50) +d( [uanny+1, Vo)1) > [W2n(h) Vamn) ] ),

and
d( [UQn(h)+17U2n(h)+1] ) [u2m(h)71av2m(h)71] )

< d( [usnr)41, V2nn)+1] > [U2n(n), Vanm] )
(4.51) +d( [u2n(n)s Vanm) ] > [UW2mm)—1> Vamny-1] )-

Furthermore,

d( [u2mmn)—1> V2m(m)—1] » [U2nn)s V2nm)] )

d( [Uzm (h)—1>V2m(h)—1 ] [U'Qm(h)v'UQm(h)])
(

(4.52) +d( [Uam(ny, Vamn) ] 5 [U2n(r)+1 V2nny+1] )
and
A( [u2mn)s vam(m)] » [U2n(m)+1> Van(n)+1] )
< d( [uam(ny, Vamm) ] » [U2m(n)y—1: Vom(ny—1] )
+d( [uam(n)y—1Vam(n)—1] » [U2n(n) Vanw)] )
(4.53) +d( [uan(n)> Van(n)] » [U2nn) 41, V2nny+1] )-

Letting h — oo in the inequalities (4.50)-(4.53) and using (4.45), (4.46) and (4.49),
we obtain

(4.54) m d( [tom(n)y—15 Vamn)—1] » [U2n(n)> Van(n)] ) = &,

h—o0

(4.55) hling d( [u2mn)s Vamm)] » [U2nn)+1, V2nm)+1] ) = €.
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By putting [k, 1] = [k2m(n), lam@] and [u,v] = [kann)+1, lanny+1] in (4.37) and
using (4.38), (4.39), we obtain

A( [tam(ny: vamm)] » [U2n(r)y+15 V2n(ny+1] )
A(F [kamny: lommy ] > G [k2n(hy+1: l2nny+1] )

¢(ad(5 [Kamnys lammy ] T [k2nhy+1s lan(ny+1) )

IN

+8[d(F [Fam(ays lom(in] S [oamnys lomn])
+d(G [kanmy+1: lanmy+1] > T [Kanny 415 lanny +1] )}
+y {d [komnys lom@m)] > T [Kanmy+15 lonny+1] )
+d(G [Eany 1 i 1] S [Bamnys o] )])
= ¢(ad( [W2m(h)—1, Vam(r)—1] » [U2n(h)s Vanm) ] )
+5[ [W2m(nys Vam(n)] s [W2m(n) 1, Vam(n)-1] )

+d( [u2n(n)+1, V2n(h)+1) - [Uzn(h),vzn(h)])]

+

(
V{d Uz (h)s V2m ()] » [U2n(n)s Van(n)] )
+d( [u2n(h +15 V2n(h )+1] ) [u2m(h)717v2m(h)71] )D

Taking h — oo in the above inequality, making use of (4.45)-(4.46), (4.49) and
(4.54)-(4.55) and using the continuity of ¢, we have

e < ¢((a+27)e).
According to the nondecreasing property of ¢ and « + 2y < 1, it results that
e < o((a+27)e) < ¢(e),
Since € > 0 and ¢(t) < t for each ¢t > 0, then we have
e<¢(e) <e,

which is a contradiction. Thus {[uQn,vgn] }2021

Hence according to (4.45), { [un, va] },—, is also a Cauchy sequence in (Z,d). So
due to the completeness of the MIS (Z, d), there is [u,v] € T such that

is a Cauchy sequence in (Z,d).

(4.56) d([un, vn] ; [u,v]) =0,
Since the null equality holds for d, according to Proposition 3.1 and (4.56), we have

(4.57) lim d([un,vn],[@,0]) =0, for any [a,0] € ([u,v]).

n—oo
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Therefore, (4.57) implies that

(458) lim d([’ll,gn, U2n] , [’l~l,, ”5]) = lim d([’LLQn_l, ’Ugn_l] , [’fL, ’lN)]) = 0.

n—oo n—oo

Then from (4.38), (4.39) and (4.58), we obtain

lim d(T [k2n+1,lont1], [@,0]) = lim d(F [kan,lon], [@,0]) =

n—o0 n— oo

0
(459) li)m d(S [k‘gn, lgn} 5 [ﬂ, 17]) = 11_>m d(G [an_l, lgn_l] 5 [’EL, ’E]) =0.

Now without loss of generality, we suppose that SZ is a closed subset of the MIS
(Z,d). Then duo to (4.59), there is [a,b] € Z such that [, 7] £g [a,b], i.e.,

(4.60) [0,0) ®wy = Sa,b] ®wy, for some wq,ws € Q.

Now we show that d(F[a,b],[u,0]) = O for all [4,0] € ([u,v]). Suppose that
d(F [a,b],[t,0]) > 0. Then from (4.37), (4.39) and the triangle inequality, we get

d(F [a,b], [, 7))
(4.61)

d(F [CL, b] ) G [k2n+1a l2n+1]) + d(G [k2n+1a l2n+1] ) [ﬂ7 ﬁ])

<
< ¢(M([a,b], [kant1,lant1])) + d([uzns1, v2n41], [T, D).

By using (4.38), (4.39) and (4.60) and making use of the triangle inequality and the
null equality, we obtain

M ([a,b], [k2n+1,lont1]) = ad(S [a,b], T [k2n+1, lon+1])
+B8[d(F [a,b], S [a,b]) + d(G [kans1, lont1] » T [k2ns1s lonta])]
+7[d(S [a,b], G [kant1, lons1]) + d(F [a, 0], T [kani1, lons1])]
ad(S [a,b] ® wa, T [kan+1,lont1])
+B[d(F [a,b], S [a,b] ® w2) + d(G [k2nt1, lant1] s T [k2nt1, lan+1))]
+7[d(S [a,b] ® wa, G [kant1, lans1]) + d(F [a, 0], T [kani1, lant1])]
= ad([, 0] ® wi, [ugn, van]) + B[d(F [a,b], [@, 7] ® wy)
+d([u2nt1, V2n+1] , [U2n, v2n])]
+[d([a, 0] © wi, [ugns1, v2n11]) + d(F [a, 8], [uzn, van))]
< ad(@, 3. fuzn, van]) + BIAF [0, [ 1) + d([uznsr, ] [z v20)]
(4.62) +y[d([a, 7], [uzn41, v2nt]) + d(F [a, 8], [@, 8]) + d([@, 3], [uzn, van])]-

Taking n — oo in (4.61), making use of (4.45) and (4.58) and using (4.62) and the
continuity of ¢, we have

d(F [av b] [ﬂv 6}) < lim ¢(M([a7 b] ) [k'2n+1, l2n+1])) + nhﬁnc}o d([u2n+17 U2n+1] ) [ﬂ, ﬁ])

n—oo

= (Zs((ﬂ + 'Y)d(F [aa b} ) [ﬁa f]]))
< ¢(d(Fla,b],[a,7])) (since a+ B < 1).
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Since ¢(t) < t for each ¢ > 0, we have
d(F [a,b], [a,0]) < $(d(F [a,b], [@,])) < d(F [a, ], [a,0]),
which is a contradiction. Thus d(F [a,b],[4,7]) = 0 and F [a, b] £ [@,7], ie.,
(4.63) Fla,b] ®ws = [4,0] ®ws, for some wsz,wy € Q.

Q

Due to [@, 8] = S [a, b], Proposition 2.1 and (4.63), we have

(4.64) (4,7 2 Fla,b] 2 Sa,b], for all [a,d] € ([u,v]).

Therefore, any [@,9] € ([u,v]) is a near-point of coincidence for F' and S. Now
we show that ( [u, ] ) is a unique class of near-points of coincidence for F and S.

Assume that < U, U > is another class of near-points of coincidence for F' and S
such that ([@,0]) # ([u,v]). Then, we have [a,?] ¢ ( [u,v]), [a,] L2 [@,b] g
S [a,b] and d([u 9], [4,]) > 0 for all [@,?] € ( [u,v]). In other words, there exist

w1, w9, w3 € () such that
(4.65) [@,7] ® @1 = F [a,b] & wy = S [a,b] ® ws.

Using (4.37), (4.39) and (4.65) and making use of the triangle inequality and the
null equality, we obtain

d([a,v], [a,7]) d([a,v] & w1, [a,]) = d(F [a,b] ® wa, [, 0]) = d(F [a,b] , [a@,7])
d(F [a,0] , G [kan+1, l2n41]) + d(G [k2nt1, lona] , [3, 7))
(M

¢ [ } k2n+17 lQnJrl])) + d([u2n+17 v27’t+1] [ ’5])

By using (4.39), (4.65) and the null equality, we obtain

IN N

(4.66)

M([a,b] , [k2nt1,lant1]) = d(S [@,b] , T [k2n+1, l2ns1])
+B[d(F [a,b] , S [a,b]) + d(G [kzn+1,lont1] s T [k2nt1, lont1])]
+7[d(S [@,b] , G [kant1, lont1]) + d(F [@,0] , T [kani1, lon1])]
ad(S [a,b] ® @3, T [k2n+1, lant1])
+B[d(F [a,b] ® w2, S [a,b] ® ws) + d(G [kan+1,lont1], T [k2nt1, lons1])]
+y[d(S [a,b] ® @3, G [k2n+1, lont1]) + d(F [@,b] & @2, T [k2n+1, lant1])]
® w1, [Uan, van]) + Bld([@, V] & w1, [0, D] ® @)

+
U
=5
DN
3
+
=
<
[~]
3
+
=
=3
)
S
<
[\~]
2
+
=2
=
=
<
=
2]
g
=
=5
[~}
3
+
=
<
[~]
3
+
—
=

9 [u2n7 7)277,]) + ﬂ [d([ﬂa 1_)] ) [ﬁa 1_}]) + d([u2n+la in—i—l] ) [u2n7 vZn])]
v[d([@, ], [uznt1, van41]) + d([@, 9], [ugn, van))]-

—
=~
D
J

~—
Jr
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Notice that according to Lemma 4.1 and (4.58), we have lim d([@,?], [uzn, v2n]) =
n—oo

d([@,v],[@,?]). Therefore, taking n — oo in (4.66) and making use of (4.45), (4.58)
and (4.67) and using the continuity of ¢ and Lemma 4.1, we have

d([a, v], [, ])

IN

Jim ¢(M([a, ], [k2nt1,lansa])) + Hm d([ugni1, vania] @, 7))

= ¢((a+27)d([ ) ],[u,v]))
< ¢(d([a,v],[a,?])) (since a+ 2y < 1).

Since ¢(t) < t for each ¢ > 0, we obtain
d([w, v], (@, 3]) < ¢(d([u, 7], [a,0])) <d([@,2], [@0]),

which is a contradiction. So d([u,?],[a,?]) = 0 for all [a,0] € ([u,v]). Hence,
([a,] ) = ([u,v] ). Thus F and S have a unique class of near-points of coincidence.
Therefore, we proved (7).

According to FZ C TT and (4.63), there is [c, d] € Z such that [, 7] £r [c,d], i.e.,
(4.68) Tc,d] ®ws = [4,0] Dws, for some ws,ws € €.

Now we show that d(G[c,d],[@,d]) = 0 for all [4,] € ([u,v]). Assume that

d(G ¢, d],[@,0]) > 0. Then from (4.37), (4.63) and the null equality, we have
d([a,0],Ge,d]) = d([a,0] GBM, [e,d]) = d( [a b} @W3,G[C, df)

(4.69) = d(Fl[a,b],Gc,d]) < (M ,d))).

Due to (4.60), (4.63), (4.68) and the null equality, we have

M([a,b], [c,d]) = ad(S [a,b] , T [c,d)) + B[d(F [a,b] , S [a,b])
+d(G e, d], T [c,d])] +v[d(S [a,b], G [c,d]) + d(F [a,b] , T [c,d])]
ad(S [a,b] ® we, T ¢, d] B ws)
+B[d(F [a,b] ® w3, S [a,b] & w2) + d(G [c,d], T [c,d]  ws)]
+7[d(S [a, 8] & w2, G [, d]) + d(F [a,b] & w3, T [c, d] & ws)]
= ad([a,?0] ®wr, G, 0] ®ws) + B|d([a, V] ® wy, [T, 0] G wy)
+d(G [¢,d], [a, 7] ® we)] + v[d([a,7] © wi, G [c,d]) + d([a, 7] © wa, [@, 7] © ws)]
= ad([a, ], [@,9]) + Bld([a, 7], [@0]) + d(G [c,d], [a,])]
(4.70) +v[d([a, ], G [e,d]) + d([@, ], [@,0])] = (B +7)d([@, 7], G [c,d]).

Therefore, from (4.69), (4.70) and the nondecreasing property of ¢, we obtian

< o((B+)d([a,7],G [e,d]))
< (b(d([u, 7], G e, d])) (since B+v < 1)
< d([a,?],Gc,d]) (since ¢(t) <t fort > 0),

d([u, 0], G ¢, d))
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which is a contradiction. Thus, we have d(G [c,d],[4,?]) = 0 and G ¢, d] g [@, ],
ie.,
(4.71) Gle,d] ® wr = [4,0] Dws, for some wr,wg € Q.

Due to (4.68), Proposition 2.1 and (4.71), we have
(4.72) 6,7 £ Gle,d 2 Te,d], for all [,7] € ([u,v]).

> is a near-point of coincidence for G and T. Therefore,

Hence, any [a,7] € ([u,
1, (4.64) and (4.72), we have

from Proposition 2.

(473) [@,8) 2 Qle,d] LT [c,d) £ Fla,b) 2 S[a,b], for all [a,d] € ([u,v]).

Now we show that < U, U > is a unique class of near-points of coincidence for G and
T. Suppose that <[ﬂ ]> is another class of near-points of com(ndence for G and
T such that ( [a,9]) # ( [u,v] ). Then, we have [u,v] ¢ ([u,v] ), [4, 7] 2 [c,cﬂ =
T [e,d] and d( [u v] [, 0]) > 0 for all [a,9] € ([u,v]). In other words, there exist
w4, ws, we € () such that
(4.74) [@,0] gy =G [E,cﬂ @ ws :T[a(ﬂ @ wg.
Using (4.37), (4.39) and (4.74) and making use of the triangle inequality and the
null equality, we obtain
d([ugn, vanl, [4,7)) = d([usn,vanl, [4,7] ® ws) = d(F [kan,lon], [E cﬂ @ ws)
(4.75) = d(F [kan,l2n], G [¢,d]) < ¢(M([k2n, l2n], [¢,d])).
Due to (4.38), (4.39), (4.74) and the null equality, we have
M ([kon, lon] . [€,d]) = ad(S [kan, l2n] , T [€,d])
+B[d(F [kzn,l2n] , S [k2n, l2n]) + d(G [¢,d] , T [¢,d])]
+7[d(S [kan, lan] , G [€,d]) + d(F [kan, l2n] , T [2,d])]
= ad(S [kan,l2,], T [, d] @ w)
+4 [d(F [k2n, lon] , S [kon, lan]) + d(G [E,(ﬂ @ ws, T [E, cﬂ &) WG)]
+7[d(S [k2n, l2n] , G [¢,d] & w5) + d(F [kan, l2n) , T [¢,d] & we)]
= ad([ugn—1,v2n—1], [, 7] ® wy4)
+8d([uzn, van] s [U2n—1, v2n—1]) + d([T, V] ® w4, [4, 7] B w4)]
+ [d([uzn_l, Van—1], [@, 0] ® wq) + d([uzn, von] , [4, 7] B W4)]
= ad([ugn—1,v2n1], [4,0]) + B[d([ugn, von] , [uzn—1,v2n—1]) + d([u, 0], [, 0])]
(4.76) +y [d([uzn,l, Van—1], [@, 0]) + d([uzn, van] , [4, 17])},
Note that according to Lemma 4.1 and (4.58), we have hm d([a, ], [ugn, van]) =
d([a,v],[@,?]). Taking n — oo in (4.75) and making use of (4 45), (4.58) and (4.76)

and using the continuity of ¢ and Lemma 4.1, we have

d([a,v],[a,9]) < ¢((o + 2y)d([u, v], [@,7])) < ¢(d([u,v],[a,0])) (since B+ 2y < 1).
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Since ¢(t) < t for each ¢t > 0, we obtain
d([a, ], [a,9]) < ¢(d([a, 7], [a,0])) < d([a@v], [a,7]),

which is a contradiction. So d([u,?],[a,?]) = 0 for all [a,0] € ([u,v]). Hence,
([a,] ) = ([u,v] ). Thus G and T have a unique class of near-points of coincidence.
Therefore, we proved (7).

Since F and S are weakly compatible self-mappings and < [w, V] > is a unique class
of near-points of coincidence for F' and S, then according to Lemma 4.2, there is a
unique class of common near-fixed points ( [u,v] ) for F and S, i.c.,

(4.77) 4,9 £ Fla,o) 2 S[a,5], for all [a,d] € ([u,v]).,

On the other hand, since G and T are weakly compatible self-mappings and < [w, v] >
is a unique class of near-points of coincidence for G and T, then according to Lemma
4.2, there is a unique class of common near-fixed points < [w, V] > for G and T, i.e.,

(4.78) 4,9 £ Gla,o) £ Tla,0], for all [a,d] e ([u,v]).
Therefore due to Proposition 2.1, (4.77) and (4.78), there is a unique class of com-
mon near-fixed points < [u, ] > for F,T7,G and S. [

Example 4.3. Let 7,5 :Z — Z and F,G : Z — Z in the MIS be defined by T [k,1] =
S[k,1] = [k,1] and F[k,l] = G [k,1] = [%, L], respectively. Then we have FZ C TZ = T

4’4
and GIT C ST = Z. Define d : Z x T — R" by d([k,1], [u,v]) = [(k +1) — (u + v)]| for all
[k,1],[u,v] € Z. Suppose that « = 3, 8 =~ = & and ¢(t) = 2t. Therefore by (4.37), we

have !
o [54]-[5:4]) < o(aatm lwal
1) o310
(o) o))

1 3/1 3 3
— — < - = — — —
:>4(k+l) (u+v)’74(2‘(k+l) (u+v)‘+32‘k+l‘+32u+v‘

1

%()(mz) 4(u+v)‘ n E(kﬂ)—(uﬂ)])).

Thus, this example satisfies all conditions Theorem 4.2. Note that any [—k,k] € Q is a
coincidence near-point for S and F. Therefore, S and F' have a unique equivalence class of

near-points of coincidence ( [—k, k] ), where k € R. Notice that according to definition of

the equivalence classes, we have < [—k, k] > = < [-1,1] > = < [-2,2] > Moreover, the pairs
{F,S} and {G,T} are weakly compatible. Thus, any [—k, k] € Q is a common near-fixed
point for T', G, F and S. Hence, T', G, F and S have a unique equivalence class of common
near-fixed points < [—k, k] > in Z.
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Corollary 4.3. Let (Z,||-||) be a BIS and the null equality holds for || -||. Assume
that F,G,T,S : (Z,] - |l) = (Z,]| - ||) are self-mappings of T such that FI C TZ,
GZ C ST and

17 [k, © G [u, o] | < ¢(M([k, 1], [u,v])),

for all [k,1],[u,v] € Z, where a function ¢ : [0,00) — [0,00) is continuous and
nondecreasing with ¢(t) <t for each t > 0 and

M([F 1], [u,0]) = oSk OT [u, |
AB[IF [k, 1] © S [k, ][ + IG [u, 0] © T [u, v] []]
HY[IF B, ST [u,v] | + G [u,v] & Sk, 1],

with a, 8,7 >0, a+28+2y < 1. If one of the sets FZ, GZ, ST and TZ is a closed
subset of (Z,]|- 1), then

(i) F and S have a unique equivalence class of near-points of coincidence.

(it) G and T have a unique equivalence class of near-points of coincidence.

In addition, if the pairs {F,S} and {G,T} are weakly compatible self-mappings,
then a unique class of common near-fized points exists for F', G, T and S.

5. Conclusion

Today, fixed points are used in various fields, and so far, excellent results have
been obtained. Recently, Wu proposed the notion of a fixed point called a "near-
fixed point.” He defined the null set and presented the MIS and the NIS [14].
Continuing this research, we studied some near-fixed point theorems for contractive
mappings in the MIS and the NIS. We also provided examples to demonstrate the
correctness of the results.
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