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Abstract. In this paper, we classify the Ricci solitons and the Ricci bi-conformal vector
fields on model space Solg. We also show which of them are gradient vector fields and
which one of those are Killing vector fields.
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1. Introduction

The study of conformal vector fields in geometry and physics has been an im-
portant subject. In general conformal vector fields preserve angles and ratios of
distances between points on the manifolds. Suppose (M, g) be a Riemannian mani-
fold, X a smooth vector field, and f a smooth function on M. Thus (M, g) is called
a conformal vector field when the following equation holds

Lxg=fg,

Lx is the Lie derivative along X. So if the function f =0, X is a Killing vector
field. X is said to be a gradient conformal vector field when X is the gradient of a
smooth function. Completely in [8, 9], the conformal vector field is explained. At
first, bi-conformal vector fields were introduced by Garcia-Parrado and Senovilla
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[15], then Ricci bi-conformal vector fields were defined by De et al. in [7]. Presume
that o and B are smooth functions and Y, Z are vector fields, the vector field X is
called a Ricci bi-conformal vector field when the following equations are true

(1.1) (Lxg)(Y,Z) =ag(Y,Z) + BS(Y, Z),
and
(1.2) (LxS)Y,Z)=aS(Y,Z) + Bg(Y, Z),

where S denotes the Ricci tensor of M. The relationship between the existence
of certain holomorphic structures in complex manifolds is one of the geometric
properties of bi-conformal vector fields. Also, in [15] the authors showed that the
bi-conformal vector fields can be concluded with the flow of the bi-conformal vector
fields, which is the geometrical interpretation of these vector fields of the generalized
regular motions of two orthogonal projectors. In [2], [3], [4], [5] and [19] Ricci bi-
conformal vector fields on Lorentzian five-dimensional two-step nilpotent Lie groups,
Siklos spacetimes, homogeneous Godel-type spacetimes, H? x R, and Lorentzian
Walker manifolds, have been studied respectively.

Studies about Ricci’s solitons play important roles in geometry and physics that
are natural generalizations of Einstein’s metrics. At first, Ricci soliton was studied
in Lorentzian manifolds and was offered by Hamilton [16]. Therefore, on a pseudo-
Riemannian manifold (M, g) we define Ricci soliton as follows

(1.3) Lxg+5 =g,

where X is a smooth vector field on M, and X is a real number [6]. If we consider
A as a smooth function on M, then it is said to be an almost Ricci soliton. A
Ricci soliton was developed as a self-similar solution to the Ricci flow. Solving
Poincare century-old conjecture is the first importance of using the Ricci soliton.
Then, its applications were investigated in various fields of economics and science.
Ricei solitons are useful in various sciences such as physics [14], biology, chemistry
[17], and economics [21]. Also, the importance of Ricci soliton and Ricci flow can be
seen in medical imaging of brain surfaces [25]. Moreover, the algebraic Ricci solitons
of three-dimensional Lie group H? x R, have been studied in [1]. In addition, the
presence of sol-solitons on the three-dimensional Lie group Sols, has been checked.

The connected pseudo-Riemannian manifold (M, g) is called homogeneous, if
the group of isometries of (M, g) transitively acts on M. Study Riemannian homo-
geneous spaces are common in geometry, algebra, and group theory. A Thurston
geometry (G, X) is a homogeneous space where we have is connected and simply
connected X; let G be a group, and there is a compact point stabilizer that G
acts on X transitively, and only one compact manifold exists that it is composed of
(G, X), so G is not included in any larger group of diffeomorphisms of X. Thurston
geometry is studied in dimension three for three-manifolds; that is a subset of Rie-
mannian homogeneous spaces. Therefore, there is a similarity between the possible
Riemannian structures of orientable compact three-manifolds and the uniformiza-
tion theorem for surfaces that are compact and orientable. We can divide any
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three-manifold into slices. Therefore each of them accepts a Riemannian metric
in a locally isometric manner in one of the eight three-dimensional model spaces,
the Thurston geometries R, S3 H?, S? x R, H? x R, SL(2,R), Nil® and Sol®. Eight
three-dimensional Thurston spaces are explained completely in [22, 23].

One of the four-dimensional Thurston geometries is the model space (Solg, g).

Filipkiewicz studied spaces in dimension four and he obtained 19 homogeneous
model spaces in it [13]. In addition, Wall checked that between these model spaces,
the space (Solg, g) depends on 14 spaces that accept a complex structure that is ac-
cording to the geometric structure [24]. Also, Solg has been found to have a locally
conformal Kahler (LCK) structure [11]. Moreover, in this space, the generalization
of geodesics, which are J-trajectories, that represent the analog of magnetic curves
in LCK spaces, have been investigated. Also, in non-geodesic J-trajectories in the
arbitrary LCK manifold where the anti-Lee field has an invariable length, the first
and second curvatures have been investigated [12]. In a homogeneous space, there
are hypothetical isometrics that map every point to every other point. In addition,
in some homogeneous spaces, there is a different translation called the translation
curve. This new translation moves the given unit vector at the origin to any point
by mappings its tangent. Molndr and Szilagyi studied translation curves in [20].
Moreover, Erjavec [10] classified geodesics and translation curves in Solg spaces.
In [18], the hypersurfaces of the four-dimensional Thurston geometry Sola, that
is a Riemannian homogeneous space and a solvable Lie group, are investigated.
Especially, it presents a complete classification of hypersurfaces whose second fun-
damental form is the Codazzi tensor- including fully geodesic hypersurfaces and
hypersurfaces with parallel second fundamental form- and of totally umbilical hy-
persurfaces of Solg.
The paper is arranged as follows: In Section 2, we recall the essential general ideas
on (Solg, g) which will be used throughout the paper. In Section 3, we calculate
the Ricci solitons, talk about a theorem of this equation on this space, and discuss
the existence of Ricci solitons. Also, in Section 4, we check the Ricci bi-conformal
vector fields on (Solg, g) spaces, and we investigated which of Ricci bi-conformal
vector fields are Killing vector fields and gradient vector fields.

2. The model space Sol}

The primary manifold of the model space Solj is R*(z,y, z,t) with the group
operation

(21, Y1, 21, t1) * (T2, Y2, 22,t2) = (z1 + € @a, y1 + € yo, 21 + € 20, b1 + 1o).

This process is deduced from the matrix multiplications by the following definition

et 0 0 0 =
0 ¢ 0 0 vy
(2.1) (x,y,2,t):=] 0 0 e 0 2
0 O 0 1t
0 O 0 0 1
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Notice (0,0,0,0) is a neutral element. From the below equation, we have the
inverse element of (x,y, z,t)

(22) (l’, Y, %, t)_l = (_e_txa _e_tyv _e2t21 _t)’

Utilizing the inverse translation of (2.2), by the pullback of coordinate differen-
tials,

et 0 0 0 —eiz dx e~ tdx

0 et 0 0 —ety dy e~ tdy
(2.3) 0 0 e 0 —ez dz | = | e*dz

0 0 0 1 —t dt dt

0 0 0 O 1 0 0

The left invariant Riemannian metric g of Sol§ is obtained as follows
(2.4) g = e 2(da? + dy?) + e'd2? + at®.
Therefore, the left constant basis vector fields of the dual metric are considered as

0 0 0 0
ey = et—, ez = e_zt&, eq4 = pre

2. =l
(2:5) AT a9 Oy

So basis vector fields are satisfied the following brackets:

[e1,e2] = [e1,e3] = [ea,e3] = 0, [eq, 1] = €1, [eq, e2] = e,

[64, 63} = —263.

The Levi-Civita connection of manifold (M, g) is shown by V. We have the following
equation, which is known as the curvature tensor R of (M, g)

R(X,Y) =Vxy] — [Vx, Vy]

, so the Ricci tensor S by S(X,Y) =tr(Z — R(X,Z)Y) is defined. The details of
Levi-Civita connection on Solg are calculated by

€4 0 0 —e1

0 €4 0 —€2

0 0 —2e4 2e3 ’
0 0 0 0

(26) Veiej =

and details of Ricci tensor are determined by

0 00 O
0 00 O
(2.7) S = 000 0
0 0 0 —6

For any vector field X = X*e;, by (Lxg)(ei,e;) = g(Ve, X, €j)+g(e;, Ve, X) the
Lie derivative of the metric g along to the vector field X (see [26]), is given by
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(Lxg)11 = —2X"* +2e1 X,

(Lxg)iz = e1 X+ ex X,

(Lxg)13 = e1X> + e3 X,

(Lxg)ia=X"+e1 X +es X,

(Lxg)2e = 2ea X% —2X4,

(Lxg)2s = eaX® + e3 X7,

(Lxg)as = X2+ ea X +eg X2,
(2.8) (Lxg)33 = 2e3X> 44X,

(Lxg)sa = —2X3 + e3 X* + es X3,

(Lxg)as = 2e4 X%

Further, by using (LxS)(ei,e;) = X (S(ei,e;)) — S(Lxei,ej) — S(ei, Lxe;) the
Lie derivative of the Ricci tensor along X (see [26]), is determined by

(2.9)

3. Ricci solitons on the model space Sol}

In this part, the equation (1.3) on the model space Solg is solved. Substituting

2e1 X! —2X% =),
e X+ e X2 =0,
X3 +es Xt =0,
X' b Xt+e Xt =0,
2e, X% —2X* = ),
e X3 4+ e3X? =0,
X2 feXt+esX?2=0,
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(3.8) 205 X3 +4X* = )\
(3.9) —2X3 fes X +es X3 =0,
(3.10) 2e, X1 — 6=\

By taking the integral of the equation (3.10), X* is infered

A+6
X4 = %t+F($7y7Z)7

for some smooth function F. Integrating the equation (3.1), the following relation
is deduced

A A
(3.11) X! = 567’533 + %667t$t +et /F(z, y,z)dz + G(y, 2, 1),

for some smooth function G. Now, by taking the integration of equation (3.5), X2
is obtained as

(3.12) X? = (%)e_ty + (?)e_tty + e_t/F(x,y,z)dy + K(z, 2,t),

for some smooth function K. Also, integrating of the equation (3.8), X3 is concluded

A
(3.13) X3 = (§)thz — (A +6)e*tz — 2% / F(xz,y,z)dz + L(x,y,t),

for some smooth function L. Substituting (2.5), (3.11), and (3.12) into (3.2), we
obtain

(3.14) 0, F(z,y, 2)dx + €' 0,G(y, 2, ) + /(%F(x, y,2)dy + €' 0, K (2, 2,t) = 0,
also, by the same access for the equation (3.3), the following equation is gotten

e 3t / 0.F(z,y, z)dz +e 20,.G(y, z,t) — 23 / 0. F(x,y,2)dz+ €0, L(x,y,t) = 0.

(3.15)
Next, from the equation (3.4), we have

A+6
(3.16) ;— et + Gy, z,t) + Gy, 2,t) + 0, F(x,y,2) =0,
so A = —6 and F(z,y,2) = A(y,z)z + B(y,z) are obtained, for some smooth

functions A and B, by derivation the last equation along to X. Thus, (3.16) can be
rewritten as follows

Gy, z,t) + 0,G(y, 2,t) + e Ay, z) = 0,

so we obtain G(y, z,t) as

Gly,2,1) = — 3" Aly, ) + e *Cly, 2),
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for some smooth function C. Now by taking the integration of (3.14), K (z, z,t) is
deduced

2

3
(3.17) K(z,z2,t) = —0,A(y, z)e*t% — e '9,Bl(y, z)%

_0,C(y, D)zt — et / Aly, 2)dy + K1 (=, 1),

1
+ ietayA(y, z)x

for some smooth function K7, by derivation of the equation (3.17) along to y, we
have
2

3
1

(3.18) —8yyA(y,z)e_t% - e_tayyB(y,z)% + §et8yyA(y, z)x

0,y Cly, e — e twA(y,2) = 0,
now we get a polynomial along to z. Since z is optional we infer A = 0,,B =
0yyC = 0. By the same process on the equation (3.15), L(x,y,t) is infered

a3 z?
L(ma Y, t) = _6_4t(8ZA(y7 Z)F + 8ZB(ya Z)?)
1

(3.19) =¥ (= 3D A, 2) + 0.0y e o+ 26 [ Aly,2)dz + Lify.)

for some smooth function Ly, by deriving of the equation (3.19) along to z, we have
3 x?
(320) _6_4t(azzA(ya Z)F =+ azzB(yv Z)?)
1
—e T (=5 €' 022 Ay, 2) + 0::C(y, 2)e™")w + 26w Ay, 2) = 0,
since (3.19) is a polynomial along to variable z, and x is optional, we find 9,.B =
9..C = 0. By substituting (3.12), (3.13), and (2.4) in (3.6), we have

(82110, K (2, z,t) — 2% / B(y,z)dz + €'0yL(z,y,t) + €* / 0.B(y,z)dy =0,

by derivation of the equation (3.21) along z, we obtain
(3.22) 0..K1(z,t) — 2¢*9,B(y, 2) = 0,

thus, we have a polynomial along to =. Since z is optional we infer 0,.K; = d,B = 0.
Therefore, we can be written K(z, z,t) and L(x,y,t) as follow

(3.23) K(z,2,t) = =0,C(y, 2)re " + Ki(2,1),
2
(3:24) Liz,y,t) = —e 9. B(y,2) 5 — e *0.Cly, 2)x + L (y. ).

By replacing K (z, z,t) and L(x,y,t) into the equation (3.21), we get a polynomial
along to z. Since z is optional we get 0, K, = 0yL, = 0,,B = 9,.,C = 0. Therefore,
K;(z,t) and L;(y,t) are obtained as follows

(325) Kl(z,t) = Kl(t)z + Kg(t),

(3.26) Li(y,t) = L1(t)y + La(t).
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So by substituting X? and X* into equation (3.7), the following equation is con-
cluded

(3.27) Ky (t) + K| (t) + €'0,.B(y, 2) = 0,
thus, we deduce

(3.28) Ki(t) = e tay,

(3.29) Ks(t) = f%etayB(y, 2) + e tag,

for some constant a; and as. Now (3.25) is written as follows
(3.30) Ki(z,t) = e 'za; + e tay,

by derivation of the equation (3.30) along to z, we determine a; = 0. By replacing
X3 and X* into the equation (3.9) we have a polynomial along to x. Since z is
optional, we deduce 0,B = 0,C = 0, and the following equations are obtained

(3.31) Li(y,t) = e*'yas + e*'ay,

for some constant az and a4, by derivation of the equation (3.31) along to y, we infer
az = 0. Because 9,, = 9y, = 0, then we have 9,C(y, z) = as, for some constant as,
thus we deduce

(3.32) Cly, z) = asy + ag,

for some constant ag. Considering that 0,8 = 0,8 = 0, then B = ay, for some
constant az.

Briefly, we have

2

F=ua7;,G=c¢ "asy+ag), K = asre " +e tay, L = e*ay.

Consequently, X', X2, X3 and X* are listed as follows

X' =e " (—x(=3 + a7) + yas + ag),
X% =e M y(—=3+ar) — asx + az),
X3 = e* (=32 — 2a7z + ay),

X* = ar.

Therefore, the following theorem is stated:

Theorem 3.1. The vector field X on (Solg,g) where g given by (2.4), is a Ricci
soliton vector field if and only if

0 0 0 0
X = (—x(—3+a7)+ya5+a6)%—i—(y(—?)—i—m)—ag,m—i—ag) a—y+(—3z—2a7z+a4) &—i—ma.
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Now, we can investigate which of Ricci solitons on (Solg, g) is as gradient vector
field. Also, consider X = Vf on (Solg,g) with potential function f. Therefore,
with respect to basis ey, €2, €3, ¢4 we have

Vf=-eifei +eafes+esfes+eafes.

From theorem (3.1), the Ricci soliton X on (Sold, g) is gradient vector field as V f
if and only if

Opf = e 2 (—x(=3 + ar) + yas + ag),

Oy f = e *(y(=3 + ay) — asx + az),
(3.33) O.f = e*(—=32 — 2a72 + aq),

o f = ar.

Taking derivation of the first equation of the last system along to ¢t we get 3;0, f =
—2e~2(—z(—3+ar)+yas+ag). The derivation of the fourth equation of (3.33) along
to x implies that 0,0y f = 0. Therefore, from them, we deduce a5 = ag = 0,a7 = 3.
By deriving the second equation and the fourth equation of (3.33) along to ¢ and
1y, respectively, we get ay = a5 = 0,a7 = 3. Also, by deriving the third equation
and the fourth equation along to t and z, respectively, we get a4 = 0,a7 = —%.
Therefore, the gradient vector field on the Ricci soliton X on (Solg,g) has no
solution.

Thus, we have the following corollary:

Corollary 3.1. There is not any gradient Ricci soliton X on (Solg, g).

4. Ricc bi-conformal vector fields on the model space Sol}

In this section, we solve the equation (1.1) and (1.2) on the model space Solg.
Replacing (2.4), (2.7), and (2.8) into (1.1), the following equations are obtained

—2X* 4+ 2, X! = q,

e X2+ e Xt =0,

e X3 +es Xt =0,

Xl 4e Xt 4esxt =0,
2e, X% — 2X* = @,

e X3 +e3 X2 =0,

X% feXt+esX?2=0,
2e5 X3 +4X* = a,

—2X3 4 es Xt +es X =0,
2e4X* = — 653.

~ o~~~ o~~~ o~~~
o ol
= © 00 N1 O Gl s W N =
LxxJ2erEElE

o
=
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Also, substituting (2.4), (2.7), and (2.9) into (1.2), the following equations are
obtained

(4.11) —6e1 X* =0,
(4.12) —6ea X* =0,
(4.13) —6e3 X =0,
(4.14) —12e4,X* = —6a + .

In the following we solve the above equations. By integrating the equations (4.11),
(4.12) and (4.13), X* is found

(4.15) X4 =F(),
for some smooth function F'. From the equations (4.10) and (4.14), we arrive at
(4.16) B=0.

So from (4.10), we get

(4.17) F(t) = %

From (4.1), we obtain

(4.18) Xt = %e_tw +e 'F(t)r + Gy, 2, 1),

for some smooth function G. Similarly, from (4.5), we calculate
(4.19) X2 = %e*ty +e "F(t)y + K(z,2,t),

for some smooth function K. Also from (4.8), we obtain

(4.20) X3 = %e%z —2e**F(t)z + L(z,y,t),

for some smooth function L. Now from (4.2), we deduce

(4.21) 0. K(z,2,t) = —0,G(y, 2, 1),

by derivation of the equation (4.21) along to z, we conclude
(4.22) Ora K (z,2,t) =0,

also by derivation of the equation (4.21) along to y, we have
(4.23) O0yyG(y, 2, t) =0,

then by taking integration of (4.22) and (4.23), the following relations are obtained

(4.24) K(x,z,t) = A(z,t)x + B(z,t),
(4.25) G(y,z,t) = C(z,t)y + D(z,t),
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for some smooth functions A, B, C, and D. From equation (4.21), we get C(z,t) =
—A(z,t), so (4.25) can be rewritten as follow

(4.26) G(y,zt) = —A(z,t)y + D(z,1).
From (4.7), we obtain

(4.27) K (x,2,t) + K(x,2,t) = 0.

thus, we have

(4.28) OtA(z,t)x + 0t B(z,t) + A(z,t)x + B(z,t) = 0,
therefore, we calculate

(4.29) Az, t) = e T Ay (2),
(4.30) B(z,t) = e 'By(2),

for some smooth functions Ay, and B;. Therefore, we can be written (4.24) as
follow

(4.31) K(z,2,t) = e "(A1(2)z + B1(2)).

From (4.4), we get

(4.32) Gy, z,t) + G(y, z,t) = 0.

thus, we have

(4.33) 0:.C(z,t)y + 0:D(2,t) + C(2,t)y + D(2,t) =0,
therefore, we deduce

(4.34) C(z,t) = e 'Cy(2),
(4.35) D(z,t) = e "Dy (2),

for some smooth functions Cy, and D;. Therefore, we can be written (4.25) as
follow

(4.36) Gy, 2,t) = e (C1(2)y + D1(2)).

Now from the equation (4.9), the following relation is obtained
(4.37) OiL(x,y,t) — 2L(x,y,t) — e*az = 0,

thus, we have

(4.38) L(z,y,t) = e *"Li(z,y),
(4.39) a=0,
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for some smooth function Ly. Therefore, from (4.15) and (4.17), we infer
(4.40) Xt =a,

for some constant a;. From (4.3), we arrive at

(4.41) e' 0, L(x,y,t) + e 20.G(y, 2,t) = 0,

and derivation this with respect to x and z,respectively, we infer

(4.42) OzzL(,y,t) =0,
(443) azzG(y7 Z, t) = 07

therefore from (4.38), the following relations are deduced
(4.44) Ly(z,y) = La(y)z + Ls(y).

for some smooth functions Ly, and Ls. Now by substituting (4.36) and (4.38) into
(4.41), we get

(4.45) e 0, Ly + e (C1(2)y + Di(2)) = 0,

thus, from (4.45), we get Ci(z) = Di(z2) = 0,L1(x,y) = La(y) = 0. Therefore, we
deduce

(4.46) Ci(z) = az,

(4.47) D1 (z) = as,

(4.48) Li(z,y) = Ls(y).

for some constant as and az. Also, from (4.6), we have
(4.49) e "0, L3(y) + €'0,A1(2)x + €'9,B1(2) = 0,

now we get a polynomial with respect to x. So we have

(4.50) e'9,A,1(z) =0,
(4.51) e 10, L3(y) +€'0.B1(z) = 0,

therefore, we get

(4.52) A1(2) = aa,
(4.53) Bi(z) = as,
(4.54) L3(y) = as,

for some constants a4, as, and ag. By substituting the obtained elements in (4.31),
(4.36), and (4.38), we have

(4.55) K(z,2,t) = e “(agz + as),

(456) G(y’ 2, t) = eit(aQy + a3)7

(457) L(l‘, Y, t) = e_zta'67
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and from (4.26), we have ay = —axs.
Subsequently, X', X2, X3, X4 o and f are listed as
X' = (a1 + apy + as)e™?,
X? = (a1y — aox + as)e™",
X3 = —2(a12 + ag)e*,
X4 =ay,
a=p=0.
Therefore, the following theorem is stated:
Theorem 4.1. The vector field X on (Sol,g) where g is given by (2.4), is Ricci
bi-conformal vector field if and only if o = 8 =0 and
0

0 0 0
X = (a1x + asy + ag)% + (a1y — asz + a;,)a—y —2(a1z —&-a@a +a1§.

Now, consider X = V f on (Sol3, g) with potential function f. Therefore,
Vf=eifer+eafes+esfes+eafes.
From theorem (4.1), the Ricci bi-conformal vector field X on (Solg,g) is gradient
vector field as V f if and only if
O f = e *"(arz + agy + as),
Oyf = e *(ary — azz + as),
(4.58) 0.f = —2¢*(a12 + ag),
8tf = aj.

Taking the derivation of the first equation of the last system along to ¢, we get
0:0,f = —2e 2" (a1x+asy+az). The derivation of the fourth equation of (4.58) with
respect to x implies that 0,0,f = 0. Therefore, from them, we deduce a; = as =
as = 0. By deriving the second equation and the fourth equation of (4.58) along
to t and y, respectively, we get a; = ag = a5 = 0. Thus, the third and the fourth
equations of (4.58) along to t and z,respectively, becomes 9,0, f = —8e*!(a12 + ag)
and 0,0 f = 0, thus we have a; = ag = 0. Therefore (4.58) becomes

Ouf =0yf =0.f =0:f =0,
The direct integration yields to the following
f(z,y,2,t) = ay.
for some constant ay. As a result, we can state the following theorem:

Theorem 4.2. Any Ricci bi-conformal vector field X on (Solg, g) is gradient vec-
tor field with potential function f if and only if f = a7.

In the end, we have:

Corollary 4.1. Any Ricci bi-conformal vector field X on (Solg, g) is Killing vector
field.
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