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Abstract. In this paper, we derive some fixed point results via integral-type contractive
conditions having rational terms in the setting of complete partial metric spaces and
provide some consequences of the established results. Also, we give some examples in
support of the established results. An application to the Fredholm integral equation
is also given. Our results generalize, extend and enrich several previously published
well-known fixed point results from the existing literature (see, e.g. [10], [11], [26], and
many others).
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1. Introduction and Preliminaries

The notion of partial metric space was introduced by Matthews [26, 27] in 1992.
In fact, a partial metric space is a generalization of metric space in which each
object does not necessarily have to have a zero distance from itself. Nonzero self-
distance makes perfect sense in the setting of Computer Science, in particular, in
the Domain Theory and Semantics (see, e.g., [15], [24], [32]-[34]). In the paper
[27], Matthews proved an analog of the well-known Banach contraction mapping
principle [10] in the context of complete partial metric space. After this result,

many authors focused on partial metric spaces and its topological properties (see,
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The purpose of the present paper is to prove some fixed point results via integral-
type contractive conditions having rational terms in the framework of partial metric
spaces. Moreover, we give some consequences of the established results. Also, we
provide some illustrative examples to validate the results. An application to the
Fredholm integral equation is also given. Our results extend, generalize and enrich
several previously published results from the existing literature.

The definition of partial metric space is given by Matthews (see, e.g. [26, 27])
as follows.

Definition 1.1. Let Y # @ be a set and p: ¥ x Y — [0, 4+00) be a self mapping
satisfies the following conditions:

(P1) j =k« p(j,j) =plk k) =p(j, k),

(P2) p(4,7) < p(j, k),
(P3> p(.77k) :p(kvj)7
(P4) p(5, k) < p(4,1) +p(l, k) — p(L,1),

for all j,k,l € Y. Then p is called a partial metric on Y and the pair (Y, p) is a
called partial metric space (in short PMS).

Remark 1.1. It is clear that if p(j, k) = 0, then from (P1), (P2), and (P3), j = k. But
if j =k, p(4, k) may not be 0.

Example 1.1. ([8])

(1) Let Y = [0,400) and p: Y X Y — [0,400) be given by p(j, k) = max{j, k} for all
j,k €Y. Then (Y,p) is a partial metric space.

(2) Let I denote the set of all intervals [u, v] for any real numbers u < v. Let p: I'xI —
[0, +00) be a function such that
p([”? U}, [p7 q}) = max{v, q} - mln{u,p}

Then (I,p) is a partial metric space.

Example 1.2. ([12]) Let Y =R and p: Y x Y — [0, +00) be given by p(j, k) = em>{5k}
for all j,k € Y. Then (Y, p) is a partial metric space.

Each partial metric p on Y generates a Tj topology 7, on Y with the family
of open p-balls {B,(z,p) : € Y,u > 0} where By(z,u) = {z € Y : p(z,2) <
p(x,x)+p} forall z € Y and p > 0. Similarly, closed p-ball is defined as B[z, pu] =
{zeY :p(x,z) <plz,z)+ p} forall z € Y and p > 0.

Definition 1.2. (see, e.g. [26, 27]) Let (Y, p) be a partial metric space.

(A) A sequence {u,} converges to a point u € Y whenever lim, o p(u, u,) =
p(u,u).

(B) A sequence {u,} in Y is called Cauchy whenever

lm  p(tm, uy,) exists (and is finite).
m,n— oo
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(C) A partial metric space (Y, p) is said to be complete if every Cauchy sequence
uyn} in Y converges, with respect to 7, to a point u € Y, such that
P

lim  p(um, un) = p(u, u).
m,n—00

(D) A mapping g: Y — Y is said to be continuous at ug € Y if for every € > 0,
there exists a > 0 such that g(B(uo, ®)) C By(g(uo),¢).

There is a close relationship between metrics and partial metrics. Indeed, if p is
a partial metric on Y, then the function d,: ¥ x Y — R™ given by

is a (usual) metric on Y. Moreover,

(1.2) nll_}IIOlo dy(u,u,) =0 & nh_}IrOlop(u, Up) = n}yl}goop(un,um) = p(u,u).

The following lemmas play an important role in the proof of our main result.

Lemma 1.1. (see, e.g. [26, 27]) Let (Y,p) be a partial metric space.

(E) A sequence {u,} in (Y,p) is a Cauchy sequence < {u,} is a Cauchy sequence
in the metric space (Y, d,),

(F) (Y,p) is complete < the metric space (Y, dp) is complete. Moreover,

nl;rr;o dp(tn,u) =0 & plu,u) = nl;ngop(un, u) = nﬂlrllrgoop(un, Uy

Lemma 1.2. ([19]) Let (Y,p) be a partial metric space.

(G) If j,k €Y, p(j,k) =0, then j =k,

(H) If j # k, then p(j, k) > 0.

(I) If up, = z as n — o0 in a partial metric space (Y,p) with p(z,z) = 0, then
lim, 00 p(tn,y) = p(z,y) for ally €Y (see [14]).

Definition 1.3. ([25]) Let {uy, }nen be a non-negative sequence such that lim, o un =
a. Then

lim pt)dt = | o) dt,
where ¢: [0,400) — [0, +00) is a Lebesgue-integrable mapping which is summable
on each compact subset of [0, +00), and such that for each € > 0, [; ¢(t)dt > 0.

Definition 1.4. ([25]) Let {uy, }nen be a non-negative sequence. Then

lim o(t)dt =0,

n—oo 0
if and only if lim,,_, oo u, = 0, where ¢: [0, +00) — [0, +00) is a Lebesgue-integrable
mapping which is summable on each compact subset of [0, +00), and such that for
each € > 0, [; ¢(t)dt > 0.
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Definition 1.5. (altering distance function, [23]) The function ¢: [0, +00) — [0, +00)
is called an altering distance function if the following properties are satisfied:

(1) ¢ is continuous and monotone non-decreasing,
(2) ¥(t) =0 if and only if ¢ = 0.

In 2002, Branciari [11] obtained a fixed point result for a single mapping satis-
fying an integral type inequality. This celebrated result can be stated as follows.

Theorem 1.1. ([11]) Let (Y,d) be a complete metric space, h € [0,1), and let
g: Y =Y be a mapping such that for each j, k €Y,

d(gj,gk) d(j,k)
/ o(t)dt < h / o(t)dt,
0 0

where ¢: [0,4+00) — [0,400) is a Lebesque-integrable mapping which is summable
on each compact subset of [0, +00), and such that for each € > 0, foe o(t)dt > 0,
then g has a unique fized point s € Y, such that for each r € Y, lim,,_,o g™ (r) = s.

After this remarkable result of Branciari [11], a lot of interesting research work
on fixed point theorems involving more general contractive conditions of integral
type was obtained in [4, 9, 29, 30, 31].

2. Main Results

In this section, we shall prove fixed point theorems for integral type contraction
having rational terms and altering distance function in the setting of partial metric
spaces.

Theorem 2.1. Let (Y,p) be a complete partial metric space and F:'Y — 'Y be a
mapping satisfying the following contractive condition:

Y(p(Fu,Fv)) Op (u,v)
(2.1) / oit<u [ s,
0 0

for all u,v € Y, where ©,(u,v) is given by

Op(u,v) = max{(p(u, ), ¥(p(u, Fu)), ¥(p(v, Fv)),

G(HLEILHE) (o0t

w € [0,1), @ is an altering distance function and ¢: [0,+00) — [0,400) is a
Lebesgue-integrable mapping which is summable on each compact subset of [0, +00),
and such that for each € > 0, fog @(t)dt > 0. Then F has a unique fized point in'Y.
Moreover, p(z,z) = 0.
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Proof. Let ug be an arbitrary point in Y. We construct the sequence {u,} in Y as
follows

Up4+1 = Fu,, n=0,1,2,3,....

If there exists n such that u,, = u,4+1 = Fuy,, then u, is a fixed point of F' and the
proof is finished. So, we assume that u, # u,4+1 for all n > 0. Putting u = u,—;
and v = u,, in (2.1) and using condition p(z, z) = 0 and the property of 1, we have

P (p(Un,Unt1)) Y(P(Fun—1,Fuy))
/ owie = | (1)
0 0

Op(Un—1,un)

(2.2) < o(t)dt,
0

where

Op(ttn-r,un) = max { (P11, 1)) (P11, Pt 1)), (pltn, ),
(e
()

= max {$(p(un—1,un)), W(p(ttn—1, ), Y (Plitn, i),
s
(Mt}

= max {(p(un—1, ), ¥ (p(ttn-1, ), Y (Plttn, i),
$(p(unsunin)). 0§
(2.3) = max {$(p(un—1, ), Y(p(ttns ns1)) }.

The following cases arise.

1F s {4 (p(un 1, 100)), (D 1t 1)) } = (i, 1)), then from equation
(2.3), we obtain

Tl)(p(uvuun+1)) w(p(un,unﬂ))
/ p(t)dt < p / o(t)dt,
0 0

which is a contradiction, since 0 < p < 1. Thus, we conclude that

Y (p(Un,unt1)) Y(p(tn—1,un))
(2.4) / syt < | o(t)d.
0 0
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Continuing the same process as above, we get

P(p(un,unt1)) P(p(un—1,un)) P(p(un—2,un—1))
/ p(t)dt < p / p(t)dt < p? / (t)dt

0 0 0

P(p(uo,u1))
(2.5) <<t / (t)dt.
0

Passing to the limit as n — oo in equation (2.5), we obtain

P (p(Un,unt1))
(2.6) lim ¢(t)dt =0, since 0 < p < 1.

n—oo 0

Hence, by the property of integral ¢ (by Definition 1.4), we obtain
(2.7) nhﬁnéo Y(p(tn, tpt1)) = 0.
Again by the properties of altering distance function v, we obtain

(28) lim p(unaun+1) = 0.

n—oo

Due to equation (1.1), we have dp(un, Un+1) < 2p(un, Up+1). Therefore

(2.9) lim dp(up,unt1) = 0.

n—roo

Now, we prove that

lim  p(un, Um) = 0.
n,m—00

Suppose the contrary, that is,
B p(tn, tn) # 0.
n—r oo

Then there exists € > 0 for which we can find two subsequences {,,(s)} and {u,(s)}
of {u,} such that n(s) is the smallest integer for which

(2.10) n(s) > m(s) > 8, P(Up(s)sUn(s)) > €,
and
(211) p(un(s)—17um(s)) <e.

From equations (2.10) and (2.11), we have

€ p(un(s)7 um(s))
p(un(s)a un(s)—l) + p(un(s)—h um(s)) - p(un(s)—la un(s)—l)
p(un(s)a un(s)—l) + p(un(s)—lv um(s))

e+ p(un(s)7 un(s)fl)-

VAN VANR VARVAN

(2.12)
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Taking the limit as s — oo and using equation (2.9), we obtain
(2.13) Hm p(un(s), tm(s) = €

By the triangle inequality, we have

P(Un(s)s Um(s)) < PlUn(s), Un(s)—1) + P(Un(s)—1, Um(s)) = P(Un(s)—1, Un(s)—1)
< P(Un(s)s Un(s)—1) F P(Un(s)—1, Um(s))
(2.14) < (unm,un (s)- 1)+P(Un<> 1) Um(s)=1) F P(Um(s)~1, Um(s))
—P(Um(s)—1> Um(s)—1)
< p(Un(s) Un(s)— 1) P(Un(s)—15 Um(s)—1) + P(Um(s)—15 Um(s))
and
P(Un(s)—1, Um(s)—1) < PUn(s)=15Un(s)) T P(Un(s)s Um(s)—1) = P(Un(s), Un(s))
< P(Un(s)—15 Un(s)) + P(Un(s)s Um(s)—1)
(2.15) < P(Un(s)—15 Un(s)) + P(Un(s)s Um(s)) T P(Um(s) Um(s)—1)
—P(Um(s)s Umn(s))
<

p(un(s)—la un(s)) + p(un(s)v um(s’)) + p(um(s)7 um(s)—1)~

Taking the limit as s — oo in equations (2.14) and (2.15) and using equations (2.9)
and (2.13), we obtain

(216) Slin;op(un(s)—laum(s)—l) =¢&.

Again, we have

P(Un(s)=1>Um(s)—1) < PUn(s)-1,Um(s)) T P(thm(s) Um(s)-1)
—P(Unn(s), Um(s))
(2.17) < P(Un(s)—15 Um(s)) T P(Um(s)> Um(s)—1)5
and
P(Un(s) =1, Um(s)) < P Up(s)—1,Un(s)) + P(Un(s), Um(s))
—P(Un(s), Un(s))
(2.18) < P(Un(s)—15 Un(s)) + P(Un(s)s Um(s))-

Taking the limit as s — oo in equations (2.17), (2.18) and using equations (2.9),
(2.13) and (2.16), we obtain

(219) lim p(un(s) laum(s)) €.

S§—00

Now from equation (2.1), we have

V(P (Uin (s)yUn(s))) Y(P(FUm(s)y—1:FUn(sy—1))
/ p(t)dt = / o(t)dt
0 0

@P(um(s)—lvun(s)fl)
(2.20) 1 / p(t)dt,
0

IN
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where

Op (U (s)—1, Un(s)—1) = max {d’(p(um(s)fh Un(s)—1))s P(PUm(s)— 1, Flm(s)-1))
Y(P(Un(s)—1, Fin(s)-1)),
w(p(un(s)fla Fp(sy—1)(1 + p(Um(s)—1, Fllm(s)—1)) )
L+ p(Um(s)—15 Un(s)—1) '
(p(um(s)q, Fig()—1)P(Un(s)—15 Ftim(s)—1) ) }
1+ p(Um(s)—15 Un(s)—1)

<

= max {w(p(um(s)—laun(s)—l))aw(p(um(s)—lvum(s)));
V(P (Un(s)—1, Un(s))),
77[}(17(%(5)—1, Up(s)) (1 + P(Up(s)—15 Um(s))))
L+ p(Um(s)—1 Un(s)—1) '
w(p(um(s)—ly um(s))p(un(s)—h Um(s)) ) }
L+ p(Un(s)—15 Un(s)—1)

By equations (2.9), (2.13), (2.16), (2.19) and using the properties of 1), we have

(2.21) lm O (U (s)—1, Un(s)—1) = max {1(€),0,0,0,0} = (e).

S5— 00

Now, passing to the limit as s — oo in equation (2.20) and using equation (2.21),
property of ¢ and Definition 1.3, we obtain

P(e) P(e)
/ o(t)dt < / o(t)dt,
0 0

which is a contradiction, since 0 < p < 1. So, we have

¥(e)
/ G(t)dt = 0.
0

Again by the property of integral ¢, we obtain 1(¢) = 0 and so by the property of
1, we have € = 0, which is a contradiction, since € > 0. Hence, we have

lim  p(un, tm) = 0.
n,1Mm—00

Since limy, ;m—so00 P(Un, ) exists and is finite, we conclude that {u,} is a Cauchy
sequence in partial metric space (Y, p).

Due to equation (1.1), we have dp(tun, um) < 2p(tn, Um). Therefore

(2.22) lim  dp(un,um) =0.

n,m—co

Thus, by Lemma 1.1, {w,} is a Cauchy sequence in both (Y, d,) and (Y, p).
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Since (Y, p) is complete partial metric space, then there exists ¢t € Y such that
limy, s 00 P(tn, t) = p(t,t). Since limy, oo P(Un, um) = 0, then again by Lemma
1.1, we have p(t,t) = 0. Now, we shall prove that ¢ is a fixed point of F. Suppose
that F't # t. From equation (2.1) and Lemma 1.2 (I), we have

Y (p(un,Ft)) Y(p(Fn—1,Ft))
/ o)t = /‘ o(t)dt
0 0

ep(unfl :t)
(2.23) v | o),
0

IN

where

Op(tnost) = max {(plun—. 1)), 0(p(tnr. Py 1)) (p(t. F1))
(=)
()

= max {4 (plun—1. 1)) Y(p(n-1, un)). B(p(t, F1)).
o (HF O sl )

()

Taking the limit as n — oo in the above and using p(t,t) = 0 and the properties of
1), we obtain

lim O, (uy—1,t) = max {0,0,¢(p(t, F't)), ¥(p(t, Ft)),0} = ¢(p(t, F't)).

n—oo

Taking the limit as n — oo in equation (2.23) and using equation (2.24) and the
property of ¥, we obtain

P (p(t,F't)) Y(p(t,Ft))
i oyt < | o(t)dt,
0 0

which is a contradiction, since 0 < p < 1. Therefore, we have

P(p(t,Ft))
/ G(t)dt = 0.
0

Hence, by the property of integral ¢, we conclude that ¥ (p(¢, F't)) = 0. Now, by the
property of ¢, we obtain p(t, F't) = 0 and so F't = t, that is, ¢ is a fixed point of F.
Now, we shall show that the fixed point of F is unique. Assume that ¢’ is another
fixed point of F' such that ¢ # /. Then from equation (2.1) and using condition
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p(t,t) = 0 and the property of ¥, we have

Y(p(t,t")) P(p(Ft,Ft'))
[ ewa = [ o)t
0 0

O, (t,t)
(2.24) w [ o

IA

where

0,(tt) = max{w( (t,1)), ¥ (t, Ft)

),
p(t', Ft") (1 + p(
1ZJ( 1+p(t,t

(p(t', Ft')),

L) (I )
)

= max {w(p(t,#)), ¥(p(t, 1), V(T 1)),
(p<t',t'><1+p<t,t>>> (p@,t)p(t',t))}
1+p(t t') L+ p(t, 1)
= max {¢(p(t,t')),0,0,0,0} = (p(t,t)).

Using the above value in equation (2.24), we obtain

P(p(t,t')) P(p(t,t"))
/ o(t)dt < p / o(t)dt,
0 0

which is a contradiction, since 0 < p < 1 and p(¢,t') > 0. Therefore, we obtain

Y(p(t,t))
/ o(t)dt = 0.
0

Thus, regarding the property of integral ¢, we conclude that ¥ (p(¢,¢')) = 0. Again
by the property of ¢, we obtain p(t,t') = 0 and so t = /. This proves the uniqueness
of fixed point. The proof is completed. [

3. Consequences of Theorem 2.1

If we take ¢(t) = 1 for all ¢ > 0 in Theorem 2.1, then we have the following
result.

Corollary 3.1. Let (Y,p) be a complete partial metric space and F:' Y =Y be a
mapping satisfying the following contractive condition:

(3.1) (p(Fu, Fv)) < nO,(u,v),

for allu,v € Y, where p € [0,1), v is an altering distance function and ©(
z

u,v) is
as in Theorem 2.1. Then F has a unique fived point in' Y. Moreover, p(z,z) = 0.
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If we take ¢(t) =1 for all ¢ > 0 and ¢ (t) =t for all ¢ > 0 in Theorem 2.1, then
we have the following result.

Corollary 3.2. Let (Y,p) be a complete partial metric space and F:' Y =Y be a
mapping satisfying the following contractive condition:

(3.2) p(Fu, Po) < s Ay(u,v),
where
Ap(u,v) = max {p(uv), plu, Fu), plv, Fv),
p(v, Fv)(1 + p(u, Fu)) p(u, Fu)p(v, Fu) }
1+ p(u,v) T 1+ p(u,v)

for allu,v €Y and p € [0,1) is a constant. Then F has a unique fixed point in'Y .
Moreover, p(z,z) = 0.

Corollary 3.3. Let (Y,p) be a complete partial metric space and F:' Y =Y be a
mapping satisfying the following contractive condition:

(3.3) p(Fu, Fv) < Ap(u,v),
where
Ap(u,v) = App(u,v) + Ay p(u, Fu) + Az p(v, Fv)
B e

for allu,v € Y and Ay, A, A3, Ay, A5 are nonnegative reals such that Ay + As +
As+ Ay + As < 1. Then F has a unique fized point in' Y. Moreover, p(z,z) = 0.

Proof. Follows from Corollary 3.2, by noting that

(v, Fv)(1 + p(u, Fu))
1+ p(u,v)

Ay p(u,v) + Ag p(u, Fu) + Ay p(v, Fv) + Ay 2

p(u, Fu)p(v, Fu)
1+ p(u,v)

+As

IN

(A1 + Ao+ A3 + Ay + As) max {p(u, v), p(u, Fu), p(v, Fv),
p(v, Fo)(1 4 p(u, Fu)) p(u, Fu)p(v, Fu) }

1+ p(u,v) " 1+ p(u,v)
B p(v, Fo)(1+ p(u, Fu)) plu, Fu)p(v, Fu)
= pmax {p(u, ), plu, Fu),plo, Fo), B o B, BES 2 |

Whereu:A1+A2+A3+A4—|—A5<l. [
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If we take ¢(t) = ¢ for all ¢ > 0 in Theorem 2.1, then we have the following
result.

Corollary 3.4. Let (Y,p) be a complete partial metric space and F:' Y =Y be a
mapping satisfying the following contractive condition:

p(Fu,Fv) My (u,v)
(3.4) /0 ¢(t)dt < /0 (t)dt,

for all u,v € Y, where My(u,v) is given by

My(u,v) = max {p(u7 v), p(u, Fu), p(v, Fv),
p(v, Fv)(1 + p(u, Fu)) p(u,Fu)p(v,Fu)}
1+ p(u,v) T 1+ p(u,v)

w € 10,1), and ¢: [0,400) — [0,+00) is a Lebesgue-integrable mapping which
is summable on each compact subset of [0,400), and such that for each € > 0,
fOE @(t)dt > 0. Then F has a unique fized point in Y. Moreover, p(z,z) = 0.

If we take

p(v, Fv)(1 4 p(u, Fu))
1+ p(u,v)

)

max {p(u,v), p(u, Fu), p(v, Fv),

p(u, Fu)p(v, Fu)
1+ p(u,v)

b= p(uv),

in Corollary 3.4, then we have the following result.

Corollary 3.5. Let (Y,p) be a complete partial metric space and F:' Y =Y be a
mapping satisfying the following contractive condition:

p(Fu,Fv) p(u,v)
(35) [ e [T s

for all u,v € Y, where p € [0,1) is a constant and ¢: [0,+00) — [0,4+00) is a
Lebesgue-integrable mapping which is summable on each compact subset of [0, +00),
and such that for each & > 0, fog o(t)dt > 0. Then F has a unique fized point in'Y .

Remark 3.1. Corollary 3.5 extends and generalizes Theorem 1.1 of Branciari [11] from
complete metric spaces to complete partial metric spaces.

If we take ¢(t) = 1 for all t > 0 in Corollary 3.5, then we obtain the following
result.
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Corollary 3.6. ([26], Theorem 5.3) Let (Y,p) be a complete partial metric space
and F:'Y =Y be a mapping satisfying the following contractive condition:

(3.6) p(Fu, Fv) < pp(u,v),

for all u,v € Y, where pn € [0,1) is a constant. Then F has a unique fized point in
Y.

Remark 3.2. Corollary 3.6 extends and generalizes well-known Banach contraction map-
ping principle [10] from complete metric spaces to complete partial metric spaces.

Corollary 3.7. Let (Y,p) be a complete partial metric space and F:' Y =Y be a
mapping satisfying the following contractive condition:

Y (p(Fu,Fv)) ¥ (p(uv)) W (p(u,Fu))
/ p(t)dt < 1 / B(t)dt + vy / o(t)dt
0 0 0

D(p(v,Fo)) o p(v,qu)(1+p(1L,Fu)))
+vs / ¢(t)dt + 1y /
0 0

1+p(u,v)
p(u,Fu>p(v,Fu))

w( TFp(u,v)
+vs
0

for all u,v € Y, where vy,vs,v3, 04,05 are nonnegative reals such that vy + vy +
vs+vs+vs <1, 9 is an altering distance function and ¢: [0, +00) — [0, 4+00) is a
Lebesque-integrable mapping which is summable on each compact subset of [0, +00),
and such that for each € > 0, foa @(t)dt > 0. Then F has a unique fized point in'Y .
Moreover, p(z,z) = 0.

(1) dt

o(t)dt,

Proof. Follows from Theorem 2.1, by noting that

P(p(u,v)) P(p(u,Fu)) Y(p(v,Fv))
" / S(1)dt + v / (1)t + v / S(t)dt
0 0 0

p(v,Fv)(A+p(u,Fu)) p(u, Fu)p(v, Fu)

o /Ow(up(u)) ()t + vs /Oib(up(w) o(t)dt

IN

O (u,v)
(V1 + v +v3+vg+ 1/5) / ¢(t)dt
0

Oy (u,v)
u / o(t)dt,
0

where =11 +va + 5+ vy +v5 < 1 and O,(u,v) is given by

Op(u,v) = max{(p(u, ), ¥(p(u, Fu)), ¥(p(v, Fv)),

G(HLEILHE)) (o0l
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Example 3.1. Let Y = [0,1] and p(u,v) = max{u,v} for all u,v € Y, then (Y,p) is a
complete partial metric space (PMS). Suppose F': Y — Y is defined by F(u) = % for all
u €Y. Let ¢: [0,400) — [0,+00) and ¢: [0, 4+00) — [0, +00) be such that ¢(t) =1 for all
t > 0 and ¥(t) =t for all t > 0. Without loss of generality, we assume that u > v. Then

we have
u v u
(3.7) p(FU,Fv)—maux{171 =1

On the other hand

1+ p(u, Fu) p(u, Fu)p(v, Fu) }

max{p(u,v),p(u,Fu),p(v,Fv),p(v,FU) T+ pw0) ¥ p(u0)

1+u  wv }
—_—, = u.
1+u 14w
Combining the observations above, we obtain

= max{u,u,v,v.

p(Fu, Fo) = 7 < pu,

that is, u > %. If we take 0 < p < 1, then all the conditions of Corollary 3.1 and Corollary
3.2 are satisfied. Hence, F' has a unique fixed point, indeed v = 0 is the required point.

Example 3.2. Let Y = [0,00). Define F: Y — Y by F(u) = 2u for all u € Y. Also,
define p: Y x Y — R* by p(u,v) = max{u, v} for all u,v € Y, then (Y,p) is a complete
partial metric space (PMS). It is clear that Matthew’s Theorem (Theorem 5.3,[26])
(analog of BCP) does not work. Indeed, without loss of generality, we may assume that
u < wv. Then

p(Fu, Fv) = 20 > piv = pp(u,v),

for any p € [0,1).

However, for p = %, we have

1 14 2u
Fu, F = 2v< -.20.
p(Fu, Fv) US53N T
1+ p(u, Fu)
= max u,v), p(u, Fu), p(v, Fv),p(v, Fv) ——"—,
e max { p(u, v), p(u, Fu), p(v, Fo), p( T i)

p(u, Fu)p(v, Fu) }
1+ p(u,v) ’

Thus by Corollary 3.2, F' has a unique fixed point. Here 0 is the unique fixed point of F'.
Example 3.3. Let Y ={1,2,3,4} and p: Y X Y — R be defined by
|lu —v| + max{u,v}, if u#wv,
p(u,v) = u, fu=v#1,
0, fu=v=1,

for all u,v € Y. Then (Y,p) is a complete partial metric space.

Now, we define a mapping F': Y — Y by
F(1)=1,F(2) =1, F(3) =2, F(4) = 2.
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Now, we have

P(F(1), F(2)) = p(1,1) =0 < 3.3 = 2p(1,2)
P(F(1), F(3) =p(1,2) =3 < 3.5= 2p(1,3)
P(F(1), F(0) =p(1,2) =3 < 3.7 = 2p(1,)
P(F(), F(3) =p(1,2) =3 < S 4= 2p(2.3)
P(F(), F(0) =p(1,2) =3 < 5.6 = 2p(2,4)
PFE), F(W) = p(2,2) =2 < 3.5 = 2p(3,4)

Thus, F satisfies all the conditions of Corollary 3.6 with p = % < 1. Now by applying
Corollary 3.6, F' has a unique fixed point. Here 1 is the unique fixed point of F.

4. An application to the Fredholm integral equation

In this section, we give an application of contraction condition (3.5) of Corollary
3.5 to the Fredholm integral equation:

(4.1) u(r) = w(r)—i—)\/ k(r, t)u(t)dt,

where u: [a,b] = R with —co < a < b < +00 and k(r,t) is called the kernel of the
integral equation (4.1) with |k(r,t)] < M (M > 0).

Let Y = Cla,b] be the class of all real-valued continuous functions on [a, b].
Define F: Y — Y by

b
Flu)(r) = w(r) + A / (e, t)u(t)dt.

Obviously, u(r) is a solution of the Fredholm integral equation (4.1) if and only if
u(r) is a fixed point of F. Define p: Y x Y — [0,400) by

p(u,v) = sup |u(r) —ov(r)],

rela,b

for all u,v € Y. Then (Y, p) is a complete partial metric space. Now, we state and
prove our result as follows.

Theorem 4.1. Let (Y,p) be a complete partial metric space. Suppose that the
following:

(1) The mappings w: [a,b] = R and k: [a,b] = R are continuous.

(2) There exists a nonnegative real number X\, such that

1

Al < Mo—a)

Then, the Fredholm integral equation (4.1) has a unique solution wu: [a,b] — R in
Y.
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Proof. Now, we show that F' satisfies the contractive condition (3.5) of Corollary
3.5. Consider

p(Fu, Fv) = sup |Fu(r)— Fu(r)]|
r€fa,b]

= sup ‘w —I—)\/krt

r€la,b)

= sup / E(r,t)] —v(r)}dtH
r€la,b]

< sup [A| |k‘(7"7t)||u( ) —v(r)|dt
r€(a,b] a
< MM sup |u(r) —o( \/ dt
r€la,b)
= [AM(@®—a)p(u,v)
< plu,v),

which implies

p(Fu,Fv) p(u,v)
/ o(t)dt < / o(t)dt
0 0

for all u,v € Y. Consequently, the contractive condition (3.5) is satisfied and the
Fredholm integral equation (4.1) has a unique solution u in Y. O

Now, we give an example of Theorem 4.1.

Example 4.1. Let us consider the Fredholm integral equation defined as

(4.2) u(r) = e+ A Z”T’“ u(t)dt.
1
Now we find a solution of the Fredholm integral equation (4.2) with initial condition
uo(r) = 0. We solve this equation for |A| < —15 since 25 < 1 for all 1 < r,¢t < e. Thus,
we obtain
ui(r) =e,

—e+)\/ m—redt—e—&—)\elnr,

2

us(r) :e+/\/ lr;r (e+Xelnt)dt =e+ Aelnr + )\—elnr
1
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e 2
ua(r) = e+)\/ lnTr(e—&—)\elnt—i—%elnt)dt
1
2 3

e+ ANelnr+ %elnr—i— %elnr,

AN A"

un(r) = e+/\elnr[1+§+z+~~'+f2n]
— e+ 2Ae Inr
2— A\ '

Thus, this is a solution of the Fredholm integral equation (4.2) for [A| < 15 < 1.

5. Conclusion

In the present paper, we prove some fixed point results via integral-type con-
tractive conditions having rational terms and altering distance functions in the
framework of partial metric spaces. Moreover, we give some consequences of the
established results. Also, we provide some illustrative examples to validate the re-
sults. An application to the Fredholm integral equation is also given. Our results
extend, generalize and enrich several previously published results from the existing
literature (see, e.g. [10, 11, 26] and many others).
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