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NEW INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
GENERALIZED CONVEX FUNCTIONS WITH APPLICATIONS

Erhan Set and Muharrem Tomar

Abstract. In this paper, we establish some new generalized Hermite-Hadamard type
inequalities for local fractional integrals on fractal sets R* (0 < o < 1) of real line
numbers. We also give some applications.

Keywords: Hermite-Hadamard inequality, fractional integration, generalized convex
function

1. Preliminaries

Recall the set R* of real line numbers and use the Gao-Yang-Kang’s idea to

describe the definition of the local fractional derivative and local fractional integral.
(see [14, 15])

Recently, the theory of Yang’s fractional sets [14] was introduced as follows.
For 0 < a < 1, we have the following a-type set of element sets:
Z* : The a-type set of integer is defined as the set {0%, £1%, +2% ..., +n* ... }.

Q% : The a-type set of rational numbers is defined as the set {m® = (%)a :
p.q € Z, q #0}.

J% : The a-type set of irrational numbers is defined as the set {m® # (%)a
p.q € Z, q # 0}.

R : The a-type set of real line numbers is defined as the set R* = Q% U J°.

If a®, b and c® belong to the set R® of real line numbers, then

(1) a® 4 b™ and a®b® belong to the set R%;

(2) a®* +b*=b*+a% = (a+b)" = (b+a)*;

(3) a® + (b* +¢*) = (a + b)* + ¢*;

(4) a®b® = b*a® = (ab)” = (ba)® ;
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(5) a® (49e”) = (a*b) e
(6) a® (b* + c¥) = a“b™ + a“c;
(7) a®* 4+ 0% = 0% + a® = a® and a®“1% = 1%a® = a®.
The definition of the local fractional derivative and local fractional integral can
be given as follows.

Definition 1.1. [14] A non-differentiable function f : R — R*, x — f(x) is called
to be local fractional continuous at xg, if for any € > 0, there exists § > 0, such that
[f (@) = f(zo)| <&”
holds for |z — zo| < 0, where €,d € R. If f(x) is local continuous on the interval

(a,b), we denote f(z) € Cy(a,b).

Definition 1.2. [14] The local fractional derivative of f(x) of order a at = = zg
is defined by

(@) () — d* f(x) ~ lim A% (f(x) = f(=0))
$O) = TEA| = i SEATD,
where A% (f(z) — f(z0)) =I(a + 1) (f(z) — f(z0).
k+1 times

—
If there exists fF+De(z) = D¥... DY f(x) for any 2 € I C R, then we denote
[ € Digr1ya(I), where k =0,1,2,...

Definition 1.3. [14] Let f(z) € C,[a,b]. Then the local fractional integral is
defined by,

JE1E) = T [ sy e AHOZf AL,

with Atj = thrl — tj and At = max {Atl, Atz, ey Athl}, where [tj, thrl] s
j=0,....N—landa =ty <t; < - <ty_1 <ty = b is partition of interval
[a,b].

Here, it follows that o/ f(z) = 0if a = b and I f(z) = —p I3 f(z) f a < b. If
for any x € [a,b], there exists (I2 f(z), then we denote by f(z) € I [a,b].

Lemma 1.1. [14]

(1) (Local fractional integration is anti-differentiation) Suppose that f(x) =
g (z) € C, [a,b], then we have

oIy f(x) = g(b) — g(a).

(2) (Local fractional integration by parts) Suppose that f(z), g(x) € Dq [a,b] and
f@(x), ¢\ (x) € Cy[a,b], then we have

0 F(@)g ) (x) = f(a)g(@)|) —a I f) (2)g(2).
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Lemma 1.2. [14]
do ke Ir1+k
x (1 + ka) plE=Da,

dx® i+ k-1«

1 b (1 + ka)
Ol de)® = b(k-i—l)oz _ (k1) k )
r(a+1)/a“’ (dz) F(1+(k+1)a)( at) ke R

More detailed information on local fractional calculus can be found in ([14]-[18]).

2. Introduction

A function f: I C R — R is said to be convex if
(2.1) flz+ (1 —t)y) <tf(x)+(1—1t)f(y)

holds for every z,y € I and ¢ € [0,1].
Let f:I C R — R be a convex function and a,b € I with a < b, then

(2.2) f<“+b)§ 1 /abf(;c)dng(“)+f(b)

2 b—a 2

is known as the Hermite-Hadamard inequality.

The Hermite-Hadamard inequality (2.2) has become an important cornerstone
in probability and optimization. An account on the history of this inequality can
be found in [4]. Surveys on various generalizations and developments can be found
in [9].

Definition 2.1. [14] Let f : I C R — R*. For any x1,22 € I and A € [0,1], if
the following inequality

(2.3) FOzr+ (1= XNz2) <A f (1) + (1 =N f (22)

holds, then f is called a generalized convex function on I.

Here are two basic examples of generalized convex functions:

(1) f(z) =27, p>1;

e Iak
(2) f(z) = Eq (%), z € R where E, (z%) = —— is the Mittag-Leffer
>

function.
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In recent years, the fractal theory has received a significant attention [1, 2, 6,
7, 8, 10, 11, 12, 13]. In one of these papers [5], Mo et al. proved the following
generalized Hermite-Hadamard inequality for generalized convex functions:

Let f (z) € I [a,b] be a generalized convex function on [a, b] with @ < b. Then,

(2.4) / (;b) < Zflf)a) s < L0 10,

Lemma 2.1. (Generalized Holder’s inequality) [14] Let f,g € Cyla,b], p,qg > 1
with 1—17 + % =1, then

1 b §
s | @) @)

1 b v N % 1 b . N q
g(m [ @) <dw>> (m | 1ata) <dw>> .

In this paper, inspired by the papers [3] and [5], we establish some new gene-
ralized Hermite-Hadamard type inequalities for local fractional integrals on fractal
sets R® (0 < a < 1) of real line numbers.

3. Main Results

Lemma 3.1. Let I C R be an interval, f:1° — R® (I° is interior of I) such that
f €Dy (I°) and f € C,[a,b] for a,b € I° with a < b. Then, for all x € [a,b],
we have the identity

b-2"f®)+@@-afl@ Tl+ta) ,
(3.1) b—aF RS
T —a 2a 1
- (<b = a)>“ r(11+a> /0 (t=1)" 1 (tz + (1= ) a) (d)°
(b _ I)2oc 1

(b—a) T(1+a«

+

I ) (e (1 o
)/O (t— 1) £ (tz + (1 — £)b) (db)*.
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Proof. Using the local fractional integration by parts, we have

- (LL' — a)za 1 ! _ a p(a) - _ a «
R (v viernd G ARICENENRICD
_ @-a* =) ftzt+(1-t)a)|
(b—a) (z —a)® 0
1 /1 P(1+a)f (tx+ (1 —t)a) (dt)o‘}
I(1+a) Jo (z—a)
_ @-a)fl) Tl+o) .,
- (b _ a)a (b _ a)ac aI;E f (t)
Similarly, we have
_ (b B I)2a 1 ! 1\ pla) T _ «
b = o [ -0 e (-0 @)
(b—x)"f(b) T(A+a) o7 ().

(b—a)® (b—a)® ”

If we add I; and I, , then we obtain the desired identity. O

387

Theorem 3.1. The assumptions of Lemma 3.1 are satisfied. If |f(°‘)| s genera-

lized convex, we have the inequality

PR (5 S UETCES I R Ry

< i [l sl )

(b _ .’L')Qa

e

4] @)+ B|r )],

_ T'(l+w) I'(14+2a) _ IP(142e)
where A = T(1+2a) _ T(1+3a) and B = T(1+3c)

Proof. Using Lemma 3.1 and taking the modulus, we have

b-—2)"fO)+(xr—a) fla) T(+a) _,
‘ b—a) ‘(b—@a“%f“ﬁ

—a)?*® 1
= ((i—a))“ F(11+a)/0 (L= |7t + (1 = D) )| (d)°

b—2)** 1 ! o
+ (b—a)” P(1+a)/0 (1—-1)

FO (4 + (1 - 1) b)’ (d)°.
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Since ‘ f (O‘)‘ is generalized convex, then we have

(b—2) )+ (—a) fa) T(1+a)
I (b_@aa@f<ﬁ

(x_a)2a 1 ! a o @ @
= Goar r(1+a)/0 @ =07 [ |1 @)+ 1 =)
(b_x)Qa 1 ! [e% @
oA F(l—l—a)/o (-0

Then, we have

1) (@)|] (at)°

7O @)+ a-o°

7 )] (@t

_ (‘T_a)2a 1 ! a a a a «
no= @_@QFHﬂ%/ﬂ—ﬂ[tf”(ﬂ+ﬂ—ﬂ 7 (@)|] ar
—a) 2a @ (q 1 -
b—ao‘ ‘f1+a‘/ RN ‘rf(lJr(oé))’/O =1 (dt)a]

and

h = ((bb__i))zj r(11+a) /1 (1=1)° [ta F @]+ 1= o) e

(b—a)* [ [£) ()] aggpe 4 SO o (e
1+a/ > (dt)> r(1+a)/0(1_t)2 (dt)] .

(b—a)®
Using Lemma 1.2, we have

1 ! N _ T(1+a) I(1+2a)
(3:3) T(a+1) /0 (1 =17 ¢7(dt)" = F(1+2a) TI(1+3a)
and
1 ! 20 o F(l + 20()

Substituting the equalities (3.3) and (3.4) in J; and Jo, we obtain desired in-
equality, which completes the proof. O

Corollary 3.1. In Theorem 3.1, if we choose x = “T'H), we obtain
fO)+fa) TO+a)
T
b— b

< % [2%4 F@ (%)’JFB(N) (a)‘ +|f@ (b)M .
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Remark 3.1. In Corollary 3.1, since ‘f(a)‘ is generalized convex, then we obtain

2 (b—a)*
(b a)®
4a

‘f ()+f(@) T(+a) Ibaf(t)'

<

(A+B) (| @]+ ®))-

Theorem 3.2. The assumptions of Lemma 3.1 are satisfied. If ‘f(o‘)|q s gener-

alized convex, then we have the inequality

(-2 J0)+ (- fl) T(+a) .
L —(b_@aa@f@ﬁ

1N\N%/ T+ap) \*
< (3) (raroima)
(z— ) (|7 @]" + [F@ @)]")" + © =P (|5 O + |1 @)]")
(b= a)"

1
q

for x € [a,b] and p,q > 1 with%—k%:l,

Proof. From Lemma 3.1 and Holder inequality, we have

[EESUETE SRR Ry
< s [ e
o s [0 0]
: (fb‘_?;a (r(11+a> /01 -0~ (dt)ay

Q=

" (P(%ra) /01 ‘f@ (tw + (1 —t) a)’q (dt)a>
- (fb__z);a <r<1 ; a) /o1 (0= (dt)a) E

y (ﬁ /01 ‘f@ (tr + (1 —1) b)‘q (dt)“)

Also, since ’ f(o‘)‘q is generalized convex and using the generalized Hermite-
Hadamard inequality, we have

1
q

! q (@ ()]? (@) ()]
(3.5) /0 £tz + (1= 10| (@) < l‘f (a) ;\f ()] ]



390 Erhan Set and Muharrem Tomar

and

(3.6) /01 V(a) (tw+ (1 —t) a)’q (dt)* < o

\ﬂw<wV+wﬂw<”V].

So

‘(b—x)af(b)ﬂx—a)af(a) I(l+a)
(b—a)® (b—a)" *

< (3) (e sm)

(2= ) (|7 @[" + [F@ @)]")" + © =) (I5 O + |7 @)]")°

100

(b—a)"

which completes the proof. O

Corollary 3.2. In Theorem 3.2, if we choose © = %2 we obtain

2
‘f(b)Jrf( a) T+a)

o — ]
= (b;fYM<%> (5 ufizf?(n>;

[l o () (o e (522)])

< DR () I @]« o]

In the last part of this inequality, we first used the fact that >, _, (ar + by)® <
S (ar)” + 30, (k) ., (0<s<1)and a;,b; >0 fori=1,2,..,n. Finally,
we use the fact that | f (O‘)‘ is generalized convez.

QR

Theorem 3.3. The assumptions of Lemma 3.1 are satisfied. If | f(*)|9 is general-
ized concave for g > 1

(b—2)° F(B)+ (&—a)"f(a) T(l+a)
’ (b= o (b—@““%f(ﬁ

g—1
L1+ o) | °
2g—1

) [(x_a)za §) (el (a”))‘ﬂb_x)za

(b—a)®
for each x € [a,b] and ¢ =

ﬂ@(%§£%<h+w)q

_p_
p—1"
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Proof. As in the previous theorem and using Lemma 3.1 and generalized Hoélder
inequality for ¢ > 1, we have

[EERTECENSO R EL P
< %iﬁspuiayﬂVr%ffwwm+ﬂ—ﬂwﬂﬁ”
< (Z‘;‘_Z); (r(11+a) /01 (-0 (dt)a)q

Q=

" <1“(%+a) /01 }f@ (tz + (1 —t) a)’q (dt)o‘>
iza (e [, -0 aor) ©

(ﬁ /Ol\f@ <tw+<1—t>b>\"<dt>“)é.

Since ‘ f (0‘)’ is generalized concave, we can use the generalized Jensen’s integral
inequality to obtain:

(dt)®

e 7 -0
1
B r(1ita)/0 -

< (rva /o)

(ev) 1 1 1 N B aa X
i ( t0a<dt>af<1+a>/o (tz+{1-t)a) <dt>)

i
ﬁfo

o (F )

) (tz + (1 —1t) a)‘q (dt)>

q

q

Similarly,

q

5D e | 7 - - o) e < o (2 o)
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Combining all the obtained inequalities, we get

b=—2)"fO)+(@—-0a)"fla) TA+a) _,
] b - g f(t)]

q—
q

r1+ o)
P(1+ %=a)

e (i @ o) [+ @2 [ (JER 0+ )|
b—a)”

which completes the proof. [

2t we obtain

Remark 3.2. In Theorem 3.3, if we choose x = *3
‘f(b);;f(a) _ 1;[51_—2)0;) a[;)lf(t)‘
b—a) | T1+5a) T
<
= 4o I(1+ 25a)
() F(1+Oé) 3a—|—b () F(1+Oé) Sb—l—a
[l (e (257) [+l (memms (529))]

Theorem 3.4. The assumptions of Lemma 3.1 are satisfied. If | f(*)|9 is general-

ized convex for q > 1, then we have the inequality

‘(b—x)“f(b) +(@—a)"f(a) _T(l+a) Ibam‘

(b—a)" RO
x—aQQ (O‘)xq (a)aq%
N L Gl @I + Bl (@)]")
. (b= a)
(b= )™ (A7 @)]" + B[F @)[")"

1_
_ T'(l+w) I'(14+2a) _ IP(142«w) _ [ "(14a) q
where A = Mit2a) ~ T3a) * B = Ti+3a) and C' = (F(1+2a)) ‘
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Proof. From Lemma 3.1 and the well-known power-mean inequality, we have

68) ‘ (b—2) O te- )" fl@) M) f(t)‘
< o [ @ g @
+ ((bb__“;);a ¢ 1+ 3 /01 (1= )| @ (tz+ (1 1) b)‘ (dt)®
< e (g [ a- o)

1
q

7O (tr + (1 - 1) a)}q (dt)“)

(mrm 0o

* (fb_—?;: (Frre / (10 )
1

_1
1q

1 7

(1-)°

X (m 0 FO (tr+ (1—1t) b)‘q(dt)a>

Since } f(e |q is generalized convex, we get

F (tz+ (1 —t)a)| (dt)®

‘ q

1
(3.9) ﬁ/o (1—1)°

< rara ), 00l
Al @)+ B @)

" a=0° |7 @) ] @

£ (x)

Similarly,

FO (b + (1= 1) b)|” (d)

(3.10) F(%m/ol (1—1)®
< Alf @[ + Bl o)

q

If we substitute the inequalities (3.9) and (3.10) in (3.8), then we can easily see
the desired inequality. This completes the proof of this theorem. [J
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Corollary 3.3. In Theorem 3.4, if we choose x = “T'H), we obtain

‘f(@-*f(a) I(l+a)
20 b—a)™

- 110

< i (1 @]+ [ @) + 2o e (42|

< oo, <A’f(a)(a)‘q+B‘f(o‘) (“;b> q)i’
(ol sl () )

O (1t t) (1 o 10 0.

Theorem 3.5. The assumptions of Lemma 3.1 are satisfied. If |f(o‘)
alized concave for q > 1, then we have the inequality

q .
‘ 15 gener-

b-—2)"fO)+(z-a)"fa) Tl+a) ,

| b - T )

(x —a)** () (Az + Ba)) + (b—2)** (f(*) (Az + Bb))
(b—a)”

< C

I'(14+a) I'(14+2a) _ IP(142e) _ T'(14w)
T(i120) ~ T(13a) B = T(i73a) and C= T(i+20)

where A =

Proof. Suppose that ’ fle) ’q is generalized concave. Then,

(3.11) £tz + (1= ta)|" = ¢ |1 @)+ (1= 0 [£ (@)
Since ¢ > 1, also we have
(3.12) wamwwl—waﬁztafwuxﬂ+(1—wafwuwy

That is, | f (0‘)‘ is generalized concave.

Now, taking Lemma 3.1 and Jensen inequality for local fractional integrals, we
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have

b F )+ f(@) _T(+a)
| e el i o)

(I - Q)QQ 1 ! « « «

S ek r(1+a)/0 (=) |1tz + (1= 1) a)| (1)
(b_x)2a 1 ! « a «
+ (b_a) (1+a)/ (1—1)*[f¢ >(t:c+(1—t)b)}(dt)
f 1+a) fo )* (to + (1 —t)a)® (dt)*
1+oc) fO (dt)

+ (1“ T+a) (1—-t)" (dt)"‘)
X

f@ mfo - (tfl?+(1—t)b)"(dt)a
) fo — )" (dt)>

(1 I(l+a ) [(;p —a)*™ (f<a (Az + Ba)) + (b — 2)** (f(®) (Az + Bb))

T(1 + 2a) (b—a)®

which completes the proof of this theorem. O

Remark 3.3. In Theorem 3.4, if we choose x = erb we obtain

fO) +fla) TA+a)
' 2a (b_a)a aIb f( )'

S e () (2]

4. Applications to Special Means
Let us recall some generalized means:
(1) The generalized arithmetic mean:

a® + b

A b%) = T

(2) The generalized logarithmic mean:
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1
(1 b(nJrl)a _ ,(n+l)a n
L) = | s —]"

1+ (n+1)a) (b—a)”
ne€ Z\{-1,0}, a,b € R, a #b.

Proposition 4.1. Leta, b€ R,a<b, 0¢ [a,b] andn € Z, |n| > 2. Then, for all
p>1

(a)
[ A (a™,b") - (1 + )Ly (a®,b%) 1
< (-af <%) ' (mril(;f?) a)) E mrf(}t fo?) a4 (Jac 0] o021
and
(b)

[A(a™,0") =T (1 4+ a)Ly (a®,b%)]

< C(b;Ta)Q (A% +B§) I'(1+na) a)A(’a(nfl)a ,

b(nfl)a
1+ (n-1)

).

Proof. The assertion follows from Corollary 3.2 and Corollary 3.3 for f (x) = 2™,
x€la,b,neZ, |n>2. O
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