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1. Introduction and motivation

For subspaces M and N of a Hilbert space H with M C N, we set codimy M =
dim N /M and, if M is closed, use the symbol Py to denote the orthogonal pro-
jection onto M. If M and N are closed subspaces of H such that H = M @ N,
then by Pay n we denote the projection onto M parallel to . For a given operator
A € B(H,K), the symbols N'(A) and R(A) denote the null space and the range of A,
respectively. We use the standard notations n(A) = dim N (A), 8(A) = codimR(A)
and d(A) = dimR(A)L. Also, by P @ Q we denote the direct sum of the closed
subspaces P and Q.

If Ae B(K,H) and M is a subspace of K then the restriction of the operator A to
the subspace M will be denoted by A|r. Also, for S € H by A71(S) we denote
the inverse image of S i.e. A7Y(S) = {z € K : Az € S}. For A € B(H) the
spectrum (left-spectrum, right-spectrum) is denoted by o(A) (0;(A), 0,(A)), while
p(A) =C\o(A) (pi(A) =C\oi(A4), pr(A) =C\ 0,(A)) denotes the resolvent (left
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resolvent, right resolvent) set. Throughout the paper, we will abbreviate A — Al as
A — )\ for a bounded linear operator A.

The definition of the e-pseudospectrum that will be used throughout this paper
is:

Definition 1.1. Let A € B(H) and € > 0 be arbitrary. The e-pseudospectrum
o:(A) is the set

o.(A) = {A €C: Aea(A) or <)\ € p(A) and [|(A— N7 > i)}

More on the topic and basic definition can be found in the seminal monograph
[20] by L. N. Trefethen and M. Embree on this topic. The notion of the pseudospec-
trum has found many applications in both mathematics and other sciences. In [10]
Driscoll and Trefethen applied the psedospectrum to the study of the wave equation,
while Davies in [9] discussed pseudospectra in quantum mechanics and differential
operators. In [19], Reddy, Schmid, and Henningson applied an analysis based on the
pseudospectrum to fluid dynamics and stability of shear flows. In [1] Burke, Lewis
Overton investigated the use of pseudospectra in optimization problems, particu-
larly focusing on robust stability analysis in control systems. Jaramillo, Macedo,
and Al Sheikh applied pseudospectral analysis to black hole physics in [14].

The study of operator matrices, primarily upper-triangular operator matrices
has been extensive over the years with important results and applications. The
motivation for this paper is to extend this branch in a new direction.

The study of 2 x 2 upper triangular operator matrices naturally arises from
the fact that if a bounded linear operator A acting on a Banach space X has a
complemented invariant subspace S, we can represent A as

- [* I] SEP o SeP,

where X =S @ P.
In this paper, we will study the e-pseudospectra of an upper-triangular matrix

Me = [61 g] He Kk > Hak,

where H and K are infinite dimensional separable Hilbert spaces. To be more
precise, for an arbitrary € > 0 we will completely describe the sets

ﬂ o:(M¢) and U o-(Mc).

CeB(K,H) CeB(K,H)

In the case of the spectrum the set (Nocpic ) 0(Mc) and Ucepe ) o(Mc)
were for the first time described by Du and Pan in [11] with the following result for
the Hilbert space case:

(| o(Mg)=01(A) Uo(B)U{A € C: n(B— M) # d(A— \)}.
CeB(K,H)
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Han, Lee, and Lee in [12] obtained equivalent results in the case of Banach spaces,

(1 o(Mc)=a(Ad)Uo(B)U{X € C: N(B - M) % X/R(A— Ay)}.
CeB(X,Y)

Du and Pan raised the following 3 questions:

Question 1. For fixed A € B(H) and B € B(K) does there exists an operator
C € B(K,H) such that o(M¢) C o(My),

Question 2. Completely describe (\oepc ) 0(Mc) for fixed A € B(H) and
B € B(K),

Question 3. Does an operator Cy € B(K, H) exists such that
nceB()c,H) o(Mc) = o(Mc,),

and for the first two questions they provided answers. Question 3. is still only
partially answered. This paper will primarily focus on the equivalent of Question
2. for the pseudospectrum, and partially on Questions 1. and 3.

A systematic study of the spectrum (and other types of spectra) of upper-
triangular matrices was done in [3], which also included partial answers to Question
3. Various results regarding operator matrices can be found in [4, 5, 6, 13, 18, 21],
which together with the mentioned papers can serve as a good introduction into
the topic.

One of the reasons for the extensive study of operator matrices is the application
of their results to specific problems in operator theory. Results concerning upper-
triangular operator matrices were applied to the study of linear combinations of
operators on Hilbert spaces in [7, 15, 8]. Completions of upper-triangular operator
matrices were applied in [17] to the study of the reverse-order law for {1}-inverses
on Hilbert spaces, while in [16] new representations for the generalized Bott-Duffin
inverse were achieved.

2. Preliminary results

Before we proceed with the results we should briefly comment on the operator norm
of Mo € B(X @ Y) and how it relates to the norms of A € B(X), B € B()) and
C € B(Y, X), where X and ) are Banach spaces, and present some auxiliary results.

For a vector [;ﬂ € X @)Y the norm on X & ) is naturally defined by

T
1] = etz s,

which allows us to write the definition of the standard norm of {g g

‘X@J’

} e B(XDY)
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Il>

as

= suwp /Il 4z +Cyl} + [ Dz + Byl}
X
Y
= sw /Il A+ Cyl} + 1Dz + Byl

=% +lyll5=1

XeYy
=1

In the case of Hilbert spaces, H and /C, this norm coincides with the norm
generated by the inner product defined on their sum. This norm is generalized
naturally to direct sums of 3 or more Banach spaces in the same manner.

Remark: Notice that it is easy to establish that

. A0
(2.1) min{||Aflx, [ Blly} < < max{[|Al|x, | Bl|y}-
0 B XPY

The previous inequality can be extended to diagonal and off-diagonal cases for 3 x 3
operator matrices as well. The following lemma covers one case:

Lemma 2.1. Let A € B(X1,)1), B € B(X,Ys), C € B(X3,Ys), where
Xy, Xo, X3,)1, Vs, V3 are Banach spaces. Then the norm of the operator matriz

A 0 0
0o 0 C XIS DX V1DV P Y3
0 B 0

satisfies the following inequality

A 0 O
(2:2) 0 0 C|f <max{[|A[l[|B. ICI[}
0 B 0
where || - || denotes the operator norm on the appropriate space.
x
Proof. Let |z2| be an arbitrary unit vector in the Banach space X} & X5 & A,
Zs3

that is |21 (%, + [|22]/%, + llzs]%, = 1. Notice that

2 2

A 0 0 Iy AIEl
0 0 C i) = 01‘3
0 B 0 3 V1®YV20Y3 B$2 V1®YV20Y3

= [[Az1]3, + IC2s]3, + || Bzall3,

< 1P|z 1%, + 1 BIPllz2]1, + €1 zs]%,

< (max{[[AlL IBILICIH? (e [%, +la2lZ, +llsl,)
= (max{[| A, | BI, [IC})?
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Since the choice of the unit vector in X; @ Xy & X5 was arbitrary, it follows that

A0 0
00 O <max{[|A], Bl [|C[I}
0 B 0

which is what we wanted to show. O

The result we will primarily rely on is the following Theorem from [3]:

Theorem 2.1. Let X and Y be Banach spaces and A € B(X) and B € B(Y) given
operators. The operator matriz Mc is invertible for some C € B(Y, X) if and only
it:

(i) A is left invertible;

(i) B is right invertible;

(111) N(B) 2 X/R(A).

If conditions (i) — (ii1) are satisfied, the set of all C € B(Y,X) such that M¢ is
invertible is given by

Ci 0
0 (4

Cy 1s invertible, X = R(A) S, Y =P @N(B)}

S(A,B):{CGB()),X):C:[ }:P@N(BHR(A)@S,

This Theorem can be rephrased in the case of Hilbert spaces as:

Remark: If the conditions of Theorem 2.1 are satisfied, then the operator matrix
M can be represented as

A Cp 0
(2.3) Mc=|0 0 Ci|:XePaeNB)-RA®SEK
0 B 0

where A; and B; are invertible operators. Using this representation it is easy to
verify that

AT 0 —ATeBt
(24) Mz'=1]0 0 B! R(ASeK - XaPaN(B).
o ¢t 0

In the case when either A or B is invertible, M will be invertible if and only if
both A and B are invertible, and it will be invertible for all C € B(Y, X). The
inverse of M¢ will in this case be given by

At —A-teBT!

M51 = 0 B!

From the previous remark, we see that o(My) = 0(A) Uo(B), and in the result
that follows, we establish an analogous result for the e-pseudospectrum:
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Lemma 2.2. Let A € B(X), B € B(Y) and ¢ > 0. We have that 0.(My) =
0:(A)Uo.(B).

Proof. Since o(My) = oc(A)Uo(B) and

(]\40_)‘)_1 = |:(A _0/\)71 (B 70)\)71 ) )\Ep(A)ﬂp(B)

it is sufficient to show that for any A € p(My) we have that

_ 1 _ 1 _ 1
1Mo = )Moy > £ = (4= > L or 1B -2y > 2).

Since

1(Mo = 2 ey < max{[[(A =Nl [1(B = N7 Iy}
it immediately follows that if ||(Mo — A)"'|xgy > 1, then [[(A — X7 > 1
or [[(B—= X7y > 1. Conversely, let us suppose that [[(A — A)7!x > I or
[(B=X)"!ly > L. Without loss of generality we can suppose that [|(A—X)"[lx > 1
so there exists a vector z € X such that ||z|x =1 and [[(A — X)"'z||x > 1. Then

x x
cXa), {} =1 and
4 s
-t 1
s B [ 2L -t
XOY XY

completes the proof. O

3. Main Results

With the preliminary results now in place we proceed with the main results of this
paper:

Theorem 3.1. Let A€ B(X), Be B(Y) ande > 0. Then

(3.1) N o-(Mc) =00 U ((0=(4) Uoe(B)) \ (o(4) Ua(B))) U 3.
CeB(Y,X)
where
o= [ oMo),
CceB(Y,X)

e = { A€ 1)\ () U o(B) \ () (4= e > 2

_ 1
or 8 = 7y > |
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Proof. (D): Let us first show that og U ((0(4) Uo.(B)) \ (¢(4) Uao(B))) U, C
ﬂCEB(y,X) 0e(M¢). From the definition of the e-pseudospectrum it is clear that

(o) g ﬂ O'5<Mc).
CeB(Y,X)

Now, let A € (0-.(A)Uo.(B))\ (c(A)Uc(B)) be arbitrary. Since A ¢ o(A)Uc(B) we
have that M¢ — X is invertible for every C € B(Y, X). If A € 0.(A) then there exists
a unit vector z € X such that ||[(A—X)"z||x > L, so for an arbitrary C € B(Y, X)
we have that

mw—x>ﬂﬂ — (A= el >

W || W

Similarly, if A € o-(B) then there exists a unit vector y € Y such that ||(B —
A)lylly > 1, so for an arbitrary C' € B(Y, X) we have that

Joe >~ Bl =0 =55,

= \/H(A = A)7ICB =) lE + 1B =27l

_ 1
> (/B =X ylly > -

Since C' € B(),X) was arbitrary in these considerations we can conclude that
(0:(A) Uoc(B))\ (0(A) Ua(B)) € Neepy,x) o=(Mo).

Next, let A € 3. be arbitrary. From the definition of the set 3. we know that A — A
and B — )\ are not invertible, but A — A is left invertible and B — ) is right invertible,
and [|(A = \); x> Lor [(B=X);7y > L Let C € B(Y,X) be arbitrary. We
have two possibilities, either Mc — A is invertible, or it is not. If it is not invertible
then A € 0(M¢) C 0.(M¢). If Mo — A is invertible we can represent it as

(A=) Ch 0
Mo — )\ = 0 0 Cy| :XOPONB-N)->RA-NeSHK
0 (B=X1 0
X=RA-NDS,Y=PdN(B-)\), and where (A — \); and (B — \); are
invertible operators such that
(A= =[A-N7" 0] RA-NaS—>X

—1

(B—=X),"= {(BOA)l } 1Y > PON(B-).

By (2.4) we know that (Mc — A\)~! can be represented as

(A=N7" 0 —(A=N7CuB -
0 0 (B-N;! :R(A-NDSOK — XOPON (B-)).
0 ct 0
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If |(A =N x> 1 then there exists a unit vector z; € R(A — A) such that
(A= N 21]|x > 1 from which we get

. (AT 0 —AT'OvBY [
H(Mc -2t {01} =1 0 0 B! 0
-1
xoy L0 0 0 |l yoy
_(A — )\)lel
= 0
L 0 XYy
_ —(A — )\)llxlil
L 0 XPY

_ 1
= A=V >+
This implies that [|(Mc — )" xey > L. Similarly, if ||(B — ) !|| > £ then there
exists a unit vector y € Y such that [|(B — \);'y[ly > L, and in this case we have
that

0 (A=Nr" 0 —(A=N B =M [0
H(MC—A)—1 H = 0 0 (B— N\t 0
xXoy .0 ct 0 Y1 | ey
[—(A - A)Il%(fﬁ -1y
(B=Ni'y oy
_|[-a=xn7tos - A):ly}
B (B =Nty ey

= A= X1 CB = Nyl + 1B = Nl
_ 1
> (/B - N ylly > 2

which again shows that |[(Mc — A)7!|xey > L. We can now conclude that

€

Ye € Neeny,x) 0e(Mc) which completes the proof of the right inclusion.

(C): We will now show that

N 0.(Mc) € 00U ((0-(4) Uon(B)) \ (o(A) Ua(B))) US..
ceB(Y,X)

Let A € Neepy,x) 0c(Mc) be arbitrary, and we will consider 3 cases.
Case 1: A € o(M¢) for all C € B(Y,X). This case is trivial since A € o in this
case.
Case 2: A € Noepy,x) 0= (Mc) and A € p(A)Np(B). In this case Mc—Ais invertible
for all C' € B(Y, X) so the assumption that A € (oep(y, vy 0c(Mc) implies that
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[(Mc — A)"Hxey > 1 for all C € B(Y,X). This will hold for My — A as well,
which implies that

max{[} (A~ ) s 1B = )7y} > (Mo~ ) sy >~

This allows us to conclude that in this case A € (0.(A) Uo.(B)) \ (c(A)Ua(B)).
Case 3: A € Neep,x) 0c(Mc), A & 00, A & p(A) N p(B). So, (A — A); ! and
(B —)\); 7! exist. Futhermore, N'(B — ) & S, where S is a complement of R(A — \)

in X. This complement exists and is non-trivial since A — A is left-invertible, but
not invertible. Let J be an isomorphism from N(B — A) to S.

There exists an operator C’ € B(Y, X) such that his representation with respect
to the decompositions X = R(A—A) @S, Y =P dN(B — ) is of the form

c = {8 g] PENB-N) > RA-N&S
4

where Cj is invertible and ||C; || < min{||(A—X\); || x, (B =) ||y} Notice that
in this case ||C; || refers to the norm on B(N(B — \),S) induced by the norms on
Y and X, respectively.

Indeed, let m = min{|[(A—X\); || x, [ (B=\); ! |ly}. We will define C" € B(Y, X)
via

c = {0 0} PON(B-\) —RA-N &S,

0 C4
2||J 1
o= 270,
m
For this choice of C’, we have that C’4_1 = WJ* and
m m
crl = J == .

Since A € 0.(M¢) and Mg — A is invertible we have that

1 _
o< I(Mcr — X) " Hxay

< max{[|C5 |, [(A = 2l (B = )7 v}
< max{[[(A = N); M, (B = X7 v}

where the third inequality follows from ||C; || < min{[[(A—X\); " {|x, [[(B=X) v},
and the second inequality follows from Lemma 2.1. Indeed, from our choice of C’
we see that Mo — A can be represented as

(A—\) 0 0
Mg — A = 0 0 Cyl : XBPBNB-N)—>RA-NdSaK
0 (B=X)1 0
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X=RA-MN®S,Y=PadN(B -\, and where (A — X); and (B — \); are
invertible operators such that
A=V =[A-N7" 0] RA-NaS—>X
-1
(B-\),!= {(B_O)‘)l } Y= PaN(B-N).

By (2.4) we know that

(A-N7h o 0
(Mor—M\) "t = 0 0 (B-N{':R(A-NaSOK — XY&PON (B-N),
0 c;t 0

which allows us to apply Lemma 2.1 and establish
I(Mer = X lxey < max{[[CTH]L (A =X s 1B = M)y}
since [[(A =X = [(A =) Y| and [[(B =X = [(B =),
This inequality implies that

_ 1 _ 1
1A= 07l > < or (B =07y > <,

which proves that A\ € 3. in this case, and completes the proof. O

The result we obtained regarding the perturbations of the e-pseudospectrum
of 2 x 2 upper-triangular operator matrices is completely analogous to the results
converting the spectrum, and it would be natural to expect that a similar result
holds for the sets Ucepy,x)0(Mc) and Ucep(y,x)o-(Mc), but we will show that
this is not the case.

We have already made use of the fact that if A € p(A) N p(B) then Mc — A is
invertible for all C' which in turn implies that

o(M¢) Co(A)Uo(B),
which (together with o(My) = 0(A) Uo(B)) in turn allows us to conclude that

U o) =o(A)ua(B).
ceB(Y,X)

In the following Theorem, we show that in the case of the e-pseudospectrum we
cannot produce a similar result:

Theorem 3.2. Let A€ B(X), Be€ B(Y) ande > 0. Then

(3.2) U oMe)=cC.
CeB(K,H)
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Proof. As o.(My) = 0-.(A) Uo(B) it is sufficient to show that for each A € C\
(0:(A)Uo.(B)) there exists an operator Cy € B(), X) such that A € 0.(M¢, ). We
can refine this further since o(A)Uo(B) C 0.(A)Uo.(B), soif A € C\(0.(A)Uo.(B))
then A — A\, B — X\ will be invertible, and Mo — A will be invertible for every
CeB(,X).

Let A € C\(0-(A)Uo.(B)) be arbitrary, and let o € X and yy € Y be arbitrary,
but fixed vectors such that ||yolly = 1.

We will define C), in the following way. Let 21 = (A — X)xg, 11 = (B — A) " tyo,

and

L = 2

Chy = oY= . Wwhere L = ———.

0, otherwise ellzol| x

The operator C) is well-defined as an operator of rank 1, and
[(A=X)71ONB = N yolla = (A= V)" Canx
= [|L(A =N o2

2
— Lllzollx = =.
3

We now have an unit vector in X @& ), [;} such that
0

S Y N | v e | W
= \/H(A = N)7ICAB = N wollF + 1B = N Mwoll3
2 1

> (A= X CA(B =N lly =2 >
This allows us to conclude that ||(Mc, — A)"xay > 1, so A € o.(Mc, ), which
completes the proof. O

We can now briefly comment on the problem of finding an operator C’ € B(Y, X)
such that
oe(Mor)= [ o(Mc).
CeB(Y,X)

Remark: We have already mentioned that this question in the case of the spec-
trum has been partially answered in several papers, such as [2, 3, 11, 21], and it is
interesting to note that in some cases the solution to this question is the same for
the e-pseudospectrum and spectrum.

In the case when A € B(X) and B € B(Y) are Riesz or polynomially Riesz, it is
easy to verify that op = 0(A) Uo(B) and that ¥, = O so

ﬂ o:(M¢) = 0-(A) Uo.(B),
ceB(Y,X)
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and therefore any C' € B(Y, X) has the desired property.

Remark: There is room for further research on this topic in several direc-
tions. One direction would be to better describe the e-pseudospectrum of an upper-
triangular operator matrix M¢ for fixed A € B(X), B € B(Y) and C € B(Y, X).
A second direction would be to investigate the perturbations of e-pseudospectra for
other types of operator matrices, such as 2 x 2 operator matrices of the form

A B
Mr.s = [T S]

where A € B(X) and B € B(Y, X) are given operators, and T' € B(X,Y), S € B())
and A C
where A € B(X), B € B(Y) and C € B(), X) are given operators and X € B(X,)).
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