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SOLVABILITY AND STABILITY FOR NONLINEAR FRACTIONAL
INTEGRO-DIFFERENTIAL SYSTEMS OF HIGHT FRACTIONAL
ORDER

Zoubir Dahmani, Amele Taieb and Nabil Bedjaoui

Abstract. In this paper, using Riemann-Liouville integral and Caputo derivative, we
study an n—dimensional coupled system of nonlinear fractional integro-differential equa-
tions of hight arbitrary order. The contraction mapping principle and Schaefer fixed
point theorem are applied to prove the existence and the uniqueness of solutions in Ba-
nach spaces. Furthermore, we derive the Ulam-Hyers and the generalized Ulam-Hyers
stabilities of solutions. Some illustrative examples are also presented.
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1. Introduction and Preliminaries

The fractional calculus has attracted interest of researchers in several areas of
mathematics, physics, chemistry and engineering sciences. For more details, we refer
the reader to the monographs by Hilfer [19], Lakshmikantham [26], Podlubny [33]
and the papers of [3, 5, 18, 20, 24, 30, 31, 32|. In addition, many authors paid much
attention to the existence and uniqueness of solutions for some fractional differential
equations and systems, see for example [1, 2, 4, 6, 7, 8, 9, 10, 11, 13, 14, 15, 16, 21,
27, 28, 35, 38] and the references therein. Moreover, the study of Ulam type stability
problems has grown to be one of the most important subjects in the mathematical
analysis area. For instance, J. Wang et al. [17] obtained some results on Ulam type
stability in the case of impulsive ordinary differential equations. Then, J. Wang,
L. Lv and Y. Zhou [37] presented some interesting results on Ulam stability for
fractional differential equations with Caputo derivative. Recently, R. Ibrahim [22,
23] obtained some results about Ulam-Hyers stability of solutions for fractional order
dynamic equations. Very recently, in [12, 36], the Ulam-Hyers stability of solutions
has been done for that problems of singular fractional differential equations.

Motivated by the above works, in this paper, we discuss the existence, the
uniqueness and the Ulam-Hyers stability as well as the generalized Ulam-Hyers
stability for the following fractional problem:
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Dy () = igg (£ 21 () ooy (£)) + ;fjlﬁlgg (2 (6) oy (1)) |
Doy (£) = :gg (£, 21 (8) 5oy (1)) + ﬁ:;lﬁzgg (21 (£) s oo n (1)) 4
BN Do () = 32 g1 1o 0o () + 35 79200 (61 0 (1),
3= £ e 0] == £ 0] =0,
2V (1) =0, k=1,2,...,n, 1 € N* — {1},

where, t € J = [0,1],1 € N*\ {1}, n € N*, m € N*, and for k = 1,..,n,
l—1< ag <l dg, is a nonnegative real number. The operator J¢ is the Riemann-
Liouville fractional integral given by:

1

(1.2) JY(t) = m/o (t—s)*""g(s)ds, a>0, t >0,

oo

where I' (o) := fo e ®x® 1dx. The operator D is the derivative in the sense
of Caputo defined by the following relation

1 t
(1.3) D%x(t) = m/ (t—s)""aW (s)ds =T 2xO@), I-1<a<l.
—a) J

Finally, the functions gf I XR" - R, fork=1,...,n, and i = 1,...,m, will be
specified later.

Now, let us recall some lemmas that we need to prove our main results [25, 29,
34].

Lemma 1.1. Forl € N*\ {1}, and [ —1 < a < I, the general solution of the
fractional differential equation D*xz(t) = 0, is given by

-1
(1.4) x(t) = ch tl,
=0

where ¢; € R, 7 =0,...,1 — 1.

Lemma 1.2. Givenl € N*\ {1}, andl —1 < a <. Then
-1

(1.5) JDx(t) = x(t) + > _¢;t!,
=0

where c; € R, j=0,1,...,0 - 1.
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Lemma 1.3. Letq>p >0, g€ L' ([a,b]). Then,
DPJig(t) = J97Pg(t), t€la,b].

Lemma 1.4. Let E be a Banach space and T : E — E be a completely continuous
operator. If the set V :={x € E:x=vTz, 0 <v <1} is bounded, then T has a
fized point in E.

Also, the following auxiliary result is important to give the integral solution of

(1.1):

Lemma 1.5. Let givenl € N*\{1},n € N*, m € N*, and a family (G¥) € C (J,R)
fori=1,....m, k=1,....n, and consider the problem

DYz (t) = 3 GL(t) + Z g 52511) 1(s)ds, t € J,
1=1

D(xzxz(t) — Z:IGZ + Z ft (t— 92522) (S)dS, teJ,

NgE

an _ n o [t (t—5)6"71 n

=1

where 0, € RYT, 1 —1 < oy, <,
with the conditions:

SO = Y |a0)) == 3ol P o) =0,
k=1 k=1 k=1
(1.7) 271 = 0, k=1,2,..,n.

Then, the solution (x1, 2, ...,xy) of (1.6) — (1.7) is given by
m t ap—1 m t ap+0r—1
U /(t—S)k C ok
xt:E 7Gisds+g G/ (s)ds
k() — /0 T (o) () ‘ T (g + 0x) ()

1 a -1
(1.8) — DD Zfo (1—5)*~ Gk (s) ds

-1 ol PR
S (= Iv Crew ey ;fo (1— )T GE (s)ds, k=1,2,..,n

Proof. Using Lemma 1.1 and Lemma 1.2 and (1.6) , we get

ak+6k 1

-1
t—S k k _ L]
Z/ G ds—l—Z/ ak+5k G? (s)ds jgocjt7
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where cé‘? eR, 7=0,1,2,.,l—1landl—-1<ar<l,k=12,...,n
Forall k=1,2,...n, 7 =0,1,...,] — 2, we can write
x,(f)(O) = —j!c?.
Using Lemma 1.3 and applying the boundary conditions (1.7), we obtain:
(1.10) =0,  j=0,1,..,1-2,

and »

(1—s5)"" i
Z/ ()T (ar — (410 (s

_ )Othr(;k*l

(1.11) +Z/ z—1 T )Gf(s)ds,

Substituting the values of ¢% into (1.9), we end the proof of Lemma 1.5. [

Now, to study the problem (1.1), we introduce the Banach space
S :={(z1,22, ..., zpn) . € C([0,1],R), k=1,2,....,n},
equipped with the norm

(1.12) (@1, 22, oy wn)|[g = max (1]l o s [[22] o0 s l2nllo0) -

2. Main Results

In this section, we will formulate and prove sufficient conditions for the existence
and uniqueness of solutions for the system (1.1). Then, we study its Ulam-Hyers
stability as well as its generalized Ulam-Hyers stability.

We begin by listing the following hypotheses:

(H1) : There exist nonnegative constants (wflk::lmm”) ,j=1,2,...,n, such that

J
for all t € [0,1] and all (21,29, ...,2,), (Y1,Y2, .., Yn) € R™, we have

n

|giC (t7x17x27"~7$n) - gf (tay17y27 7y7l)| S Z (wzk)] |xj - yj‘ ’ k= 17"'777"1. = 1a cey M

(H. ) The functions g¥ : [0,1] x R™ — R are continuous for each i = 1,2, ...,m and
k= ,n, myn € N*.

(Hj3) : There exist nonnegative constants (Lk

.....

and all (z1,za, ..., z,) € R, we have

lgF (t,x1, 02, )| S LY, i=1,..,m, k=1,2,...,n.
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We also need to define the following quantities:

1 1

2.1 Ay = k=12,..
( ) k F(ak+1)+r(ak+6k+1)7 y &y eeey T2y
(2.2) k= (W), + (@), + .+ @F),), k=1,2,...n,
=1
and
(2.3) O = ! ! k=12, ..,n

(- DT (n+2=0)  (=DT(mntontz=1)

2.1. Existence and Uniqueness of Solutions
The first result is based on Banach contraction principle. We have:
Theorem 2.1. Assume that (H;) holds and
(2.4) max (3141 + 01,3205 + 0o, .., 3, A, +6,) < 1.
Then, the system (1.1) has a unique solution on J.
Proof. We define the following nonlinear operator T : S — S, by
T (21, @p) () :i= (T1 (21, ooy ) (£) , T2 (21, ey ) (8) ooy Ty (21, ooy ) (B))

(2.5)
such that,

m _gyok—1 ) M b (p—g) ko1
Ti (o1, o) (1) = X5 [ R GE () ds + 20 fy sy G () ds

=1
-1 mooq ar—1
(2.6) —7(171)!5(%4“) ; Jo (1= s)™* 7 Gk (s)ds
-1 ol Ak —1
- (l—l)!F(;k+5k—z+1) Z; fo (1 —s)™*ror G? (s)ds,

where,
(2.7) GF(s)=gF (s,21(5),22(8) .y xn (8), k=1,2,...,n,i=1,2,....,m.
We show that T is a contractive operator.

Let (21, ...,2n), (Y1, .-, yn) € S. Then, for each k =1,2,...,n and t € J, we have:
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(28) |Tk (1‘1’-“73371) (t) _Tk (3/17~--7yn) (t)|

bupZ|gz 5,01 (8) ey ¥ (8)) = 97 (5,91 (5) oy U (5)))

ak—i—l seJ
b e o o 1 () () = o 6] )
tl_l
DT e 2D iggZ}gz $,21(5) s oo T (8)) = g5 (8,51 (5) 1 oons U (9))]
tl71
T DT (axt ot 2-) §2§Z|gl 121 (5)) = 07 (8,3 (8), -t (5]

By the hypothesis (H;), for each k = 1,2,...,n, we can write

29) [Ty (21, s @) = The (Y15 )|

1 1 1
<
= <r<ak+1> Tt ot ) A=) (an—112)

1 m n k
*(znmakmm)) xmax (fJor =gl llzn = 9al) 33

i=1 j=1

Then, we obtain

1Tk (215 s 2n) = Tk (Y1, -, Un) || < 1121?§n(Ak2k +0p) (@1 — Y1, st — )l g -

(2.10)
Therefore,
T (1, .szn) =T (Y1, yn) |l g <
(211) max (Alzl + 91, ceey Anzn + gn) H(xl — Y1,y Tn — yn)”S .

Using (2.4), we can see that T is a contractive operator. Consequently, by Banach
fixed point theorem, T has a fixed point which is a solution of the system (1.1).
Theorem 2.1 is thus proved. [

Our second main result is based on Lemma 1.4. We have:

Theorem 2.2. Assume that the hypotheses (Hz) and (Hs) are satisfied. Then,
the system (1.1) has at least a solution on J.

Proof. (i) : We prove that T is completely continuous.
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Let us take for g > 0, the set B, = {(z1,....,20) €S, |[(z1,...,2n)[|g < p}.
Then for any (z1,...,x,) € B, and for each k = 1,2, ...,n, we can write

(2.12) 1Tk (z1,...s )]l

tok tok+0k m A
< + su Y (8,21(8), .y Tn (S
= <F(ak+1) F(ak+5k+l)> se‘};m (s, 21(5) ()]

0 5up Y [gF (5, 21(), o 2 (5))]

seJ i—1
< (Dp+0)) LY
=1
Thus,
(2.13)||T (z1, 2, ., 7p) || g < max <Z L (A +61),.., LY (An+ 9n)> < o0.
=1 1=1

Using the above inequality (2.13), we deduce that T maps bounded sets into
bounded sets in S.

The operator T is continuous on S, in view of the continuity of g¥ given in the
hypothesis (Hs).

For any 0 < t; <ty <1, (x1,%2,...,2,) € By, and k = 1,...,n, we have:

)

m
(T (215w ) (t2) = T (21, s 20) (1) < Micsupye s Y[98 (5,21 (8) s (5))
i=1

where

1
M, = ————(2(tg —t1)™ 4+ (t5* —t3*
ks F(ak+1)(<2 1)+ (85 )

1 s 5 5
2 (to — ¢ ap+ok (takJr ko takJr A))
+F(ak—|—5k+1)< (b2 =) 4 (8 !
1 1

' <(l_1)!r(“’“+2‘l) fU DT e e rzon) e

Therefore,

(2.14) I Th (21, s @) (t2) = Ti (21, oo ) (t1)] < My L,

i=1

such that,

T (21, ..., zn) (t2) = T (z1,...,xp) (t1)|lg = max. [Tk (21, ooy p) (B2) — Tk (21, .oy ) (E1)] -
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The right-hand side of (26) is independent of (z1, 2, ..., z,) € B, and tends to zero
as to —t; — 0. Therefore, T is an equi-continuous operator. We conclude that T is
a completely continuous operator.

(#4) : We shall show that the set Q defined by
(2.15) Q:={(z1,....,xn) €5, (1,..c,Tn) = AT (X1, ..., Tpn), 0 <A1},

is bounded.

Let (z1,22,...,x5) € Q, then (x1,...,2,) = AT (21, ..., 2,) , for some 0 < A < 1. We
have:

(2.16) g (t) = Nk (1, 0y 2) (1), K =1,2,..,n.

Corresponding to (24), we get:

(2.17) okl <A (Ak+0) Y LE, k=1,..,n.
=1

Thus,
(2.18)||(z1, -y )| g < Amiax (Z LI (Ay+61),..,> LY (An + an)> < 0.
=1 =1

Consequently, the set 2 is bounded. So by Lemma 1.4, we deduce that the operator
T has at least one fixed point, which is a solution of the system (1.1). Theorem 2.2
is thus proved. [

2.2. Ulam-Hyers and Generalized Ulam-Hyers Stabilities

In this section, we prove some results on the Ulam-Hyers and the generalized Ulam-
Hyers stabilities for the solutions of (1.1).

Definition 2.1. The fractional system (1.1) is Ulam-Hyers stable if there exists a
real number C > 0, such that for each ¢, > 0, k = 1,2,...,n, and for each solution
(x1,22,...,2,) € S of

Dy (1) — jzlgf (21 (£) sy (1)

(2.19) ”
- ; Jorgh (t, 2y (1), ...,z (1))

< €k,

there exists (y1, Y2, ..., yn) € S of (1) with > |y (0)] = > ‘y;c (O)’ =.=> ’y,(cl%) (O)’ =
k=1 k=1 k=1
0, yl(clfl) (1) =0, k=1,2,...,n, satisfying

(2.20) (1 —y1,22 — Y2, e, T — Yn)|lg < Ce, € > 0.
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Definition 2.2. The fractional system (1.1) is generalized Ulam-Hyers stable if
there exists T € C (RT,RT"), such that for each ¢ > 0 and for each solution
(21, 2a,...,2,) € S of (2.19), there exists (y1,y2,...,yn) € S of (1.1) with

(@1 — 1,22 = Y2, 0 T — Yn)llg < T (e).
We prove the following result:

Theorem 2.3. Suppose that:
(a) : The assumptions of Theorem 2.1 are satisfied.
(b) : The hypotheses (Ha) and (Hs) are valid.
(¢c) : The quantity (2.2) satisfies: 0 < Ty, < 1.
(d): For each k =1,2,...,n,

(2.21) sup |[D*xy, (£)| > (A +0x) Y LY.

teJ P
Then, the problem (1.1) has the generalized Ulam-Hyers stability in S.

Proof. Let

Doy (1) - iﬁ GF (£ 21 (1), 22 (), oy 2 (1)

m < €k,
- Z Jékgzk (ta x1 (t) , L2 (t) y ooy Ty (t))
i=1

(2.22)

where, ¢, >0 and k =1,2,...,n.
Using Theorem 2.1, we conclude that (1.1) has a unique solution (y1,y2, ..., Yn) €
S satisfying:

Dakyk (t) =

m m
(2:23) Y g (651 (8) 92 (8) s ooes U (8) + D 2% gE (£, 51 (£) 92 (8) 5 s U (1)

=1 =1

. n A o | (-2 o (1-1) o o

with, > |yx (0)] = > yk(O)‘ = .. = > |y (0)‘ =0,y "(1)=0k=
1.9 k=1 k=1 k=1
y 2, .M.

Thanks to (Hz) and (Hs), we get
(2.24) ok (8)] < (Ap+606) > LF, k=1,2,...n.
i=1
Combining (2.21) and (2.24) , we obtain:

(2.25) sup |z (t)| < sup | D% xy, (t)] .
teJ teJ
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Then,
(2.26) Sup |2k (t) — yx ()] < sup | D (g () — i ()]
Doy, (1) — g:lgf (t, 210 (£) 29 () 5 oy (1))
- :ﬁnjlﬁkgf (t, 21 (£) 29 (£) s oy 2 (1)
— Doy (1) + i GF (o (8) 32 (£) s ooy (1)
+ m =
+ Z Jdkgzk (t7yl (t) s Y2 (t) y ey YUn (t))
(2.27)  <sup =l
teJ ng (t,mq (t) @2 (L), .oy T (1))
+ ot
+ ; J‘sk‘gf (t,z1 (), 22 (1), .0, Tp (1))
S 08 (. ()92 (1) (1)
+ g gl (g (8) s y2 (8) 5o yn (1))

Using (34) and (35), we get

sup [k () =y ()]
ted

(228) <ex+ Z (@WF), + (W5, + ..+ (Wh),) e [l (£) = e (D]

By (2.28) , we obtain

€k
) - < =
(2.29) nax. 2k () =y (D] < X T, Ce,
1
(2:30) €= e O I T

which implies that

(2.31) (@1 — w122 — Y2, o 0 — Yn)llg = max (2 — k)| < Ce.
1<k<n

Thus, the system (1.1) is stable in the sense of Ulam-Hyers.
Taking T (¢) = Ce, we see that the system (1.1) is generalized Ulam-Hyers stable.
This completes the proof of Theorem 2.3. [

3. Examples

In this section, we present two examples to illustrate the application of our main
result.



(3.2)

(3.3)

(3.1}
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Example 3.1.

Consider the following system:

5 _ |y () +z2 (D) +x3(0)]
Dz, (t) = S5 (121 (0) Fa2 (D) Fo3 (O]

1
+ 32n2e

(sin(zl(tQ)ijfilﬂ(-TZ(t)) + sin (z3 (t)))

lz1 () o (t)+as(t)]
82 (1+[21 (¢)+x2(t) +a3(t)])

ds, t€[0,1],
(sm(zl(gi;‘f‘lﬂ(IZ(t)) + sin (23 (t))

z _ |21 () +a2(t)+x3(t)]
D322 (t) = 55203 [y (D1 e (01 230D

+2 ( sin(z1 (t))+cos(za(t))+cos(zs(t)) )
1672et?+1 \ 1+[sin(w1(t))+cos(z2(t))+cos(zz(t))]
|21 (t)+z2(t)+z3(t)|

8m3e2(1+|xy (t)+xa(t)+z3(t)])
0 r(3) 2

ds, t €10,1],
( sin(@1 (t))+cos(zg (t))+cos(z3(t)) )
1672et2+1 \ 1+[sin(z1(t))+cos(z2(t))+cos(zz ()]

D%.Tg (t) =

cos(x1 (t))4cos(x2(t))+cos(z3(t))

4dme?

] - |og(8) +os(2)]
T len(ez 1) (Sm‘”l (t) + 37T3(1+|902(t)+w3(f)\))

cos(z1 (t))+cos(zg(t))+cos(z3(t))
1
+ft (t—s)3

Ame?
0 1(3) 1 : laa (8) a3 ()]
Ton(¢2+1) (Sm 210+ 5 e 0 2 @D

ds, t €[0,1],
)

In this example, we have:
n=3,m=21=3,a; =

g% (t7l‘17 1‘2,.133)

|21 (0)] + |22 (0)] + |3 (0)] =

x1 (0)

5 _ 7
5, X2 = 3, (3

gl(tl‘ . JJ) \m1—|—x2—|—az3|

LA 872 (1 + |z + 29 + x3])
1

g% (t7x17$25x3) = (

3272e

sinx1 + sinxy .
et tl +sinzs3 |,

|z1 + 2 + 73]
8m3e? (1+ |1 + z2 + x3])’

2 t2
9o (tvxlu $27x3)

sinxq 4+ cos xo + cos 3
167m2et?+1 \ 1 + |sinxy + cos g + cosas| )’

639
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3 COS X1 + COSx2 + COS T3
gi (t,x1, w2, 23) = T2 )
1

167 (12 4 1)

(34) g5 (t,z1, w2, 23)

‘$2+$3‘ )

sinxq +
( U3 (1 oy + as))

So, for t € [0,1] and (z1, 22, 23), (y1,¥y2,y3) € R3, we have:

‘g% (t>$17x27$3) - g% (t7y1ay27y3)’ <

1 1 1
(3.5) @le—y1|+ﬁlz2—yzl+ﬁlx3—ys\,

|g% (t’$17x23x3) - g% (t7y13y2>y3)| S

(3.6) ! | [ | |+ ! | |
. — |z — — |y — g —
Gam2e? U1 T YT a2 192 T V21T 39 50 1T8 T Usl
|9t (t, 21,2, 23) — g7 (t, 91, y2,y3)| <
1 1 1
(3.7) m\951—yl|+m|$2—y2|+m|$3—y3\,
‘gg (t7x17$27 1‘3) - gg (t7y17 ZU%?JS)’ <
1 1 1
3.8 I — - _ - _
( ) 1671'26 |.’E1 y1| + 167’(’26 |$2 y2| + 167726 |IZ’3 y3|7
‘g% (tvxlvx%x?)) - gzl)) (tvyla y27y3)| <
1 1 1
3.9 — — _ - _
(3.9) Tne? |1 — 31| + o2 |z2 — ya2| + o2 |3 — ysl,
|95 (t, @1, 22, 23) — g5 (£, 91, Y2, y3)| <
(3.10) (a1 — yal + g f2 — gl + g 28 — 1l
. — |z — — |zg — s — sl
167 11T YT gt P2 TR T g [

We can take

1

(3'11)(“}%)1 = (w1)2 = (w1)3 = #’ (W2)1 = (WZ)Q = 64n2e2’ (w2)3 = 3972¢°

(3.12) (w%)1 (w%)2 = (w%)g = Znde2’ (W2)1 = (W%)z = (W%)S ~ 16n2e’
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1 1
(B13)(w), = (i), = (@])y = oz (@3), = 15 (@), = () = g

It follows that

(3.14) 31 = 0.039589, Yo = 0.008626, X3 = 0.052631,
(3.15) A =0.302290, Ay = 0.370998, Az = 0.468782,
(3.16) 0, = 0.585, 03 = 0.41996, 05 = 0.79544.
Which implies that the condition (2.4) holds

(3.17) max (X141 + 01,3505 + 05, 33A5 + 65) < 1.

Then by Theorem 2.1, we deduce that the fractional coupled system (3.1) has a
unique solution on [0, 1].

Example 3.2. To illustrate the second main result, we consider the following system:

3 et et cos(z3(t))
Da1 (1) = Grayram@ () Te @@ T 2rFmm () sn(za @)

t (t 3)2 et et cos(z2(t))
+Jo ( T2 Fom(er (O Faa(DTas @) 2Tr+sin(zl(t))sin(a:3(t))) ds, t€[0,1],

2 _ _ cos(zi(t)+z3(t)) (t+1) sin(za () +x3(t)
D3z, (t) = 2me+cos(z2(t)+o3(t)) + et 1 _cos(zy (t))

(3.18) +ft (= 555 ( cos(z1 (D +a3(t) 4 <t+1)sm(m2<t>+z3(t>>) ds, t€[0,1],
5

2me+cos(z2(t)+x3(t)) 2 +1 _cos(z1(t))

Q cos(x . .
D55 (t) = sat s + sin (21 (1)) sin (w2 (£) + 23 (1))

+ o 4 S”’ - (st ey +sin (o () sin (22 (1) + 25 (1)) ds, L€ [0.1],

’ /

|21 (0)] + |22 (0)] + |23 (0)] = @' (1) = @5 (1) = @5 (1) = 0.

We have:

n=3,m=2,l=2,a1 ;,Ozg 3, 3 2,512%752:%,53:%,J:[0,1].
And for i = 1,2, k = 1,2, 3, the functions g¥ are continuous.

It is clear that:

(319) |g% (t,$17$2,l'3)| < me, | g% (t,$17$2,$3)| < o —1’

(3.20) |93 (¢, 21, 22, | 95 (t, 21, 22, 33)| <

P
x3)|_27re—1’ e—1’

1
(321) ’g% (t7$1,$27.’1,‘3)| < ﬁ, ‘gg (t,$1,$27$3)| S 1.

Also, the functions gf are also bounded on [0,1] x R3. So, by Theorem 2.2, the
system (3.18) has at least one solution on [0, 1].
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