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ON FINSLER SPACES WITH A QUATRIC METRIC

Triyugi N. Pandey and Asmita Mishra

Abstract. The so-called cubic L? = aijr(z)y'y’ y® metric on a differential manifold
with the local coordinates x* has been defined by M.Matsumoto in the year 1979 [8].
In the paper, he has worked out the necessary and sufficient condition (n.a.s.c) for two
and three dimensional Finsler space in terms of main scalars in order that the Finsler
space is a with cubic metric. On the lines of cubic metric many authors have studied
quartic metric as an example of Finsler metric. In the present paper we have work out
the n.a.s.c in terms of main scalars of two and three dimensional Finsler space with
quartic metric.
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1. Introduction

The quartic metric on a differentiable manifold with local coordinates x is defined
by

(1.1) LYz, y) = ayr(2)y'y'y*y'

where, a;;r(x) are components of a symmetric tensor field of (0,4)— type depending
on the position x alone.

A Finsler space with a quartic metric is called the quartic Finsler space.

Many authors have studied Finsler spaces with cubic metric in the papers ([10,
4, 1, 5, 6, 2]). Quartic metric Finsler space has also been studied in the papers
(19, 7, 8, 3]), from the point of view different from what we are going to do in this
paper. The purpose of the present paper is to study spaces with a quartic metric
from the stand point of Finsler geometry.

M. Matsumoto and S. Numata in the paper [8] has studied cubic metric and
found out the condition for a two dimensional Finsler space to be with a cubic
metric. A necessary and sufficient condition has also been worked out on three
dimensional cubic Finsler space in terms of the scalars of cubic Finsler space such
that the three dimensional Finsler space is with a cubic metric. On the lines of the
paper[7], we have tried to study a Finsler space with quartic metric.
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§2 is devoted to developing a fundamental treatment of quartic Finsler spaces
and a characterization of such Finsler spaces is given in terms of well known tensors
of Finsler geometry.

The fundamental treatment of quartic metric Finsler spaces and it’s characteri-
zation is developed in Section 1, in terms of well known tensors of Finsler geometry
and a proposition has been obtained. In Section 3, a theorem has been obtained
for a two dimensional Finsler space and Section 4, deals with a three dimensional
Finsler space. In the last in Section 5, we have obtained condition for a metric to
be quartic metric Finsler space in terms of well known T-tensor (feq™(28.20)).

Throughout the paper we shall confine ourselves to Cartan’s connection, and
the notations and terminology of the monograph [3] will be used without comment.
In the paper monograph of M.Matsumoto[8] will be quoted by ().

2. Characterization of quartic metric

We consider an n-dimensional Finsler space F™ with a quatric metric defined
by L(x,y) in (1.1) Let us first define the tensors a;jx(z,y), a;;j(z,y) and a;(x,y) as
follows:

(2.1) () Lage(z,y) = agu(e)y
(i)  LPag(z,y) = agu(@)y™y
(i) Llai(ry) = agu(@)y’y'y
Some basic tensors used in Finsler geometry for the said metric :
. . oL
the normalized supporting element li = ek
Y
. 0%L
the angular metric tensor hij = . ,
oy oy’
0%L?
and the fundamental tensor ! = hi; + 1l

For a quartic Finsler space these basic tensors have been obtained by using
equation (2.1),

(22) Z) li = a; Zl) hij = 3(@1']‘ — aiaj) ZZZ) 9ij = 3@1']‘ — 2aiaj

Detail calculations of above are given below.

Differentiating equation (1.1) with respect to(w.r.t)y?, we get

L 0L

N ETL T
8yp QpiklY’ Y~y
oL yj k yl )
= p = —8yp = apjklfyffv Z.e.lp = a/p

= li:ai
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Differentiating again above equation w.r.t. y9, we get

3L%a,a +L3£=3a kgt
pQq BT paklyY"Y
oL 0%L
With the help of o =l,=apand h;; = LW, (" p—i,q— j) we get

= L?hij + 3L%a;a; = 3aijry*y!
= hij = 3(aij - aiaj)

Since, 9ij = hiyj +1l; = 3ai; — 2a;0a;
Let us call a;;(z,y) the basic tensor, because this play an important role in the

development of Quartic Finsler space.
The metric L is called regular, if the basic tensor has the non-vanishing determi-
nant. Throughout our discussion of quartic metric we should suppose the regularity
of the metrics.

A quatric Finsler space in some domain of the space is called regular, if the
intrinsic metric tensor has non-vanishing determinant.

If a™ is the inverse of tensor a;; then the inverse g”/of fundamental metric
tensor g;; for a quartic metric can be obtained as follows,

Since, g7 gk = 6%
writing the value of g;; in above, we have
(2.3) g (3ajx — 2a;ay) = 0%

multiplying by a* on both side of above equation, we get

3gijajkakl — 2gijajakakl = 52&“

(2.4) 3¢ = a" + 29" ajapa® = o™ 4 29V a;d’

multiplying equation (2.3) by a* and summing over k , we get

3gijaj — QQijCLjLL2 = ai
this implies that
i

2.5 B —
( ) a;g 3_ 2&2
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Putting the value from equation (2.5) in equation (2.4), we have

- i X (i + 2a'a)
9773 3 — 242
g 4 2atal ) .
(2.6) gl = H% (v a®=aal = LI =1)
Slnce, hij = La—y] = 6—y3 = 3(&17‘ — CLiCLj), L2 aylj = Z(Qijkyl — aijak)

Differentiating g;;, as given in (2.2)(4i7), we have Cartan torsion tensor Cjjy,
l(agij) _ 18(30,” - 2aiaj)

Cis =
ik 2 Oy 2 Oyk
3 6aij 8@1 8aj
=59y (aykaj +azayk)
3 3 3

= ﬁ(aijklyl — Lagay;) — 7 (e — aiar)a; — 7 (a, — ajor)a;
Thus,
(2.7) LCijk =3 {aijk — (aijak + ajra; + akiaj) + 2aiajak}

Since L* given in equation (1.1) is homogeneous of degree four in 3* and its fourth
derivative w.r.t y* will be function of x alone, due to fact its fifth derivative will
be zero with respect to y*,which is necessary for a Finsler space is with a quartic
metric.

Thus, we have the proposition

Proposition 2.1. A Finsler space is one with a quartic metric if

o 0oL 0

ijklm 3yi8yj8y’f8yl@ym = aym QAijkl (I) =0

i.e. 2[LPLE 00, + Ojkim) Lijr L + Ogigkim) Lk Linm + © tikmit) Liem L

[=0
because Lt = Qijkl (z)y'yTy*y!
which can also be written as,
LYz,y) = L*(x,y)L*(z,y),  where L*(2,y) = gijy'y’

On differentiating above equation five times, we get

LA
Oyt OyI Oyk dyloy™
_o[7272 2 12 2 72 2 127 _
= 2[L7 L3 j0m + Oijkim) Lijra Lon + Oigikim) Liji Lim + ©(ikmity Ligm L] = 0

(2.8) Liijim = (LPL?)ijkim =

ijklm

where, O (ijkim) stands for cyclic sum in 4,5,k,l,m and
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Oijrim) L Loy = L Ly + Ly LY + L3y Ll 4 Liis L + L2 LY

jklm klmi—~m Ilmiyj

Oightm) LijnLim = LijpLim + LiLini + Lign LY + Lini L3, + Lo Ly

klm™ig Imi™~jk mij
2 12 _ 72 712 2 72 2 72 2 12 2 72
O(ikmgt) Ligm L = Ligm L1 + Ligmi L + LinjiLix + L1 Liem + Liz Lo

3. Characterization of quartic metric in two dimensional Finsler space

In a strongly non-Riemannian Finsler space F2([8, 2, 3, 11]), refer to the Miron
Moor frame (e, ez) in this case is Berwald frame(l’, m?) and the main scalar I as
given below :

OL? OL
3.1 L? = — =2Ll,, o= ——
( ) 7 3y1 ( 8yl)

0% L?
(32) Ly = D0y 2(lily + hiz) = 2(Lilj + mymy)

ol;
(. hij = La_yj = gi; — lilj, g5 = Lil; +mymy;)
93 L? 41 41
2 _ _ _ n

(3.3) Lk = DOy Cijh = L mamgmy, = —Mijk, (feq™(28.3))

where, we have put Mk = MM

1 I I? I
Zl - ﬁll)mijk + 12— myjkim — 4ﬁ(limjkl + Ly + lkmagr)

(34) Thu =4( ’

1 1 2
= ZLZZj]Cl = E(Ilmijk + 3%mijklm - % G(ijkl) limjkl)

om; ol
C. L(?—ZLI = Imy — l;m; and using o =1)
Lo I .
(3.5) ZL Liikim = 45(31 — Dmijrim + Lhmmijr + I (61miji0 — Ojrn limirr)

12
(B3 IMijkm — O(ijkm)limjkm) — 67 Oijkim) Limjkim

I
+ 2Z(®(ijklm)lijmklm + Oikmyny likMmjt)
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0?1 oI

ayfoym’ "t oy

Substituting the values from (3.1), (3.2), (3.3), (3.4) and (3.5) in equation (2.8),
we get

where I}, = and My jrim = MM;mEpmmay,

L4

1
ijkim = 8[43(312 + Dmijkim + LImmiji + I (61500 — O limgr)
+ L (3IMijrm — Oijkm)liMjkm + 2 O(ijrim) lmMijk)
+ 2L(®gijrtm) LijMim + O (ikmynylikMm;it)]
Thus from proposition (2.1), we have

Theorem 3.1. A two dimensional Finsler space with a quartic metric is charac-
terized by the equation

I
(3.6)  Lijpim = 8[45(312 + D) mijrim + Lhmmaijr + In (61mijin — Ogijrnylimjk)
FLBIMijkm — O ijkm)liMkm + 2 O(ijkim) lmMijk)

+ 2L(®(ijrtm) lij Mt + O (ikmjylieMmj1) = 0

oI

Since, L 8_yl

= I;aea)l = I;lll + I;le (ﬂeqn(287))
Multiplying both side by ' in above equation, we get

OZI;lliyi—f—O = I;lL:O = I;1:O

ol
Hence, L— =1omy
Ayl '
Differentiating above equation w.r.t. y™, we get
821 8] 8[2 8ml my [2
gy "oy g gy 2 + - (Imuman = limn)
81 miMmy, Lo
——— =U{ls+1To)—— — =(limp + 1y,
ay[aym ( »2 + 7272) L L ( lm + ml)

Using these results in equation (3.6), we get

m 1
mlzl _fQ(llmm‘Flmml)}mijk

I
Lijiam = 8[47 BI* + mijuim + {112 + Iiz2)

1 1
+ EI;me(GImijkl — Ok limirt) + EI;2ml(3Imijkm = O(ijkm)limjrm

I
+ 2 Ogijkim) lmMmijr) + 2E(®(ijklm)lijmklm + O(ikmyit)likMmgt)]
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On contracting with m*m/m*m!m™, we get

1213 + 161 + 10115 + L2 = 0

Corollary 3.1. A strongly non-Riemannian Finsler space of dimension two is with
quartic metric, iff the condition

121% + 161 + 1011 + L5 = 0,

holds good. where Lo and I are v-derivatives scalar of main scalar I as defined
by M.Matsumoto in (feq™(28.7)).

4. Characterization of quartic metric in three dimensional Finsler
space with vanishing T tensor

In a strongly non-Riemannian Finsler space F3([10, 8, 2, 3],#§29), we can refer
to the Moor frame (I, m*, n'), main scalar H, I, J and v-connection vector v; as
given below :

oL
oyt

(4.1) L} =4L%; (. 1)

(4.3) L?jk = SL(LCZ']‘]C + @(Z—jk)gijlk) = SL(Hmijk —J G(ijk) My
+1 Oijky mink + Jnigr + lijr + Ogijrymajle + @(ijk)nijlk)
Where, Mijk = MyMm;mig, lijk = liljlk, MijNg = MmNk,

LCiji = Hmiji, — J Oijry mijng + I Oijry mingr + Jngj,

Ok 9ijle = 3lijk + OijeyMijli + O(ijrynizle

om;
Since, La—ml = Hmy — J(myng + myn;) + Ing — (Limy + nivp)
Y
8ni
and LW = J(ng —my) + I(m;ng + ming) — (Limy + myup)
Yy

We consider a three dimensional Finsler space for which derivative of scalars H,
I, J and v-connection vector v; are zero. Actually, if H, I, J and v; are zero then
T-tensor T, will be zero. (feq™(29.22')
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om;
So that, L(‘?—Zl = Hmy — J(myng +myn;) + Iy — Limy
8ni
and La_yl = J(nyg —my) + I(mng + m;ng) — l;my
Ly 2 2 2 2
(44) gLijkl = 3(H + J + 1)mijkl + 3(J + I + l)nijkl + 3lijkl

_3J(H + I) Q(ijkl) M T + H G(ijkl) mijllk +J Q(ijkl) nijllk + (J2 +2I2 + HI +
D{® ey magnu+miengi+mgnig }-H{ O Mgl Hmakli+mgili - O ey il +

nikljl —I—njllik}— J®(ijkl) {mijnkll —l—mjknill—kainjll}—I—I@(ijk[) {nijmkll —I—mjknill +

mkinjll}
Bmijk
where, L 3y 3(Hmijr — J Oijrry Mikin + 1 Oijry namjr — Oy limgr),
0 Oijk) Mij Nk
L% = —3Jmijkl—|—3Imijknl—|—(2H—|—I)®(ijk)mijmk—J@(ijk) My N

= 2J Oijiy Mk + 21 O (ijx) Mjnikl — O (ijr) Limie i — O iy Limemir — O ik lkmamig,

9 Oijk) Mk
oyt

= 2J O i) Mikij + 2L O (i) MakTji — Oijik) it — O ajmylimenit — Ok lkmunag,

L = 3Inl-jkl — 3Jnijkml =+ (2I—|— H) ®(ijk) MM + J®(ijk) mEN4j

8711"
L ayjlk = 3(Imunijr + Jnijra) — J Ogjry mangk + 1 Ogjry Minjr — Ok link
0gijlk
and ol 2(Hmiji + Jnij — J Oy migra + 1 Ogigry mam)le + mijr +

Nijit + Lij (Mg + M) + najmig + magng

(4.5) %LL?jklm = 43H(H? + J* + 1)+ 3J*(H + I) + 4H}mjpim
+4{3J(J? + I? + 1) + 4T ngjpam — 2J{6(H? + J> + 1) + 6(H + I) — (J*> + 21> +
HI 4 1)} Ojkim) Mijkinim + 20{6(J* + I* + 1) 4+ (J* + 2I? + HI + 1)} O(;jpim)
Nijmm {3I(H? + J* + 1) + 6J2(H + 1) + H + 2I(J? + 2I* + HI + 1)} O(ijhim)
MM — {3 (J?+ 12+ 1) +2J (J2 4+ 217 + HI + 1)} O jim) Wk Meim + {J + (2H +
D)(J? 4212+ HI4+1)} O jktm) Mikmmji — {1 +3J (J2 4212+ HI+1)} O (3jkim) Mitm Mjk

On contracting, we get
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(1) 3H(H?*+J?>+1)+3J*(H+1)+4H =0

(2) 3J(J2P+I*+1)+4J=0

(3) 2J{6(H?>+J?>+1)+6(H+1I)— (J>?+2[*+HI+1)} =0

(4) 2I{6(J*+I*+1)+ (J2+2[*+ HI+1)} =0

(5) 3I(H*+J*+1)+6J*(H+1)+H+2I(J*+2[?+HI+1)=0
6) 3J(J2+I1?+1)+2J(J?+2[?+ HI+1)=0

(1) J+Q@2H+I)(J*+2[*+HI+1)=0

(8) I+3J(J*+2[°+HI+1)=0

Only solution of above set of equations is,
H=J=1=0

i.e. the space is Riemannian.

Thus, we have

Theorem 4.1. For a three dimensional quartic metric Finsler space if T-tensor
vanishes then it is Riemannian.

5. Characterization of quartic metrics in terms of T-tensor

An n-dimensional Finsler space F™ with a quartic metric L(z, y) defined by
(1.1). To find out the fifth derivative of quartic metrics in terms of T-tensor, we have

L4 = 21212
LY =2(L2L% + L2L2)
Lije = 2(L5, L3 + LILY, + LRLY + L2LE,)
Lijw = 2L L + Ogigwn L L + LG LYy + L3 LG + L LR)

Since, we know that

le = 2LL;, Lzzj =2g;j = 2(lilj + hij), szk = 4Cijk7

.

9C;i;i;

2 _
L =4 By

= 4(Cijk|l + CrjCl + C”‘kc;l + C”-jC,gl)

Also, Tijkt = LCyijkli + LiCikr + 1iCrii + 1eClij + LiCijr, (feq™(28.20))
i.e. LCijkli = Tijr — O gk liCiina
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So that,
L?jkl = 2{4L2(Cijk|l + i Cl + C”‘kc;l + CrijC]:[)
+ Oijkt) 2LLAC k1 + 4(gijgr + gikgin + g1 gij) }
= ijkl = 8{L(Tijr1 + OijuyliCint) + L*(CLCrji + ChCrik
+ CiCrij) + (9ij 9k + gikgit + grigis)}

1
gL?jklm = ln(Tijrr + OijenyliCirt) + 2L (CHCrji + C5,Crik + Cpy Crij)

+ L(Tijktlm — Ogjrty TriniCh) + Oijkt) (Gim — lilm) Cint + Oijrny i (Tinim
—1iCrim — Citm — LCjkm — lmCjrt) + L(CriaCf,, + Crii CF + Crju O }
+ O3 CH L Togpom — 1rCitm — L;Chmr — eConrg — InCogie) + L2(CppeC,
+ CopjrClioyoom )+ Ot Crip AL (T, + 1" Citm — LiC, = LC, — ImC)
+ L2(C5CP 4+ Cr,CP = ChCE Y} +2(9i;Cham + 935 Cimi + gkiConiy)

T

where, Gy = Tijutlm — TrjriChyy — TrktiChy — Tr1ij Oy, — Triji O,
oy,
= o = Tijktlm = Okt Trjkem Chin,

%Cy_]:l = Ojkl|m + @(jkl)erkCle = %(Tjklm — @(jklm)lmcj'kl) + ®(jkl)crjkclrm

aC: T T T T

8y”i = Chlm — C1 Gy, + CHCE L+ CLCT L and
1

Cilm = Z(Tirzm +1"Citm — LiCY,, — UCH, — 1 C)

Hence,
Liitim = 8L T kjm + Oijhim) Tigktlm + O (ijkim) 9ij Chim + O (ikmyt) 9ik Citm
+ 2L, (CLCr ik + ChCrik + C1,Criz) — L(O iy TrjikiChy ) — Ot lid (1 Chim
+ U Clim + UCjkm + 1 Cir) — L(Crle’;m + Cr;CL, + CrjnCro) T
+ Ok CoAL(Trjkem = lrCikem — LjChmr — kCrnrj — lmCrjr) + L2(Cprk0fm
+ CoirClpic, eom ) T Otigiy Coin{ LT, + 1" Citm — LiCF, = UCY, = 1nC)



On Finsler Spaces with a Quatric Metric 849

Thus from proposition (2.1), we have

Theorem 5.1. A Finsler space is one with a quartic metric if and oly if the equa-
tion,

L jim = 8ILT ki + Oijitm) Tigktlm + O (ijkim) 9ij Chim + O (ikmjt) 9ik Citm

+ 2L (CHCrj + O Crik + CyCrij) — L(Ogijuny Trjki Ch) — O iy Lid (1 Crim

+ Ciim + 1Cikm + lmCjrt) — L(CriaCh, + Crii CFy + Crjn L) }

+ Q(Uk)ClT[{L(TTka - lrcjkm - lekmr - lkarj - lmcrjk) + L2(Cprkc_:jnm

+ Cpjr Gy cn )b+ Ok Crapd LT, + 17 Citm — LGy, — LG, — 1)

holds.

10.

11.
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