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FRACTIONAL OSTROWSKI INEQUALITIES FOR HARMONIC
h-PREINVEX FUNCTIONS
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Abstract. In this paper, we introduce a new class of harmonic preinvex functions,
which are called harmonic h—preinvex functions. Several new Ostrowski-type inequal-
ities for harmonic h-preinvex functions via Riemann-Liouville fractional integrals are
established. Some special cases are also discussed, which appears to be new ones. The
results obtained in this paper continue to hold for these cases. Interested readers are
encouraged to find the applications of the harmonic h-preinvex functions in pure and
applied sciences. This is an interesting topic for future research.
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1. Introduction

In recent years, convexity theory has been extended and generalized in several
directions using innovative ideas and techniques. A significant generalization of
convex functions is that of invex function introduced by Hanson [16]. Ben-Israel
and Mond [7] introduced the concept of invex set and preinvex functions. They
have shown that the differentiable preinvex functions are invex functions. It is
known that the converse is also true under certain conditions, see Noor and Noor
[31]. Noor [29] proved that the minimum of the differentiable preinvex function on
the invex sets can be characterized by a class of variational inequalities, called the
variational-like inequalities. For the applications, formulation, numerical methods
and other aspects of variational-like inequalities, see [30]. Pitea and Postolache
[44, 45, 46] introduced the concept of quasi invexity and applied it to the theoretical
mechanics and nonlinear optimization. This shows that the preinvexity and its
variant generalizations play an important and significant role in the development of
various fields of pure and applied sciences.

It is worth mentioning that the convex functions have closed relationship with
the theory of integral inequalities. An important integral inequality, which has been
studied extensively is called the Hermite-Hadamard inequalities. In [32], Noor has
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also established some Hermite-Hadamard type inequalities for preinvex functions.
Another important class of convex functions, which is called harmonic function,
was introduced and studied by Anderson et al. [2] and Iscan [18]. We would like to
emphasize that preinvex functions and harmonic functions are two distinct classes
of convex functions. It is natural to introduce a new class of convex functions, which
unifies these concepts. Inspired and motivated by the ongoing research activities
in this dynamic field, Noor et al. [41] introduced a new class of convex functions,
which is called harmonic preinvex function. One can easily show that harmonic
preinvex functions include harmonic functions as special case.

It is well known that harmonic mean has played an important and significant
part in the development of various fields of pure and applied sciences. Using the
concept of weighted harmonic means, one usually defines the harmonic convex func-
tions. The harmonic convex functions can be regarded as significant and important
generalization of the convex functions. The harmonic convex functions have been
considered and studied by Anderson et al. [2] and Iscan [19, 21, 22]. Noor and
Noor [33] have proved that the optimality conditions of the differentiable can be
characterized by a class of variational inequalities, which is called harmonic vari-
ational inequalities. This may be starting point for future research in variational
inequality theory. This is new concept, which needs further efforts to investigate
various aspects of harmonic variational inequalities.

Varosanec [47] introduced the class of h-convex functions. She has shown that
this class contains some previously known classes of convex functions as special
cases. Motivated by the ongoing research in this field, we introduce a new class
of harmonic preinvex functions with respect to an arbitrary function A, which is
called the harmonic h-preinvex function. It can easily be shown that the class of
harmonic h-preinvex is a unifying one and includes several class of convex functions
as special cases such as harmonic s-preinvex functions, Godunova-Levin harmonic
s-preinvex functions, etc. In this paper, we establish Ostrowski type inequalities
for harmonic h-preinvex functions involving fractional integrals. Some special cases
are discussed, which appear to be new ones. Results proved in this paper continue
to hold for these cases.

We now recall the known concepts.

Definition 1.1. [50]. A set I = [a,b] C R\ {0} is said to be a harmonic convex
set, if
Y
tr+ (1—t)y
Definition 1.2. /1, 13/. A function f : I = [a,b] C R\ {0} — R is said to be a
harmonic convex function, if and only if,

el, Va,y € I,t €10,1].

f(ﬁ) <A=t)f(x)+tfly), Va,yel,telo,1].
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Now we introduce several new concepts for harmonic preinvex functions. To be
more precise, let I be a nonempty closed set in R™\ {0} . Let f: I CR\ {0} = R
be a continuous function and let n(-,-) : I x I — R be a continuous bifunction.

Definition 1.3. [/1]. A set I = [a,a+ n(b,a)] C R\ {0} is said to be a harmonic
invex set with respect to the bifunction 7(-, ), if

z(z +n(y, v))
z+ (1= t)n(y, )

€l, Vz,yel,te|0,1].

If n(y,z) = y — x, then harmonic invex set reduces to harmonic convex set.
Clearly, every harmonic convex set is invex set but the converse is not true.

Definition 1.4. [{2]. Let h : [0,1] € J — R be a non-negative function. A
function f : I C R\ {0} — R is a harmonic h-preinvex function with respect to

77('7')7 if

z(z +n(y, x))
(1.1) f<$ s t)n(y,w)> <h(1=8)f(z)+h)fly), Va,yel,telo,1].

Note that for t = %, we have Jensen type harmonic h-preinvex function.

2z(z +n(y, x)) 1
f(m) <h(G)F@)+fW),  Vryel

We now discuss some special cases of Definition 1.4.

1. If h(t) = ¢ in 1.1, then Definition 1.4 reduces to the definition of harmonic
preinvex functions [41].

2. If h(t) = t* in 1.1, then Definition 1.4 reduces to the definition of Breckner
type of harmonic s-preinvex functions.

3. If h(t) = t~° in 1.1, then Definition 1.4 reduces to the definition of Godunova-
Levin type of harmonic s-preinvex functions.

4. If h(t) = t~% in 1.1, then Definition 1.4 reduces to the definition of Godunova-
Levin type of harmonic preinvex functions.

5. If h(t) = 1 in 1.1, then Definition 1.4 reduces to the definition of harmonic
P-preinvex functions.

Iscan and Wu [23] have established Hermite-Hadamard inequality for harmonic
convex functions in fractional form as follow:
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Theorem 1.1. Let f: I =[a,b] C R\ {0} — R be harmonic convex function. If
f € Lla,b], then

(2) < MR o eaam + g, o0/

a-+b
fla) + f(b)
2 )

where o > 0 and g(z) = L.

<

The following result is due to Iscan [22]. He used this result to establish the
Ostrowski type inequalities for harmonic s-convex functions.

Lemma 1.1. Let f: I = [a,b] CR\ {0} — R be a differentiable function on the
interior I° of I. If f' € Lla,b] then for all x € [a,b], we have

ab [ f(u)
- 24
b—a ), u? “

- bciba {(x oy /01 [ta + (1t— t)z)? f <ta + (alx_ t)x)dt
t

(1.2) —(b—:v)2/01 TIa _t)$]2f/<tb+(b1x_ t)x)dt},

We also recall the well-known following concepts.

f(x)

Definition 1.5. For the real or complex numbers a, b, ¢ other than 0,—1,—2,..
the hypergeometric series is defined by

ab z  ala+1)b(b+1) 2_2 b i (@) (b)m 2™
(©m  m!

Flabez=1+22
2Fia,bi i 2] T cle+1) 2!

m=0

Here (¢),, is the Pochhammer symbol, which is defined by

@)m =1 | =y
T de+ 1) (d+m—1), m>0,
which has the integral form

1 v o Y
QFl[a,b;C;Z]:m‘/o tb 1(1—t)c b 1(1—Zt) dt

where |z] < 1, ¢> b > 0 and

B(:v,y)z/o 11— ) =1dt = B(z,y) =

is Euler Beta function.
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Definition 1.6. Let f € L{a,a + n(b,a)]. The Riemann-Liouville integrals J&, f

and J[(Z—i-n(b,a)]*f of order a > 0 with a > 0 are defined by
J& f(x) = 1 /x(x — ) ()AL, z>a
T e Ja ’
and

. 1 a+n(b,a) o1
Torntva-S @) = Ty / (t —2)* L f ()AL, < [a+ (b, a)]

, respectively, where I'() is the Gamma function defined by I'(ar) = [~ et~ !dt
and Jy, f(z) = Jﬁl+n(b7a)]7f(x) = f(z).

In the case of a = 1, the fractional integral reduces to the classical integral.

2. Main results

We need the following Lemma in order to prove our main results.

Lemma 2.1. Let f: I =[a,a+n(b,a)] CR\ {0} = R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)], then for all x € [a,a + n(b,a)] and
a > 0, we have

Uy (g; s x;5a,a + (b, a))
(—a)tt ! e , ax
= ey /0 ot (=02 (ta—l—(l—t):z:)dt

([ + (b, 0)] — 2)*+! / e
(o

, la +n(b,a)lx
[fla .0 - (1B’ (t[a T nla) + (1 t>x>‘“’

where

‘I’f(g;a;:v;f,a+n(b7a)) X
- (%)« (5ear) o
- r(a+1){Jg(fog)(m>+Jg+(fog)(%>}

and g(u) = L and T'(-) is the Euler Gamma function.
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Proof. By integration by parts, we have

tOt

az(z — a) /01 [ta + (1 — t)x]2f1<m + (alx— f)$>dt

1
o e ()
() (e

) /.
(21) = f(a) ~T(a+ 1>(xafa)a 1(fog) (l)

and

~fa+n(b,))z((a +n(b,a)] — z)
" ! e , [a+ n(b,a)]
/o [tfa+ n.a)] + (1— a2’ ( fa+n(ba) £ )

‘tﬂf(t[a+[§<zz>(ff)<]1x—t)w) ;““/o " 1f<[ T <b+,2(1bf)<]1—t> >‘“

(2.2)= f(2) —r(a+1)(%)a@_(]“ °g (Hn e )

Multiplying both sides of 2.1 and 2.2 by (£=2)* and (%)a, respectively

and adding the resultants, we obtain the required result. O

Remark 2.1. In Lemma 2.1, if we take a = 1, then it reduces to the following result.

Corollary 2.1. Let f:1I=[a,a+n(b,a)] CR\ {0} — R be a differentiable function on
the interior I° of I. If f' € Lia,a + n(b,a)] then for all x € [a,a + n(b,a)], we have

fa) - “[QM b = /MM) -
= W{(x_af/o [ta+(1t )x]Qf,<ta—|—(a1x— t)x)dt
~(fa+n(b,a) / [tla + n(b,a)] + (1 —t)rclzf(t[a +[:71(ZZ)(]bfz]1x— t)1’>dt}

Remark 2.2. In Lemma 2.1, if we take & = 1 and (b, a) = b — a, then it reduces to the
identity 1.2 of Lemma 1.1.
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Theorem 2.1. Let f: I = [a,a+n(b,a)] CR\{0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f’|? is harmonic h-preinvex
function on I for ¢ > 1, then for all x € [a,a + n(b,a)], we have

|Ws(g; 052500 +n(b,a))

M{(W( h.g.0q)| ' (2)]7 + (a2, h g, aq)| f'(a)])

= (ax)a_l 1 a,x, ,q,O[q T 2 a,x, ,q,O[q a

(la + n(b.a)] — )+
(ot (6. o))

(2.3) +w4<a+n(b,a>,x,h,q,aq>|f'<a+n<b,a>>|q>%},

(W3(a+n(b,a), z, h,q, aq)|f'(x)]*

where
4 v h ' i h(td
(2.4) 1(a, z, ,q,aq)—/o (=D (t)dt,
1 4o
(2.5) Us(a,z,h,q,aq) = /0 (CEENDE h(1 —t)dt,

(2.6) Us(a+nb,a),z,h,qaq) = /0 a0, a;l:_ TR h(t)dt,

t>e

)= / Wt 0] + (1= )%

2.7)  Va(a+n(b,a),z,h,q,0q h(1 — t)dt.

Proof. Using Lemma 2.1 and the power mean inequality and harmonic h-preinvexity
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of |f']2 on I, we have

|4 (g; 230, + (b, a))|

(x —a)*t? ! te
= (az)o—1 /0 [ta+ (1 —t)z]?

f/<ta +(1- t):v)
([a+n( a)] — )+
([a +n(b, a)]z)>~t

! t* ) [a+n(b,a)z
< o) (t[a Tl )]+ (1= t)x)

: (?a_:cgil </ 10“) </ el /<m s t>w>
— ) 1 1-
([?[: T Eyb(b(f)iﬂx)czlﬂ (/ 1‘“)

) la+n(b,a)]x
/ (t[a +n(bya)]+ (1 - t)x>

dt

dit

Q=

_|_

</01 [t[a + n(b, a)t]a:— (1 _ t)x]Qq
<o)

) (/01 T T MO @+ - t)lf’(a)lq]dtf
([a +n(b,a)] — z)>*+1 (/01 1dt> 1-1

(la +n(b, a)Jz)>~t

1

+
1 404 q
<A[Wwaﬂﬂ+a—ﬁmemf@W+h@—Mfw+m&®Wm0
T —a a+1 1
< b { a0l @) + Vafaa g0 @)}

([a+n(b, a)] — z)>*
(la +n(b, a)z)>~1

Wa(a+ 0, a),w,h7q,aq)|f’(a+n(b,a))lq)%},

(¥s(a +n(b, a),z, h,q, aq)|f' ()|

which is the required result. O
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Corollary 2.2. In Theorem 2.1, if |f'(z)] < M, x € [a,a+n(b, a)], then inequality

| (g; ;50,0 + (b, a))|

Q=

(r —a)ot!
< M W[\Pl(a,x,h,q,aq) —|—\I/2(G/,(E,h,q,04q)]

(la +n(b,a)] — z)**
([a +n(b, a)lz)>—!

+‘I’4(a + n(ba a),x, hu q, QQ)];}7

[\113(0’ + n(bv a)u xz, h7 q, aq)

holds.

Remark 2.3. In Theorem 2.1, if we take h(t) = 1, then the identity 2.3 reduces to the
following result.

Corollary 2.3. Let f:1I=[a,a+n(b,a)] CR\ {0} — R be a differentiable function on
the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic P-preinvex function on
I for ¢ > 1, then for all x € [a,a + n(b, a)], we have

|V (g; 5 25a,a + n(b,a))|
M{(w*m 2,0,0,00)[lf @) + | (@)
>~ (ax)‘“l 1 B

([a+n(b7a)]—x)a+1 *(a a). a ()] "(a a))l? :
) (Wila-+ n(b.). 2.0, 0,00 [ @)+ 1 (o b))

where an easy calculation gives

1 feY
g
vy = ———dt
1(a,z,0,q,aq) /o (ta + (1— t)x)2d
= 1 R(2a0+ agt 21—
- ZCzq(Oéq+1)2 1144, aq ;g ) A

t*d

a(a+n(b,a),2,0,q,a9) = /0 (tla+n(b,a)] + (1 — t)z)%

dt

1 x
= Fi(2g,1; 21— ——— ),
a0, AP (ag + 1) 1<q aat a+n<b,a>>

Remark 2.4. In Theorem 2.1, if we take h(t) = ¢°, then the identity 2.3 reduces to the
following result.

Corollary 2.4. Let f:1=[a,a+n(b,a)] CR\ {0} — R be a differentiable function on
the interior I° of I. If f' € L[a,a + n(b,a)] and |f'|? is harmonic s-preinver function on
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I for ¢ > 1, then for all x € [a,a+ n(b,a)], we have
|94 (g; ;50,0 + (b, a))|
(:C — a)a+1 Hx / q * % / g\ L
< W{(‘Pl (a,2,5,¢,0q)|f ()| + V3" (a, z,s,q,aq)|f (a)|?) 7
(la + n(b,a)] — x)*+
([a +n(b,a)]x)>1

+05 (@ + (b, a), 2,5, ¢, aq)| f' (a + 1(b, a))|*)

(5" (a+n(ba), 2, 5,9, aq)| f'(x)|*

3
taq+.s

1
or* , ——————dt
1 (a7:c7s7qozq /(; ta+ 1—t )

Q=

where an easy calculation gives

= ﬂ(aq—l—s—i—ll <2q,aq+s+1;aq+s+2;1—%>7

1 taq(l _ t)s
\Il** — I S
2 (a7 x,s,q, OCQ) A (ta + (1 _ t)x)gq

= —6(O‘q+1’8+1)2F1<2q,aq—|—1;s—|—aq—|—2;1—%>7

x4
1 tanrs
w3 b7 s by 9y 4y = dt
3 (a+77( a) x,s,q OZQ) A (t[a+n(b7 a)] i (1 — t)x)gq
_ p,ag+s+1) ] ) x
- [a—|—77(b,a)]2q 2F1 2(]71,0“]+8+2,1 a+n(b,a) ’
. 1 taq(l _t)s
\I’ b7 ) ) b b = dt
4 (a+77( a) x,s,q OZQ) A (t[a+7](b,a)] ¥ (1 —t):l?)zq
B(s+1,aq+1) . . r
) N R (v )

Remark 2.5. In Theorem 2.1, if we take h(t) = ¢, then the identity 2.3 reduces to the
following result.

Corollary 2.5. Let f : I = [a,a+ n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-Godunova-Levin-
preinvex function on I for ¢ > 1, then for all x € [a,a + n(b, a)], we have

|Ws(g; 5 2;a,a +1(b,a))|
(.TC — a)a+1 ook ok ! q ook ok ’ q 1
— (ax)‘“l {(\Ijl (a7x7_57Q7aq)|f (:E)| +‘I/2 ( a, ,—s,q,aq)|f (a)| )q

a a)] =)ot ,
([([: j’ﬁf(’bﬁ)]x)j,l (57 (a+n(b,a),z, —s,q,aq)| f'(z)|"

+\I/Z**(a -+ ’I](b7 a)7 x,—s,(q, OAZ)lf/(a + 77(177 a))|q) }7

Q=
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where an easy calculation gives

1 ag—s
g
P — = I 1
1 (a,:c, quvaq) /O (ta—|—(1—t)fl7)2q
ag—s+1,1 a
_ Blag=s+ LD qmzq )2F1<2q7ocq—8+1;o¢q—s+2;1—5)7

1 « —s
ok t*(1 -t
\112 (a7x7_87Q7QQ):/ ( ( )
0

tat (1= )zt

B(aq+171_8)

24

2F1<2q,aq—|—1;aq—s—|—2;1—g>,
z

1 tea—s
\I’*** b7 sy T Yy = dt
3 (a+77( a) x,—Ss,q aq) /0 (t[a—&—n(lx a)] +(1 _t)x)2q
_ B,ag—s+1) o — q___ =
T Tatamap BRI T E T E G )
1 taq(l _ t)fs
qj*** + b7 sy T 9y Yy :/ dt
4 (CL 77( CL) x,—S,q aq) o (t[a+n(b7a)]+(1—t)l’)2q
B(l —s,aqg+1) ) ) T
a2 2Tl TG )

Theorem 2.2. Let f : I = [a,a+n(b,a)] CR\{0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f’|? is harmonic h-preinvex
function on I for ¢ > 1, then for all x € [a,a + n(b,a)], we have

W5 (g; s 50,0+ (b, a))l

1\ ((z—a)et N 0o\
(o) {EE kel @F + o bl @)

([a+n(b, a)] — )+
(la+n(b, a)lz)>—!

(Z&N%w+n@ﬂ%LMQAwa+n®MDW3}

[U7(a+ n(b,a),z, h,q, )| f'(x)|?

where « > 0 and Vs5(a,x,h,q,a), Y¢(a,z,h,q,a), V7(a + n(b,a),x,h,q,a) and
Us(a+n(b,a),z,h,q,a) can be deduced from 2.4, 2.5, 2.6 and 2.7 respectively.

Proof. Using Lemma 2.1 and the power mean inequality and harmonic h-preinvexity
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of |f']2 on I, we have

| (g5 0 50,0+ (b, a))]|

= (gic;:)af:l /01 [ta + (i‘“_ t)z]? fl(ta + (alx— W)

([a+n(baa)]—$)a“/ ¢
([a+n(b,a)lz)*=t Jo [tla+n(ba)] + (1 —t)z]?

, [a +n(b,a)lz
x|/ (t[a T, a)] + (1 t)x)

S(i&gi&<lf”“)l;(Almw+giwﬂ%
a ,a)] —x)ett vt -3
gﬁfgaguﬁl (AtdO

! « a ,a)lr
(1;um+nwaﬁ+u—wm%vf@m+2ég$+a—ww)

e ([ o) (] e

<[A(E)]f ()] + h(1 - t)lf’(a)lq]dt>

)

dit

dt

Mavi=m)

q
ar)

+

Q=

Q=

1
q

<A a+nba —w]quUWﬂV+M1—MWm+w®AMﬂ&>

1-3 _ )a+1 1
(a ) { JaT [s(a, z, h,q,a)|f' (z)|" + Ve(a, 2, b, q, )| ' (a)|"] @

(fa+n H—IV“
(M+mb®]P1

—l—\I/g(CL + n(ba a)vxv h,q, a)|fl(a + 77(177 CL))|q]é }7

(W7 (a+n(b,a), z, h,q, )| f'(x)|?

which is the required result. O

Corollary 2.6. In Theorem 2.2, if |f'(x)] < M, x € [a,a+n(b, a)], then inequality
|05 (g; s 250,a + (b, )|

cn(—) (2= )" (0, g, ) + Wo(a, 2, g, )]
> at1 (G,.I)ail 5(a, X, N, q, 6\a, T, N, q,

(la+n(b, a)] — z)**
([a+n(b, a)lz)>—!

[\117(0’ + n(bv a)u xz, h7 q, Oé) + \118(a + n(bv a)u xz, h7 q, O‘)]% }7
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holds.

Remark 2.6. In Theorem 2.2, if we take h(t) = 1, then the identity 2.8 reduces to the
following result.

Corollary 2.7. Let f:1=[a,a+n(b,a)] CR\ {0} — R be a differentiable function on
the interior I° of I. If f' € L[a,a + n(b,a)] and |f'|? is harmonic P-preinvez function on
I for ¢ > 1, then for all x € [a,a + n(b,a)], we have
W s(g; 05250 a+77(b a))l
1 1— (IZ? _ a)a+1 . , , 1
<(:31) {W[%(a,x,aq,a)(u @I+ 1 @)
([a+77(b7 CL)] _x)a+1 * / / l}
Ve(a+n(b,a),r,0,q, + +n(b,a))|? ,
e Wi+ n(by)..0,.0)( () + 1f (o + (b, )]

where an easy calculation gives

1 «@
t
U 0 = ————dt
3(@,2,0,4,0) /O (ta+ (1 — t)x)2a
1 a
= —— o F1 (2 1; 2;1 — —
x2q(a+1)2 1(q7a+ ,Oé+ ) 50)7

t&

)= / (o n(ba)] + (1= D)%
1 x
ot naPiar D (2““”” B a+n<b,a>>’

Remark 2.7. In Theorem 2.2, if we take h(t) = ¢°, then the identity 2.8 reduces to the
following result.

\IIZ(G’J'_U(IL a)7fc707Q70‘ dt

Corollary 2.8. Let f:1I=[a,a+n(b,a)] CR\ {0} — R be a differentiable function on
the interior I° of I. If f' € L[a,a + n(b,a)] and |f'|? is harmonic s-preinver function on
I for ¢ > 1, then for all x € [a,a + n(b, a)], we have

[Vt (g; 05 250,a + (b, a))|
a+1

1 -3 (z —a) T sk RN
<(511) {YoEr e saalf @F + 9 o olf @]

([a +n(b,a)] — z)**
(la+n(b, a)lz)>—"

U5 (a + (b, ), 2, 5,q,0) ' (a +n(b,a))[*) s }

Q=

(W7 (a + (b, a), 2, 5,9, 0)| f ()]

where an easy calculation gives

1 ta+s
(o — ¢
5 (a,:c,s,q, /0 ta+ 1—t )
= ﬂ( +8+11 <2q7o¢—|—5—|—1;04—1—5—&—2;1—%)7
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1 ta(l _ t)s
A\ = L S A—, 1
6 (a,:c,s,q,a) /0 (ta—|— (1 _ t)x)Qq

1 1
= B(a+x2;8+—)2F1<2q7a+1;5+a+2§1—%)7

ta+s
b,a)] + (1 — t)x)*

1
" (a+n(b,a),z,s,q, :/ dt
7 ( 77( ) q q) 0 (t[a+n(

B(l,a+s+1) x
= ot TP R (2,1, P R —
o+, aps 2 \P TS T T )

*k —_ ! ta(l — t)‘5
V5" (a+n(b,a),z,5,q,a) = /O (tla +n(b,a)] + (1 — t)z)2 a“
B(s+1,a+1)

— o F(2 1; 2;1 —
[a+n(b7a)]2q2 1( q,s+1;s+a+2; a

Remark 2.8.

In Theorem 2.2, if we take h(t) = ¢t~°, then the identity 2.8 reduces to the
following result.

Corollary 2.9. Let f : I = [a,a+n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-Godunova-Levin-
preinvex function on I for ¢ > 1, then for all x € [a,a + n(b, a)], we have

|V (g; ;50,0 + 1(b, a))|

()
“\a+1

_ a+1
X{%[‘I’S**(m 2, —5,q, )| (@) + U5 (a,2, —5,q, )| (@)

a a)] = z)ett /
([([;rf;b(b,l])]x)g—l (W7 (a + (b, a), 2, —s,q,0) | (2)]"

Q=

+\I/§**(a -+ n(b7 a)7 x,—s,q, O‘)lfl(a + 77(57 a))lq] é }7

where an easy calculation gives

1 s
|\ 2o - = — —dt
ngl<2q,a—s+l;a—s+2;l— g),
x=d T

1 ta(l _t)fs
Prr* — = — 7 dt
6 (CL,.’I}, S7q7a) /0 (ta 4 (1 _ t)x)Qq
Bla+1,1—3s)

= T2F1<2q7a+1;a—s+2;1—%>7
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1 tr—s
7 (a+n(ba),z,—s,q ) /O (tla +n(b,a)] + (1 = t)z)>
— /8(17 o — s+ 1) ; ; -
B [ll + n(b7 a)]Qq 2F1(2¢, 0 —s+2;1 a+ 77(57 a) ’
U™ (a4 n(b,a),z,—s,q,a) = /1 A-t dt
s latnbal® =860 = | G el + (1= o)™
B(l—s,a+1) -
BA=s,atl) oo | sa—st2l— % Y
[a+n,a) > " ¢l-—sa—s+2 a+n(b,a)

Theorem 2.3. Let f: I = [a,a+n(b,a)] CR\{0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f’'|? is harmonic h-preinvex
function on I for ¢ > 1, then for all x € [a,a + n(b,a)], we have

U s(g; a;z5a,a+n(b,a))]
1-2 _1 T — a)ot!
<(mr) {WHena e Lo
+Wis(a,x, h, 1,0)|f (a)]9]
([a +n(b,a)] — z)>*H1
la +n(b, a)]x)>—!

(
@B%Wm®+n®ﬂ%%h1ﬂﬂf@+ﬁ@ﬂ»mé}

Q=

_1
+ W0 7 (a+n(b,a), 7, Q) [W1s(a +n(b, a),z, b, 1, 0)| /()|

where
1 a
(2.10) Ug(a,z,a) = FgFl (2,a+ La+2;1— E)’
(218 10(a + n(b, a), z, ) ! F<21 +2;1 ’ >
* a 7al’:17’a = T /7 o ’;a ; - T 1 N )
o [+ (a2 a+n(b,a)

and Vq1(a,z,h, 1, ), $ia(a,z, h,1,a), Ui5(a +n(b,a),z,h,1,a) and
Ui4(a+n(b,a),z,h,1,a) can be deduced from 2.4, 2.5, 2.6 and 2.7 respectively.

Proof. Using Lemma 2.1 and the power mean inequality and harmonic h-preinvexity
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of |f']2 on I, we have

W (g; ;50,0 + (b, a))|

(x —a)*t? ! e
= (az)o—1 /0 [ta + (1 —t)z]?

([a+n(b,a)] — z)**
(bx)a—l

dt

avi=m)

dt

: e (et
: / [fla b a)] + (1= DaF | (t[a Tl a)] + (1— t>x>

< (gia_w;v)fl (/ TEE t)xP‘”) ,

(=) )
— gyttt o -3

([<[ +§7<b 2)] >) : (/ [t[a+n<b,a>t1+<1—t>x12dt)

f,<[ [a + (b, a))z )thf

0 a—l—nba + (1 —¢)x]? tla +n(b,a)] + (1 —t)x

iaz)ﬁl (/ TEE= t)x]?‘“)

1
1 q

MO @I+ b - 1 @l )

(
e fvbwa)i)] " )aﬂ (] oo ra=as®) h
(

(
/o [tfa+ (b, a) +(1—t) gl “>|f’<$>|"+h<1—t>|f’<a+n<b,a>>|q]dt)

(o) o

[\Ijll(avxvhalva”f( )|q+WlQ(avxvhalva”fl(a”q]%
([a +n(b,a)] — z)**"
(la + n(b, a)]z)>—t

a(a+ . a>,x,h,1,a>|f'<a+n<b,a>>mé},

1 4o
o [ta+ (1 —1t)x]?

/7~ + /7~

| /\

1
q

1-1
+\I]10 ! ((l + n(b7 a)u x, Oé)

[\1]13(a + 77(b= a),x, hv 17 a)'fl(‘r)lq

which is the required result. O

Corollary 2.10. In Theorem 2.2, if |f'(x)| < M, x € [a,a+n(b,a)], then inequal-
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|Ws(g; ;50,0 +n(b,a))|

1 \'%
q

<M

- <a+1>

11 _ a+1
x{\Ilg “(a,x, Q)%[Wu(a, x,h,1,a) + Uia(a, z, h, 1, a)]é

—l—\IJ;% (a +n(b,a),z, )
(-t no.) — 2!
(la +n(b, a)]x)>1

[(U13(b,z,h,1,0) + Vi4(b,z, by 1 a)]%}
holds.

Remark 2.9. In Theorem 2.3, if we take h(t) = 1, then the identity 2.9 reduces to the
following result.

Corollary 2.11. Let f: I = [a,a + n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic P-preinvez function
on I for ¢ > 1, then for all x € [a,a + n(b,a)], we have

Vs(g; 05250 a+n(b a))|

17l r—a . ’ 1
<a+1) { ? (“"”’“)%[‘Pn(“ 2,0,1,)(|f' (@)|" + |f'(a)|")]

a a)] — z)et! ,
+0h, (a+n(b a), m7a)([([;fg)(’b7g)]x)jfl [Wis(a+ n(b,a),z,0,1,a)(|f (x)|?

1
HF et )]}
where Yy(a,z,a) and Vig(a + n(b,a), z, ) are given by 2.10 and 2.11 respectively and

1 ta
Ui 1 = ——dt
11((1,:17,0, ,OL) /O (ta—|—(1—t)x)2

1 a
1:2(04—&—1)2 1<705+ o+ 2 1:)7

ta

)= / TGl 1o

Uis(a+n(b,a),z,0,1,a

1 x
= Fl2,La+2,1— —— ),
la+ 0, aPa+1)’ ( “ a+n(b7a)>

Remark 2.10. In Theorem 2.3, if we take h(t) = ¢°, then the identity 2.9 reduces to the
following result.
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Corollary 2.12. Let f: I = [a,a + n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of 1. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-preinvex function
on I for ¢ > 1, then for all x € [a,a + n(b,a)], we have

[V s(g; 0525 0,0 + (b, a))|

1
1 176 11 (ZC _ a)aJrl
< q
- <a+ 1) {\1’9 (a,z,) (az)o—1

X[ W31 (a, 2,5, 1,0)|f (2)|" + Uis(a, 2, 5,1, )| f' (a)|9] 5

1-1 a a)] — z)*t! ,
000 (@t 0. 0),,0) IOl i 04 (b, 5, )l )

LU (a4 (b a), 2,5, 1, @)l f (@ + (b, a>>|‘11%}7

where Yy(a,z,a) and Vig(a + n(b,a), z, ) are given by 2.10 and 2.11 respectively and

1 ta+s
Uii(a,z,8,1,a) = / —  _ __dt
o (ta+ (1 —1t)x)?
= Blats+1,1) +S+11 (2 a+s+1;a+s+2;1—%>7
Uis(a,z,s,1,a) = /o ta—|— 1—t )dt
— Bm+13+1 (2a+hs+a+21—g>
T
1 ta+s
Uii(a+n(b,a),z,s 1, a :/ dt
wlo+ntbo) )= )y Garamal+ -0y
B(l,a+s+1) < x )
=2 - o2, ats+ 21— ————— )

[a + n(b, a)]? a+n(b,a)
Uii(a+n(b,a),z,s,1 a)—/l a—t)r dt
WATIRAES SO ), Wa+ b, a)]+ (1 - b))

Bls+1,a+1) < x )
= 28Tt ) (2 s+ lstatnl o — 2 ).
RO e a+n(b,a)

Remark 2.11. In Theorem 2.3, if we take h(t) = ¢7°, then the identity 2.9 reduces to
the following result.

Corollary 2.13. Let f: I = [a,a+ n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-Godunova-Levin-
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preinvex function on I for ¢ > 1, then for all x € [a,a + n(b, a)], we have

|V (g; o x50, 4 1(b, a))|

AN 1*%(1%,06(1:—@“+1 e e 1) ()]
§<a+1> {‘1’ (a,2,0) o Wi (0,2, =5, L o)l (@)

*a,z,—s,1,a)|f (a ay 1=y a a). . o (la +n(b,a)] —x)**!
+ V(a2 —s La)lf (a)l]e + ¥y * (a+n(b,a),z, ) ot 2ot

W55 (a4 (b, a), 7, s, 1, a) | (2)|" + W15 (@ + (b, @), 2 —s, 1, )| (a + (b, a))|] 3 }

where Yy(a,z,a) and Vig(a + n(b,a),z, ) are given by 2.10 and 2.11 respectively and

1 a—s
t
prrE —s.1 = R {1
11 (a,:c, S, ,Oé) /O (ta+(1—t):v)2
- 1,1
= Bloa=s+1,1) 52+ ’ )2F1<27Oé—8+1;05—8+2;1—2>7
T x

1 @ _ —s
Ui (a,z,—s,1, ) :/ ( (1 - ) dt
0

ta+ (1 —1t)x)?

T X
1 te—s
Via*(a+n(ba),z, —s,1,0) :/o @t ]+ 1=t "
Blo—s+1) ( i )
= =2 " _JoRn(2,a—s+2;1— ——— |,
P 2\ atnba)
\Ij***(a+ (b a) 1 a) B /1 toz(l —t)is di
14 no, s by 5 4y - o (t[a+n(b7a)]+(1—t)x)2
pA-—sa+tl) —sa st 2l
o T (o) o1 (2,1 —s5a0—5+2;1 b))

Theorem 2.4. Let f: I = [a,a+n(b,a)] CR\{0} — R be a differentiable function
on the interior I° of I. If f' € Lia,a + n(b,a)] and |f’'|? is harmonic h-preinvex
function on I for ¢ > 1, %—i— % =1, then

|Us(g;a; 250, a+n(b,a))]

% _ q)ot1 1
S(O&p1+1) {(:”(ax)021 [U15(a, 2, h, g, 0)|f' ()| + W1s(a, z, h, ¢, 0)|f'(a)|9)F

(la +n(b, a)] — z)**
([a+n(b, a)lz)>—!

(212),5(a + (b, a), x, h ¢, 0)|f'(a + (b, a>>|q13},

(W17(a +n(b,a),z, h, q,0)|f'(z)|?

where a > 0 and Vi5(a,z,h,q,0), Vig(a,z,h,q,0), Ui7(a + n(b,a),z,h,q,0) and
Uis(a+ n(b,a),z, h,q,0) can be deduced from 2.4, 2.5, 2.6 and 2.7 respectively.
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Proof. Using Lemma 2.1 and Holder’s inequality and harmonic h-preinvexity of | f/|4
on I, we have

Wy (g; 05250, 0+ (b, )|

< (x —a)**! /1 e

= (ax)*1 Jy [ta+ (1 —t)x]?

([a +n(b,a)] — x)**!
(bx)a—l

dt

avi=m)

/ [a + (b, a)]x
! (t[a +n(b,a)]+ (1 - t)a:)

dt

XA1Ha+MbJT<1—pJQ
S "’ia;iafl </0 )
(/01 ta+ ( f/(m+ x)

")
+([a+" (b a)] — ) ( t"‘pdt>

([a+ n(b,a)]
’ [@4‘77(1?7@)]55
*me+nwwﬂ+u—wx>

Q=

B =

1

7 N\a
)

! 1
(0 [tla +n(b,a)] + (1 — t)z]

< a0 ([ )
(/o1 m[h(t)lf’(x)w +h(1 - t)|f’(a)|q]dt);

(Ja+n,a)] o)+t (b N7
T @ b )y (At “)

1 1
<A Tt a7 (D
XM@U%@V+M1—Mfw+w®ﬂDMM)

1
1 P
<
- (ap+1>

_ o+l 1
%&iéf*hd%%h%mumww+ww@xﬁﬂpﬂfmww

(la+n(b, )] — z)**
([a+n(b, a)]z)>—t

+Wm@+n@ﬂ%%hﬂﬁﬂfm+ﬁ@ﬂ»m;}

1
a

X

[W17(a+n(b,a),z,h,q,0)|f'(z)|?

which is the required result. O
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Corollary 2.14. In Theorem 2.2, if | f'(z)] < M, = € [a,a+n(b,a)], then inequal-
ity
|05 (g; 250, a+ (b, a))|

1
1 P (x—a)*t! 1
<M v h,q,0) + ¥ h,q,0)]a
>~ (O[p—'—l) { (aa:)o‘*l [ 15(0171;7 » 4, )+ lﬁ(aaxa » 4, )]

([a +n(b,a)] — x)***
([a+n(b, a)lz)>—!

[\1117(0/ + n(bu (1), x, hu q, 0) + \1118(0/ + n(bu (1), x, hu q, 0)]% }7
holds.

Remark 2.12. In Theorem 2.4, if we take h(t) = 1, then the identity 2.12 reduces to
the following result.

Corollary 2.15. Let f: I = [a,a+ n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a+ n(b,a)] and |f'|? is harmonic P-preinvez function
on I forq>1, %—‘—%:1, then

|Vs(g;a;2z5a,a+n(b,a))]
1\ -t N e
S (ap+1> { (az) 1 [¥1s5(a,z,0,q,0)(|f ()" + [ (a)]")]
(la+n(b,a)] —x)**
([a 4 n(b, a)]x)>—1

where an easy calculation gives

[Wis(a+ n(ba).z,0,q.0)(|f (@) + |7 (a + n(b,a))|)] }
. 1 1
\1’15(0’7‘77707Q7 0) :/(; mdt
= %2F1<2q,1;2;1—%>7
1 1
0) = / O EIEDE
— 1 . . — :r
= [a+n<b,a>]2q2F1<2q’172’1 a+n<b,a>>’

Remark 2.13. In Theorem 2.4, if we take h(t) = t°, then the identity 2.12 reduces to
the following result.

dt

WTS(G’ + 77(b7 a)7 z, 07 q,

Corollary 2.16. Let f : I = [a,a + n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of 1. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-preinvez function
on I forq>1, %—‘—%:1, then

[Us(g; 5 25a,a+n(b,a))

% — gt 1
= (O{p::- 1> {(22(1217372*1 [\I/’{;(a71;757q70)|fl(1;)|q + \If{g(av‘rysvtb O)|f/(a)|q]3

([a +n(b,a)] — z)**™
(la+n(b, a)lz)>—t

U (a + (b, a), s, 0, 0)|F (@ + b, a>>|‘1ﬁ}7

(W17 (a +n(b,a), 2, 5,9,0)| f' ()|
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where an easy calculation gives

tS
000 = [

= Fil2 1; 2;1——
:c2QS+12 1<q,s+ S 1:)’

1 s
%* %k _ (1 — t)
qjlﬁ(avxvsv%o) - /() (ta T (1 _ t)$)2q dt

1 a
= ———F(2q1; 2;1 — —
qu(8+1)2 1( q, 15+ ) 27)7

. 1 ts
V17 (a +n(b,a),z,5,¢,0) = /0 W+ o] + 1=z

2q71;8-|-2;1—#>7
a

1
ot nbaPs 0 (

+ n(b,a)
- ! (1—1t)°
e+ t0,0) 00 = [ G e
1 x
= [a+n(b,a>]2q<s+1>2F1<2q’8“’8+2’1‘a+n<b,a>>'

Remark 2.14. In Theorem 2.4, if we take h(t) = ¢, then the identity 2.12 reduces to
the following result.

Corollary 2.17. Let f: I = [a,a+ n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-Godunova-Levin-
preinvex function on I for ¢ > 1, % + % =1, then

|V (g; o x5 a,a + n(b, a))|

S(ocpl—s—l) {(Ta_ma S Wi (0,2, 4, O @] + W55 (0,2, —,0,0)| (@)}

([a +n(b,a)] — z)**™
(la+n(b,a)]z)>—*

LU +n(b7a)7r7—s7q70)|f'(a+n(b7a))|qﬁ}7

(37" (a +n(b, a), z, —s,¢,0)| f'(z)|*

where an easy calculation gives
1 t=s
Niprn - L ——
15 (a,:c, 5,4, O) /() (ta + (1 _ t)$)2q
1 a
= — — JF(29.1-52—-5:1-2=
ZCZq(l—S)2 1( q, S5 S5 1})7

1 —s
% %k % (1 - t)
W - =] ——— _ _qt
16 (a,:c, 5,4, O) /0 (ta + (1 _ t)ZC)2q

1 a
= — — .Fh(291:2-51-2
:cz‘l(l—s)2 1< q, 13 S5 1’)7
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1
Uit (a +n(b,a),z,—s,q,0 :/
17 ( n(b, a) ) , (ta

1 €T
= mraGapa—s (2(“72‘8’1 B )

* k% fr ' (1 — t)is
Wis (a+n(b,a),z,—s,q,0) = /0 (tla +n(b,a)] + (1 — t)x)2e

1 €T
- [a+n<b7a>]2q<1—s>2F1<2q’1‘572‘5’1‘a+n<b7a>)'

dt

Theorem 2.5. Let f: I = [a,a+n(b,a)] CR\{0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f’'|? is harmonic h-preinvez
function on I for ¢ > 1, %—i— % =1, then

|V s(g; 05250, +n(b,a))

M oz o (11F(2)e . 1
< (e 0pcn)} (P + 171 [ bt

([a+ (b, a)] — )+
([a +n(b, a)]x)~t

1
(2.13) +|f’(a+n(b,a))lq]/0 h(t)dt)

Q=

(Wa0(a + (b, a), 2,0, p,ap))¥ ([ f ()]

b

Q=

where a > 0 and an easy calculation gives

1
teP
19(0/7 x,YU,p, Oép) /0 (ta + (1 — t).I)Qp
1 a
2.14 = —— Lr(2 L; 1=
( ) x2p(ap+1)2 1< p,Oép+ ,Oép"’ ) (E),
. 1 rop 4
v 0 = !
20(a + (b, a),z,0,p, ap) /0 (t[a + n(b7 a)] + (1 — t)$)2p
1 T
2.15 = Fi{2p,Lap+2;1— ——F7— |,
(2.15) [a+n(b,a)2*(ap +1)° 1( poap a+77(baa))

Proof. Using Lemma 2.1 and Holder’s inequality and harmonic h-preinvexity of | f/|4
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on I, we have
|04 (g; 0230, 0+ (b, a))|

(x —a)*t? ! te
S Tlaz)e jﬁ ta+ (1= D)2
(la+n(b,a)] — x)>*

(la +n(b, a)lz)>

dt

avi=m)

dt

| mermarraorl (m T[ZJ, et o)
([ mraemm) (] i)
([a[: T (/ [ETO Exrenr).
(et ) |

””(a;fffl ( / T (iap PP dt) ([If( )+ |f(@)]7] / 1 h<t>dt)q

([a +n(b,0)) —2)*+ ([ e Z
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0
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IN

g 1L
)

= |

_|_

Q

(f

q

1

1 q
Hfat .l [ wioar)
0
which is the required result. O

Corollary 2.18. In Theorem 2.5, if |f'(z)| < M, x € [a,a+n(b,a)], then inequal-
ity
|Us(g; 0 25a,a+ (b, a))|

x—a)*tl 1
S M{(i)\ljfg(a7x707p7 ap)

(az)o—1

a )] — p)etl 1
([([:—:;b(’bv)i)]x)o?1 \I}go(a‘f'??(b,a),x,o,p’ap)}’

holds.
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Remark 2.15. In Theorem 2.5, if we take h(t) = 1, then the identity 2.13 reduces to
the following result.

Corollary 2.19. Let f: I = [a,a + n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic P-preinvez function
on I forq>1, %—‘—%:1, then
|s(g; s w3a,a+n(b, a))|
)a+1 1

w P (a.x a lx q /a q
(S vhen0nan (£ @1 + 1))

W3 (a+ (b, a), z,0,p,0p) (| ()| + |1 (a+ n(b,a))|7)

([a +n(b,a)] — 2)**™
(la+n(b,a)lz)>—"

3

where Vig(a,x,0,p,ap) and Yao(a + n(b,a),z,0,p,ap) are given by 2.14 and 2.15 respec-
tively.

1
a

+

Q=

Remark 2.16. In Theorem 2.5, if we take h(t) = ¢°, then the identity 2.13 reduces to
the following result.

Corollary 2.20. Let f: I = [a,a+ n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of 1. If f' € Lla,a + n(b,a)] and |f'|9 is harmonic s-preinvex function
on I forq>1, %—&—%:1, then

|¥s(g; 5250, a +n(b,a))
(z—a)*t! 1 '@+ 1f @17\ 7 | ([a+nb,a) — )+
<{% (FEEREE)

\Illpg(aﬂ x, O7p7 ap)

(az)o—? s+1 (la +n(b, a)]z)>—"
R (L ET R AR

where ¥ig(a,x,0,p,ap) and Yao(a + n(b,a),x,0,p,ap) are given by 2.14 and 2.15 respec-
tively.

Remark 2.17. In Theorem 2.5, if we take h(t) = ¢t~ °, then the identity 2.13 reduces to
the following result.

Corollary 2.21. Let f: I = [a,a+ n(b,a)] C R\ {0} — R be a differentiable function
on the interior I° of I. If f' € Lla,a + n(b,a)] and |f'|? is harmonic s-Godunova-Levin-
preinvex function on I for ¢ > 1, % + é =1, then

|¥s(g; 5250, a +n(b,a))

@™ (@I @I (e b)) - o)
<{ S vhton oan (AR ) Gtk

| @) + 17 (a+ (b, a”'q) % }

1—s

1
\II;O(Q + 77(57 a)7 x, O7p7 Oép) <

where ¥ig(a,x,0,p,ap) and Yo (a + n(b,a),x,0,p, ap) are given by 2.14 and 2.15 respec-
tively.
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