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(,7,2)-CHEREDNIK-OPDAM LIPSCHITZ FUNCTIONS IN THE
SPACE L2 4(R)

Radouan Daher and Salah El Ouadih

Abstract. In this paper, using a generalized translation operator, we obtain an analog
of Younis Theorem 5.2 in [3] for the Cherednik-Opdam transform for functions satisfying
the (1,7, 2)-Cherednik-Opdam Lipschitz condition in the space Li,B(R).
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1. Introduction and Preliminaries

Various investigators such as V.N. Mishra and L.N. Mishra [7], Mishra and al. [5, 6]
have determined the degree of approximation of 27-periodic signals (functions) be-
longing to various classes Lipa, Lip(a,r), Lip(£(t),r) and W (L., &(¢)), (r > 1), of
functions through trigonometric Fourier approximation using different summability
matrices with monotone rows. In this direction, Younis Theorem 5.2 [3] charac-
terized the set of functions in L?(R) satisfying the Cauchy Lipschitz condition by
means of an asymptotic estimate growth of the norm of their Fourier transforms,
namely we have

Theorem 1.1. [3] Let f € L*(R). Then the following are equivalents
() Nf@+n) - @) =0 (Ghs), e h=00<5<19>0,

(log £)7 )7
=20

(i) /I/\ZT|fA()\)|2d/\_O<W>, as T — 00,

where f stands for the Fourier transform of f.

In this paper, we prove the generalization of Theorem 1.1 for the Cherednik-Opdam
transform for functions satisfying the (4, ~,2)-Cherednik-Opdam Lipschitz condi-
tion in the space Li, 5(R). For this purpose, we use the generalized translation
operator. We point out that similar results have been established in the Jacobi
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transform [8].

In this section, we develop some results from harmonic analysis related to the
differential-difference operator T(*#). Further details can be found in [1] and [2].
In the following we fix parameters «, 8 subject to the constraints o« > § > —% and
a>

Let p=a+p+1 and A € C. The Opdam hypergeometric functions G&a’ﬁ) on R are
eigenfunctions T(a’ﬂ)G&a’ﬁ)(a@) = i)\Gg\a’ﬁ)(a@) of the differential-difference operator

fz) = f(==)

T@h f(x) = f'(x) + [(20 + 1) cothz + (23 + 1) tanh z] 5

—pf(=z),

that are normalized such that G&a’ﬁ)(O) = 1. In the notation of Cherednik one
would write T(*#) as

Tk + 1) (o) = 1) +{ gy + 1o | (@) = S(-a) = (1 -+ 2k ),

with o = k1 + ko — % and 8 = ko — % Here k; is the multiplicity of a simply positive
root and kg the (possibly vanishing) multiplicity of a multiple of this root. By [1]

or [2], the eigenfunction Gg\a’ﬁ ) is given by
G (@) =5 (@) = —— L (@) = 3 () + ——E sinh(20) O (2)
A A p—iXdx ™ A 4(a+1) A ’

where wi’ﬁ(x) =9 Fl(#; %; o + 1; —sinh® z) is the classical Jacobi function.

Lemma 1.1. [4] The following inequalities are valids for Jacobi functions <pi"ﬁ(x)
() e (@) <1.
(i) 1=¢3%(x) <22 (W + p?).
(#i7) there is a constant ¢ > 0 such that
1- wiﬁﬁ(x) 2 c,
for Az > 1.

Denote Li) 5(R), the space of measurable functions f on R such that

1/2
1fllzas = (/ |f<x>|2Aa,ﬁ<x>dx) < +oo,

where
Ay p(z) = (sinh |])2* T (cosh |])2PFL.

The Cherednik-Opdam transform of f € C.(R) is defined by

Hf(N) = /R F@)G P (—2) A p(z)dx  forall e C.
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The inverse transform is given as
dX
@) = [ WGP (@) (1- L) —2
here )
207 (o + 1)L (3N)
s = T T T Ra— B+ 1£0)°
(z(p+iN))L(z(a =B+ 1+id))

The corresponding Plancherel formula was established in [1], to the effect that

+oo o«
/R @) A p(a)ds = / (ML + [HFO)P) do(N),

where f(2) := f(—x) and do is the measure given by

dX

W) = TonTca s VE

According to [2] there exists a family of signed measures uéﬁ“f) such that the product

formula
@G W) = [ 60 @iy @)

z,Y
R

holds for all z,y € R and A € C, where

Ka,p(z,y,2)Aa,p(z)dz, if xy#0

(.B) () —
Ay (2) = doy(z), ify=0
), ife=0

and
us
Kap(z,y,z) = My g|sinhz. sinh y. sinhz|720‘/ g(x,y, 2, X)ifﬁfl
0

x[L—o¥X,  +ox,  ,+oX, .+ coth . coth y. coth z(sin x)?] x (sin x)*dx

1
2
if z,y,z € R\{0} satisfy the triangular inequality ||z| — |y|| < |2] < |z| + |y|, and
Ko, p(z,y,2) = 0 otherwise. Here

cosh x+cosh y—cosh z cos x :
sinh  sinh y ’ if Ty 7£ 0

V,’E,y,Z € R,X € [07 1]70§,y,z =
0, ifey=0

and g(x,y,z,x) =1— cosh? z — cosh? Y. cosh? z + 2 cosh z. coshy. cosh z. cos x.

Lemma 1.2. [2] For all x,y € R, we have
(7’) Ica,ﬁ(xvyv Z) = K:a,,@(%l" Z)

(11) Kap(z,y,2) = Ko g(—2,2,y).

(151) Ko p(z,y,2) = Ko p(—2,y, —x).
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The product formula is used to obtain explicit estimates for the generalized trans-
lation operators

It is known from [2] that

(1.1) Hr@DFN) = GO @),
for f € C.(R).

2. Main Result

In this section we give the main result of this paper. We need first to define (¢, v, 2)-
Cherednik-Opdam Lipschitz class.
Denote Np, by

Ny = T( 2 +T(0;15) 21,
where I is the unit operator in the space L2, 5(R).

Definition 2.1. TLet v > 0. A function f € L? 4(R) is said to be in the (,7,2)-
Cherednik-Opdam Lipschitz class, denoted by sz(w v,2), if

| Npf(z)|2,0,8 = O <(1;bg(];)7> as h—0,

where
) 1 is a continuous increasing function on [0, co),

(a
E) »(0) =0, ¥(ts) = P(t)Y(s) for all £, s € [0, 00),

¢) and
1/h 1 —2y
/ sp(s72)(log s)™*7ds = O <h2¢(h2) (log E) ) , h—0.
0

Lemma 2.1. If f € C.(R), then
(2.1) HAD FO) = G (=) H ).
Proof. For f € C.(R), we have

HLD (N = /R 709 f(—y) G\ (—y) Aa s (y)dy

- / 7)) G (y) Aae s () dy

/R[/Rf(Z)’Ca,B(%y,Z)Aa,g(z)dz] GSP) () Aw. () dy
~/]Rf(z) UR G(Aaﬁ)(y)lca,ﬁ(%yaZ)Aa,ﬁ(y)dy} Ay p(2)dz.
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Since Ko g(z,y, 2) = Ka,g(—x, 2, y), it follows from the product formula that
HADFO) = G (a) [ 60 () A0z
= 6000 [ H6 (=) A5 )z
= G (=a)mfN
O

Lemma 2.2. For f € L7 4(R), then

+o0 .
INRf ()36, = 4/0 37 (h) = 1P (ILF V)P + [HFN)P) do ().
Proof. From formulas (1.1) and (2.1), we have

H(NL )N = (G (h) + G (—=h) = 2)H(f) (),
and

H(NL)A) = (G (=h) + G5 (h) = 2)H () ().
Since

P (h) = o@P (k) + sinh(2) o3 (h),

p
4(a+1)
and gp‘;"'g is even, then
HNL)A) = 20657 (h) = DH(H(N)
and 3 5
HNL)A) = 20057 (h) = DH(H()-
Now by Plancherel Theorem, we have the result. O

Theorem 2.1. Let f € Liﬁ(R). Then the following are equivalents

(a) f € Lip(x,7,2),

+oo 7“_2
(b) / (|Hf()\)|2 + |HJZ()\)|2) do(A) =0 ((;/;(gT)Q)'V) , as T — 00.

Proof. (a) = (b) Let f € Lip(v,~,2). Then we have

$(h)

INnf(@)]208 = O (@> as b0,

From Lemma 2.2, we have

+oo
1N (@)]13,0,6 = 4/0 1= (WP (HFNE + [HFV) doA.
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If A € [+, 2], then Ah > 1 and (iif) of Lemma 1.1 implies that
1< 1 - (h)?
= 02 @)\ .

Then

2

/1 " (HEOP + HEOP) do(N)

D

IN

L / 11— 3P (SN + [HFO ) do()

IN

T YIRSV + HFNIP) do(X)

02 0

@\Nhf(xm%,a,ﬂ
()
- ()

v : v(r?)
/T (RFOE +[HFOE) o) < Ol = e

IN

We obtain

where C' is a positive constant. Now,

2ty

+o0
/ (PP + ) do(n) = Z / (PO + HFO) ) do()

=0

P((2r)7?) | $((4r)7?)
= ( (logr) 27 (log 2r)2y + (log 4r)2y e )
< L (v e P+ )

where K, = C(1 —(272))~! since (272%) < 1.
Consequently

P(r—?)
(logr)2y

+oo 5
| oo + o) s = o

), as 1 — 00.

(b) = (a). Suppose now that

Y(r?)
(logr)*¥

+oo 5
[ R + 0 do ) = o (

), as 1 — 00,

and write

[NWf (@)|3,0, = 401+ I2),



(1,7, 2)-Cherednik-Opdam Lipschitz Functions...

where

I = / =W (RN + [HNP) do,

0
and

+o0 z
I = / 1= XM (KO + HFN)) do.

h

Firstly, we use the formula |<p§’ﬁ(h)| <1 and

»(h?)

+oo .
o< [ (IO + IOV doth) = O (W
1 h

h

To estimate I1, we use the inequalities (¢) and (i) of Lemma 1.1

Lo / "= PP (HEO? + HFN)) dod

2 / " G2 W (O + HFO) ) do

IN

IN

21 [0+ ) (HFOE + HFOF) dorh

Now, we apply integration by parts for a function

too o~
o(s) = / (L + [HFO)P) do(n)

to get

1/h
L < —2h2/ (s® + p?)¢ (s)ds
0

IN

1/h
—2h2/ s2¢/(s)ds
0

) 1 1 1/h
h (_ﬁ¢(ﬁ)+2/o sqﬁ(s)ds)

1/h
< ot [ sols)ds

IN

1/h
< 2h2/ so(s)ds.
0

Since ¢(s) = O (M), we have s¢(s) = O (M) and

(log )77 {log )77

[ o[ ie) -0 (),

), as h—0.
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so that
(log +)* )"
Consequently,
Y(h)
|Nwf (@)]]2.05 = O (7 os B0,
s (log 1)

and this ends the proof of the theorem. O

3. Conclusion

In this work we have succeded to generalise the theorem in [3] for the Cherednik-
gﬁdam transform in the space L7, 45(R). We proved that f(x) belong to Lip(t, v, 2).
en

Y(r?)

oo 3 2 —
[ aone + i) o) = o ()

), as 1 — 00.
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