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Abstract. In this paper the comparative growth properties of composition of entire
and meromorphic functions on the basis of their relative orders (relative lower orders),
relative types and relative weak types of differential polynomials generated by entire
and meromorphic functions have been investigated.
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1. Introduction, Definitions and Notations

Let f be an entire function defined in the open complex plane C. The maximum
modulus function relating to entire f is defined as My (r) = max {|f (2)| : |z| =}
If f is non-constant then it has the following property:

Property (A) ([2]) : A non-constant entire function f is said have the Property
(A) if for any ¢ > 1 and for all sufficiently large values of r, [My (r)]> < M (r°)
holds. For exapmles of functions with or without the Property (A), one may see
[2].

When f is meromorphic, My (r) cannot be defined as f is not analytic.
In this situation one may define another function T (r) known as Nevanlinna’s
characteristic function of f, playing the same role as M (r) in the following manner:

Ty (r) = Ny (r) +my(r) .

T¢(r)

And given two meromorphic functions f and g the ratio 7 () @ T — 00 is called
9

the growth of f with respect to ¢g in terms of their Nevanlinna’s Characteristic
function.
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When f is entire function, the Nevanlinna’s Characteristic function T’ (r)
of f is defined as

Ty (r) =my (r) .
We called the function Ny (r, a) (N £ (r, a)) as counting function of a-points

(distinct a-points) of f. In many occasions Ny (r, 00) and N ¢ (r,00) are denoted by
Ny (r) and Ny (r) respectively. We put

T

Ny (r,a) = /"f (t, @) — ny (O’G)dt+n‘f (0,a)logr

t
0

where we denote by ny (7, a) (n} (r, a)) the number of a-points (distinct a-points)

of fin |z| < r and an oo -point is a pole of f and the quantity © (a; f) of a
meromorphic function f is defined as follows

Oa; f)=1- limsup%.

Also we denote by ny, (r, a; f) denotes the number of zeros of f—a in |z| < r,where
a zero of multiplicity < p is counted according to its multiplicity and a zero of
multiplicity > p is counted exactly p times.

Accordingly, N, (r,a; f) is defined in terms of n, (r,a; f) in the usual way
and we set for any a € CU {oo}

p(asf)=1- ligsgp%(%ﬁ {cf. [14]},

On the other hand, m (r, ﬁ) is denoted by m (r, a) and we mean m (r, 00)

by my (r) , which is called the proximity function of f. We also put

2m

my (r) = %/long |f (T6i9)|d9, where
0

logt z = max (logz,0) for all z >0 .

Further, for any non-constant meromorphic function f, b = b(z) b = b(2)
is called small with respect to f if T}, (r) = Sy (r) where Sy (r) = o{Ty (r)} ie.,

;;—E:; — 0 as 7 — oo. Moreover for any non-constant meromorphic function f

, we call Mj[f] = Aj (£)" (fO)™ .. ... (f®)™ where Ta, (r) = Sy (r), to

be a differential monomial generated by it where ngj, n1j,......,n5; (£ > 1) be non-
k

negative integers such that for each j,> n;; > 1. In this connection the numbers
i=0
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k k
Yum; = Y mij and Iy, = Y7 (i 4 1) ny; are called respectively the degree and weight
i=0 i=0

of M; [f] {[6],[17]}. The expression P [f] = > M, [f] is called a differential polyno-
j=1

mial generated by f. The numbers yp = max vy, and I'p = max I'y; are called
1<j<s 1<j<s

respectively the degree and weight of P[f] {[6],[17]}. Also we call the numbers
yp = 1r<rlir<1 yum; and k (the order of the highest derivative of f ) the lower degree
J =

and the order of P [f] respectively. If yp = yp, P[f] is called a homogeneous differ-
ential polynomial. Throughout the paper we consider only the non-constant differ-
ential polynomials and we denote by Py [f] a differential polynomial not containing
f ie. for which ng; = 0 for j = 1,2,...... , 5. We consider ounly those P [f], Py [f]
singularities of whose individual terms do not cancel each other. In this connection
we denote yp,[s] as

= T ()
/YPO[f] B TLIEO Tj (T) ’

Further, the following definition is also well known:

Definition 1.1. [3] P[f] is said to be admissible if
(i) P[f] is homogeneous, or
(#3) P [f] is non homogeneous and my (r) = Sy (r).

If f is a non-constant entire function then T (r) is rigorously increasing
and continuous function of r and its inverse T]fl : (Ty (0),00) — (0,00) exist
Ty (r)

where lim 77! (s) = co. Also the ratio as r — oo is known as growth of
soo0 I Ty(r)

f with respect to ¢ in terms of the Nevanlinna’s Characteristic functions of the
meromorphic functions f and g. Further, in the case of meromorphic functions,
the growth markers such as order and lower order which are traditional in complex
analysis are defined in terms of their growths with respect to the exp z function in
the following way:

. log Ty (r) log Ty (r) _ . log Ty (r)
pr = limsup L2 = tmsup B = tmswp R
logT logT'¢ logT
A= Timinf—28 T 08T () e 08T ()
y r—oo log Texp » (r) r—oo  log (%) r—oo log ('r) + O(l)

and the growth of functions is said to be regular if their lower order coincides with
their order.

In this connection the following two definitions are also well known:

Definition 1.2. The type oy and lower type 7 ¢ of a meromorphic function f are
defined as

Ty T
oy = limsup s () and @y = liminf s (7)

r—oo T r—oo 1P

, 0<pr<oo.
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If f is entire then

log M log M
of =lim supw and oy =lim inngff(T)

r—00 TP r—+00 T

, 0<pyr <00

Definition 1.3. [8] The weak type 7y and the growth indicator 7 of a meromor-
phic function f of finite positive lower order A are defined by

_ . Ty (r) D
Tp = h?is;p oy and Ty = hrrggf Sy 0<Af<oo.
When f is entire then
_ log M¢(r) . log My(r)
Tf_hiisong and Tf_hrrgg:lfT’ 0<Af <oo.

However, extending the thought of relative order of entire functions as ini-
tiated by Bernal {[1], [2]}, Lahiri and Banerjee [15] introduced the definition of
relative order of a meromorphic function f with respect to another entire function
g, symbolized by py (f) to avoid comparing growth just with exp z as follows:

pg (f) = inf{u>0:T;(r) <Ty(r*) for all sufficiently large r}
, log T T (r)
= limsup—2——-.
r—00 logr

The definition coincides with the classical one if g (z) = exp z {cf. [15] }.

Similarly, one can define the relative lower order of a meromorphic function
f with respect to an entire function g denoted by A4 (f) as follows :

log T 1T}
A () = liminf 28 Te_Tr ().

r—o0 logr

To compare the relative growth of two entire functions having same non zero
finite relative order with respect to another entire function, Roy [16] introduced the
notion of relative type of two entire functions in the following way:

Definition 1.4. [16] Let f and g be any two entire functions such that 0 <
pg (f) < oo. Then the relative type o4 (f) of f with respect to g is defined as

og (f)
inf {k >0: Mg (r) <M, (kzr”g(f)) for all sufficiently large values of r}

Mg_le (T‘)
rpg(f)

= limsup
T—00
Likewise, one can define the relative lower type of an entire function f with
respect to an entire function g denoted by @, (f) as follows :

_ MM (r)
T4 (f):hmlnfﬁ, 0<pg(f)<oo.

T—00 rPg
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Analogously, to determine the relative growth of two entire functions having
same non zero finite relative lower order with respect to another entire function,
Datta and Biswas [9] introduced the definition of relative weak type of an entire
function f with respect to another entire function g of finite positive relative lower
order Ay (f) in the following way:

Definition 1.5. [9] The relative weak type 74 (f) of an entire function f with
respect to another entire function g having finite positive relative lower order A, (f)
is defined as: . -
M Mf T
— i g
7o () = a5
Also one may define the growth indicator 74 (f) of an entire function f with respect
to an entire function ¢ in the following way :
_ . My My (r)
T4 (f) = hmsupAi(f)7 0< Ay (f) <o0.
r—00 o9
In case of meromorphic functions, it therefore seems reasonable to define
suitably the relative type and relative weak type of a meromorphic function with
respect to an entire function to determine the relative growth of two meromorphic
functions having same non zero finite relative order or relative lower order with
respect to an entire function. Datta and Biswas also [9] gave such definitions of
relative type and relative weak type of a meromorphic function f with respect to an
entire function g which are as follows:

Definition 1.6. [9] The relative type o4 (f) of a meromorphic function f with
respect to an entire function g are defined as
Ty ' Ty (1)

oq (f) = limsupngT where 0 < p, (f) < 0.

T—>00
Similarly, one can define the lower relative type G, (f) in the following way:

—1
7y (f) =lim e Le Tr ()

im inf = where 0 < p, (f) < o0.

Definition 1.7. [9] The relative weak type 74 (f) of a meromorphic function f
with respect to an entire function g with finite positive relative lower order A, (f)
is defined by
T 1Ty (1)
T g *f
o () =i
In a like manner, one can define the growth indicator 7, (f) of a meromorphic
function f with respect to an entire function g with finite positive relative lower
order A\, (f) as
T (r)
e g Iy
Ty (f) =lm SUp— T

T—>00
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Considering g = exp z one may easily verify that Definition 1.4 , Definition
1.5, Definition 1.6 and Definition 1.7 coincide with the classical definitions of type
(lower type) and weak type of entire and meromorphic functions respectively.

For entire and meromorphic functions, the notion of their growth indicators
such as order, type and weak type are classical in complex analysis and during
the past decades, several researchers have already been continuing their studies in
the area of comparative growth properties of composite entire and meromorphic
functions in different directions using the same. But at that time, the concept of
relative order and consequently relative type as well as relative weak type of entire
and meromorphic functions with respect to another entire function was mostly
unknown to complex analysts and they are not aware of the technical advantages
of using the relative growth indicators of the functions. In this paper we wish
to prove some newly developed results based on the growth properties of relative
order, relative type and relative weak type of differential polynomials generated by
entire and meromorphic functions. We do not explain the standard definitions and
notations in the theory of entire and meromorphic functions as those are available
in [12] and [18].

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [/] Let f be meromorphic and g be entire then for all sufficiently
large values of r,

Trog (r) < {1 +0(1)} miﬁf (Mg (1)) .

Lemma 2.2. [5] Let f be meromorphic and g be entire and suppose that 0 < p <
pg < oo. Then for a sequence of values of v tending to infinity,

Tyog(r) = Ty (exp (")) -

Lemma 2.3. [13] Let f be meromorphic and g be entire such that 0 < py < 00
and 0 < Ay . Then for a sequence of values of r tending to infinity,

Tpog(r) > Ty (exp (1)),

where 0 < p1 < pg .

Lemma 2.4. [7] Let f be a meromorphic function and g be an entire function
such that Ay < pt < 00 and 0 < Ay < pg < 0o. Then for a sequence of values of r
tending to infinity,

Trog(r) < Ty (exp () -
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Lemma 2.5. [7] Let f be a meromorphic function of finite order and g be an
entire function such that 0 < Ay < p < oo. Then for a sequence of values of r
tending to infinity,

Trog(r) < Ty (exp (r*)) .

Lemma 2.6. [10] Let f be an entire function which satisfy the Property (A), 8 >
0,9 >1and o> 2. Then

BTy (r) < Ty (ar’) .

Lemma 2.7. [11] If f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(as f)=
a#o00 aF#oo

1 and g be an entire function of regular growth having non zero finite order and

O (c0;9) = > dp(a;9) =1 ord(o0;9) = > 6(a;9) = 1. Then the relative order
a#o0o a#o0o

of Py [f] with respect to Py [g] are same as those of f with respect to g where Py [f]

and Py [g] are homogeneous.

Lemma 2.8. [11] If f be a meromorphic function either of finite order or of non-

zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(a;f)=
a#oo aF#oo

1 and g be an entire function of reqular growth having non zero finite type and

O(00;9) = > 0p(a;9) =1 ord(oo;9) = > d(a;9) = 1. Then the relative type
aF#oo a#oo

a1
and relative lower type of Py [f] with respect to Py [g] are (M> " times that of

VPylg]

f with respect to g if pg (f) is positive finite and Py [f] and Py [g] are homogeneous.

Lemma 2.9. [11] Let f be a meromorphic function either of finite order or of

non-zero lower order with © (oo; f) = > 6p(a; f)=1o0rd(co; f)= > d(a; f) =
a#oo aF#oo

1 and g be an entire function of reqular growth having non zero finite type and

O (003 9) = ; dp (a;9) =1 or (003 9) = ; 6 (a;g) = 1. Then 7p,1q) (Po [f]) and

1
Tpolg) (Po [f]) are (%) " times that of f with respect to g i.e., Tp,[g (Po [f]) =
1

(m)é 74 (f) and Tp,ig (Po [f]) = (M)E - Tg (f) when Ay (f) is positive

TPyl VPylg]

finite and Py [f] and Py [g] are homogeneous.
3. Main Results

In this section we present the main results of the paper.

In the paper, it is needless to mention that the admissibility and homogeneity
of Py[f] will be needed as per the requirements of the theorems.
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Theorem 3.1. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(as f) =
a#o00o aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = > §p(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#oo a#o0o
that 0 < A (f) < pn (f) < 00, 04 < 00 and also h satisfy the Property (A). Then
for any 6 > 1,

_1 " . .
lim sup log T}, Tog (1) < §-0g-pn(f)
r—oo log Po[h]TPO[f] (exp pr) A (f)

Proof. Let us suppose that o > 2.
Since T}, ' (r) is an increasing function r, it follows from Lemma 2.1, Lemma 2.6
and the inequality T, (r) < log M, (r) {cf. [12]} for all sufficiently large values of r
that

Ty ' Tyog (r) < Ty [{1+0(1)} Ty (Mg (r))]

_ 5
s T Tog (r) < [T, Ty (M (r)]
(3.1) i.e., 1ogT Tiog (r) < SlogT, 'Ty (M (1)) + O(1)
logT YTpoq (1)
log T, [ nIpoip) (exprea)

M%T1EM4(»+WD_5MMZTMMAM+OGX

i.€.,

log Tpo[h] Tpy(y) (exprrs) log M, ()
log M, (r) log exp 79
P9 log TP i Lrols) (exprPa)

log T} ' Ty
i.e., limsup o8 fog (7)
r—oo  log Tpo[h]Tpo[ 7] (exprrs)
dlogTy T M, o1 log M,
59 < rimap OETE T (M () £ O) L og M ().
r—)oo 1OgM ( ) r—00 TPy
log exp rfs

lim sup —
r—oo logTh 1[h] T'py (5] (exprrs)

. log Tj, ' Toq (1) 1
i.e., limsup — <6-pn(f) 0y —— .
r—00 logT Ol[h]TPO[f] (exp ’f‘pg) 7 APo[h] (PO[.f])

Therefore in view of Lemma 2.7, we obtain from the above that

—1
Jim sup kingh Toq (1) < 0-04-pn(f) .
r—oo 10T 1) Thy ) (exprPs) An (f)

Thus the theorem is established. [
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In the line of Theorem 3.1, the following theorem can be proved :

Theorem 3.2. Let f be a meromorphic function, g be an entire function either

of finite order or of non-zero lower order with © (c0;9) = 3. §p(a;g) = 1 or
a#o00o
d(0059) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = > §p(a;h) =1 or §(oco;h) = > d(a;h) =1
a#oo aF#oo

with A (g) > 0, pn (f) < 00, 04 < 00 and also h satisfy the Property (A). Then for
any 6 > 1,

_1 r . .
lim sup kingh Tre (1) < 095 Prlf)
r—oo log Ty 111 TRy g (exprPs) An (9)

Using the notion of lower type, we may state the following two theorems
without their proofs because those can be carried out in the line of Theorem 3.1
and Theorem 3.2 respectively.

Theorem 3.3. Let f be a meromorphic function either of finite order or of non-

zero lower order such that © (oo; f) = Y dp(a; f) =1 ord(co;f)= > d(a;f) =
a#oo aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oo;h) = > 8, (a;h) =1 or §(oo;h) = - d(a;h) = 1 such
a#oo a#oo
that 0 < A, (f) < pn (f) < 00, Ty < 00 and also h satisfy the Property (A). Then
for any 6 > 1,

Jimn inf — 128 Th Toq (7) < 075 pn(f)
r—oo log Tlggl[h]TPo[f] (exprPs) — M (F)

Theorem 3.4. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (c0;g) = 3 dp(a;g) = 1 or

a#oo
§(00;9) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = 3 dp(ash) =1 or §(oo;h) = > d(a;h) =1
a#oo aF#oo

with A (g) > 0, pn (f) < 00, Ty < 00 and h satisfy the Property (A). Then for any
0>1,

fmin 108 0w Trog () 6Ty pr(f)
ro log Ty Tyl (expres) = An(g)

Using the concept of the growth indicators 74 and T4 of an entire function
g, we may state the subsequent four theorems without their proofs since those can
be carried out in the line of Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem
3.4 respectively.
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Theorem 3.5. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(as f) =
a#o00o aF#oo
1, g be entire function and h be an entire function of reqular growth having non-zero
finite order and © (oco;h) = 3 §,(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#o0o a#oo
that 0 < A (f) < pr (f) < 00, Tg < 00 and also h satisfy the Property (A). Then
for any 6 > 1,

log T, T, Ty
lim sup (i% n Lo (7) S 07y pn(J)
r—oo log TPo[h]TPO[f] (expr 9) An (f)

Theorem 3.6. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (00;9) = Y 0p(a;9) = 1 or

a#oo
§(00;9) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = 3 dp(ash) =1 or §(oo;h) = > d(a;h) =1
a#oo aF#oo

with Ap (g) > 0, pr (f) < 00, Ty < 00 and h satisfy the Property (A). Then for any
0>1,

log T, ' To 5Ty
lim sup (igl h ey () Ty S T Prlf)
T—00 logTPo[h]TPO[g] (expr 9) )\h (g)

Theorem 3.7. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a; f)=1ord(co; f)= > d(as f) =
a#o0o aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = 3 §,(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#o0o a#oo
that 0 < A, (f) < pn (f) < 00, T, < 00 and also h satisfy the Property (A). Then
for any 6 > 1,

lim inf log Th_le'Og (r) < §-7g pn (f)
r=oc log T Tryip) (expre) = An(f)

Theorem 3.8. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (c0;g) = 3. dp(a;g) = 1 or

a#oo
§(00;9) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = 3 dp(ash) =1 or §(oo;h) = > d(a;h) =1
a#oo aF#oo

with Ap (g) > 0, pp (f) < 00, 74 < 00 and h satisfy the Property (A). Then for any
0>1,
lim inf log Th_leog (r) < 679 pn(f)

r—oo log T;Dl[h] Tpo[g] (exp 7')‘9) - An (9)
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Theorem 3.9. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a; f)=1ord(co; f)= > d(as f)=
a#o00o aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = 3 §,(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#o0o a#o0o
that (1) 0 < pp, (f) < o0, (it) pn (f) = pg, (i17) 04 < 00, (iv) 0 < op(f) < oo and
also h satisfy Property (A). Then for any § > 1,

log T), 'Toq () < <5'Ph (f)'%) <7Po[h]>i
on (f) VPolf] '

lim inf —— <
7% Tp i Trois) (1)

Proof. From (3.1), we get for all sufficiently large values of r that

(3.3) log T, "Toq (r) < 8 (pn (f) +€)log My (r) + O(1) .

Using Definition 1.2, we obtain from (3.3) for all sufficiently large values of r that
(3.4) log Ty, ' Trog (1) < 6 (pn (f) +€) (0g 4+ ) -7 + O(1) .

Now in view of the condition (i7), we obtain from (3.4) for all sufficiently large
values of r that

(3.5) log T, Troq (r) <6 (pn (f) +€) (05 +¢) -7 +0O(1) .

Again in view of Definition 1.6, we get for a sequence of values of r tending to
infinity that

(3.6) Ty Trots) (r) = (0pym) (Po[f]) = &) rProm (PO,

Now in view of Lemma 2.7 and Lemma 2.8, we get from the above for a sequence
of values of r tending to infinity that

1
_ YP, f Ph
(3.7) Tpol[h]TPo[f] (r) > (Uh (f) (ﬁ) - 8) ron()

Therefore from (3.5) and (3.7), it follows for a sequence of values of r tending to
infinity that

l0g T}, Tyoq (r) _ & (pn (f) +¢) (04 +¢) - 7D +0(1)
—1 = 1 .
TPo[h]TPO[f] () (Uh (f) (_VPo[fl ) Pho_ 5> ron(f)

YPy k]

Since € (> 0) is arbitrary, it follows from the above that

1ogTh—1Tfog (r) - ((5 pn (f) - Ug) ('YPo[h] ) s
on (f) YPo[f] '

lim inf — <
rree Tpol[h]TPo[f] (r)

Hence the theorem follows. [
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Using the notion of lower type and relative lower type, we may state the
following theorem without its proof as it can be carried out in the line of Theorem
3.9:

Theorem 3.10. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f)= > §p(a; f) =1 ord(oo; f)= > d(a; f) =1,
aF#oo a#oo
g be entire function and h be an entire function of reqular growth having non zero
finite order and © (co;h) = > 0p(a;h) =1 or §(oo;h) = > d(a;h) = 1 with
aF#oo a#0oo
(1) 0<pn(f) <oo, (i1) pn(f) = pg, (iii) T4 < 00, (iv) 0 <7 (f) < o0 and also
h satisfies Property (A). Then for any § > 1,

log T}, ' Tog (1) < (5'Ph (f)'ﬁg) (WPo[h])i '

lim inf — < —
r=e Ty Trop) (1) an (f) VPolf)

Similarly using the notion of type and relative lower type, one may state the
following two theorems without their proofs because those can also be carried out
in the line of Theorem 3.9 :

Theorem 3.11. Let f be a meromorphic function either of finite order or of non-

zero lower order such that © (co; f) = > 0p(a;f)=1ord(co; f)= > d(a; f)=
a#oo aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (co;h) = 3 6y (a;h) =1 o0rd (co;h) = > 0(a;h) =1 such that
a#oo a#oo
(1) 0<An (f) < pu(f) < o0, (i) pn(f) = pg, (iii) og < o0, (iv) 0 <Th(f) < o0
and also h satisfies the Property (A). Then for any § > 1,

logTh_leog (r) < (5 A () - ag> <’yp0[h] ) o
an (f) YPolf]

lim inf — <
rree Tpol[h]TPo[f] (r)

Theorem 3.12. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(as f)=
a#o0o aF#oo
1, g be entire function and h be an entire function of reqular growth having non zero
finite order and © (oo;h) = > 0p(a;h) =1 or §(oo;h) = > d(a;h) = 1 with
aF#oo aF#oo
(1) 0 < pr(f) <oo, (i) pn(f) = pg, (iit) 04 < 00, (iv) 0 < T (f) < oo and also
h satisfies Property (A). Then for any § > 1,

1OgT}:1Tf09 (r) < (6'ph (f)'og> (71’0[’1]);’1
) .

Th (f VP, [f]

lim sup — <
r—00 TPo[h]TPO[f] (’f‘)

Similarly, using the concept of weak type and relative weak type, we may
state next four theorems without their proofs as those can be carried out with the
help of Lemma 2.9 and in the line of Theorem 3.9, Theorem 3.10, Theorem 3.11
and Theorem 3.12 respectively.
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Theorem 3.13. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a; f)=1ord(co; f)= > d(as f)=
a#o00o aF#oo

1, g be entire function and h be an entire function of reqular growth having non

zero finite order and © (co;h) = > §p(a;h) =1 or §(oco;h) = > d(a;h) =1
a#oo aF#oo

such that (i) 0 < Ay (f) < pr(f) < o0, (1) A (f) = Ag, (i40) Ty < 00, (iv)

0 <7n(f) < oo and also h satisfies Property (A). Then for any § > 1,

- — 1
lim inflog I 1Tfoy (r) < (6 pn(f)- T‘q) (MDO[h]) ph
r—00 T;[)l[h]Tpo[f] (T) - Th (f) YPolf]

Theorem 3.14. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(a;f)=
a#oo aF#oo
1, g be entire function and h be an entire function of reqular growth having non zero
finite order and © (oco;h) = > dp(a;h) =1 or §(oo;h) = > d(a;h) = 1 with
aF#oo a#oo

(1) 0< A (f) < pn(f) <oo, (it) A (f) = Ag, (4i1) 74 <00, (iv) 0 <7 (f) < 0
and also h satisfies Property (A). Then for any 6 > 1,

log T}y Ty (1) _ (6 on (f) > <mm > o

lim inf — <
ro T Trois (7) 7 (£) VPolf]

Theorem 3.15. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > 0p(a;f)=1ord(co; f)= > d(as f) =
a#o0o aF#oo
1, g be entire function and h be an entire function of reqular growth having non zero
finite order and © (oco;h) = 3 §,(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#o0o a#oo

that (1) 0 < X (f) < o0, (it) An (f) = Ag, (48) T4 < 00, (iv) 0 <7 (f) < 00 and
also h satisfies Property (A). Then for any § > 1,

-~ _ 1
i g 28 T0 Lo () (5 () ) (mm) "
r—»00 TPo[h] Tpo[f] (r) 7h (f) VP (f]

Theorem 3.16. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (o0; f) = Y dp(a; f) =1 ord(co;f)= > d(a;f) =
a#oo aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = > 0p(a;h) =1 or §(oo;h) = > d(a;h) = 1 with
aF#o0 a#oo

(1) 0< A (f) <pn(f) <oo, (i) A (f) = Ay, (417) Ty < 00, (iv) 0 <7 (f) <0
and also h satisfies Property (A). Then for any 6 > 1,

1OgTh_leog (T) < (6 * Ph (f) : ?g) (’Ypo[h] ) on

lim sup
™ (f) YPolf]

7—>00 leol[h]Tpo[j] (T)
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Theorem 3.17. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(as f) =
a#o00o aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = 3 §,(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#o0o a#o0o

that 0 < A (f) < pn (f) < pg < 00 and oy (f) < co. Then

log Ty, 'Trog (r) (Ah (f)) <mm ) "

lim sup—
r—reo Tpol[h]TPo[f] (r) on (f) YPo[f]

Proof. Since pp, (f) < pg and T, ! (r) is a increasing function of r, we get from
Lemma 2.2 for a sequence of values of r tending to infinity that

log Ty ' Trog(r) > log Ty ' Ty (exp (1))
i.e., logTh_leog(T > (M (f)—¢)-r"
(3.8) i.e., log Th_leog(T) > (M (f)—e)- rentf)

Again in view of Definition 1.6, we get for all sufficiently large values of r that
T Tty (r) < (0pym) (Po[f]) + &) rProm (PO

Therefore in view of Lemma 2.7 and Lemma 2.8, we obtain from the above for all
sufficiently large values of r that

1
— Y. Ph
(39) To by Truin (1) < <ah () (Z0) ™ ) o)

YPo[h]

Now from (3.8) and (3.9), it follows for a sequence of values of r tending to infinity

that
10g T;:leog(T) > ()‘h (f) - E) ren()
1 = 1 :
TPo[h]TPo[f] (r) <Uh (f) (M) P + 5) 7P (f)
YPo(h]

Since € (> 0) is arbitrary, it follows from above that

log T, Tro(r) (20 (20) z
T \on (f) YPo[f] .

lim sup—
T—00 Tpol[h]TPO[f] (T)

Thus the theorem follows. [

In the line of Theorem 3.17, the following theorem can be proved and there-
fore its proof is omitted:

Theorem 3.18. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (00;9) = Y 0p(a;9) = 1 or
a#oo
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§(00;9) = > 6(a;g) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = Y §p(a;h) =1 or §(oco0;h) = > d(a;h) =1
a#o00o aF#oo
such that 0 < Ap (f), 0 < pp (9) < pg < 00 and oy, (g) < 0o. Then

i sup 28 Ln Lre(r) (Ah (f)) <mm)

oo Tt Trg (1)~ \on(9) /) \rg)

The following two theorems can also be proved in the line of Theorem 3.17
and Theorem 3.18 respectively and with help of Lemma 2.3. Hence their proofs are
omitted.

Theorem 3.19. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(as f) =
a#o0o aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = 3 §,(a;h) =1 or §(co;h) = > 0(a;h) = 1 such
a#oo a#oo

that 0 < Ap (9), 0 < g, 0 < pr (f) < pg < 00 and oy, (f) < co. Then

1 1
i sup 08 T Tre(r) (Ah <g>> (mm) Z

roo Tty Tes (1)~ \on(f)) \
Theorem 3.20. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (0c0;9) = 3. §p(a;g) = 1 or
a#o0o

d(0039) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = > §p(a;h) =1 or §(oc0;h) = > d(a;h) =1
a#o0o aF#oo
such that 0 < Ap (g), 0 < Ay, 0 < pp (9) < pg < 00 and oy, (g) < co. Then

-1 1
lim sup 28T Trea(r) (Ah <g>) (mm) Z

r=oo Tp i Trg) (1)~ \on(9)/ \ VRl

Now we state the following four theorems without their proofs as those can
be carried out with the help of Lemma 2.9 and in the line of Theorem 3.17, Theorem
3.18, Theorem 3.19 and Theorem 3.20 and with the help of Definition 1.7:

Theorem 3.21. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (oo; f) = Y dp(a; f) =1 ord(co;f)= > d(a;f) =
a#oo aF#oo
1, g be entire function and h be an entire function of regular growth having non zero
finite order and © (oco;h) = > 8, (a;h) =1 or §(oosh) = - d(a;h) = 1 such
a#oo a#oo

that 0 < Ay, (f) < pg <00 and Tp, (f) < 0o. Then

, log T}~ 1T,og(7") ( (f)) (mw])"l”
h?isong 1 w TRty () (f) ) \ Pl
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Theorem 3.22. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (c0;9) = 3. §p(a;g) = 1 or
a#o0o

d(0059) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = > §p(a;h) =1 or §(oco;h) = > d(a;h) =1
a#o00o aF#oo
such that 0 < Ap (f), 0 < Ap (g9) < pg < 00 and Tp, (g) < oo. Then

limSUplong:leog(T) > (i}; Eg;) (7130[]1] > i

T—00 Tlgol[h]TPo[g] (T) N VP g]

Theorem 3.23. Let f be a meromorphic function either of finite order or of non-
zero lower order such that © (co; f) = > dp(a;f)=1ord(co; f)= > d(a;f)=
a#oo aF#oo

1, g be entire function and h be an entire function of reqular growth having non zero
finite order and © (oco;h) = 3~ d,(ash) =1 or §(oco;h) = > 0(a;h) = 1 such
a#oo a#oo

that 0 < Ay (9) < pg < 00, 0 < Ay and Tp, (f) < co. Then

lim sup—= >
T—00 TPol[h]TPO[f] (’I”)

log T}, ' Tog(r) < <)\h (9)) <7Po[h])"_h
Tn ()] \ Pt

Theorem 3.24. Let f be a meromorphic function, g be an entire function either
of finite order or of non-zero lower order with © (c0;9) = 3. §p(a;g) = 1 or
a#o0o

d(0059) = > d(a;g9) = land h be an entire function of reqular growth having non
aF#oo
zero finite order and © (co;h) = > §p(a;h) =1 or §(oc0;h) = > d(a;h) =1
a#o00o aF#oo
such that 0 < Ay (g) < pg < o0, 0 < Ay and Tp, (9) < oo. Then

log T}, "Tyog(r) _ (Ah (9)) <7Po[h]>H

lim sup—= > (=
rree TPol[h]TPO[g] (r) Th (9) VPolg]

Theorem 3.25. Let f be a meromorphic function either of non-zero finite or-
der or non zero lower order such that © (oo; f) = Y 0p(a; f) =1 or 6 (co; f) =
aF#oo

Y>> d(a; f) =1, g be entire function and h be an entire function of regular growth

aF#oo

having non zero finite order and © (oco;h) = >~ 0p(a;h) =1 ord (co;h) = > d(ash) =
aF#oo a#oo

1 such that 0 < Ay < pp, (f) < 00 and 7, (f) > 0. Then

lim inf —=
r—o0 Tpol[h]TPO[f] (T‘)

log Ty, ' Tyoy(r) _ (ph (f)) (mm ) "
“\on (f) ) \ Ry
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Proof. As Ay < pi (f) and T ' (r) is a increasing function of r, it follows from
Lemma 2.4 for a sequence of values of r tending to infinity that

log Tj ' Tog(r) < logTj, ' Ty (exp (r*))
i.e., log Ty "Trog(r < (pn(f)+e) 7"
(3.10) e, log Ty Trog(r) < (pn () +e) - )

Further in view of Definition 1.6, we obtain for all sufficiently large values of r that
T mTrots) (r) = (@) (Polf]) — &) rProvaFolil)

Now in view of Lemma 2.7 and Lemma 2.8, we obtain from the above for all suffi-
ciently large values of r that

1
— _ Y Ph
(3.11) To b Truin () 2 <ah () (22)7 ) o)
YPo [R)]

Since € (> 0) is arbitrary, therefore from (3.10) and (3.11) we have for a sequence
of values of r tending to infinity that

log T ' Tyoy(r) (pn (f) +€) - rPn D

<
T T @~ (7 =
Po[h]* Polf] YPy[f] no ’
ol 70 <Uh (f) (’YPZ[’I]) g | ren(f)
log T, 'y =
7;,6,, hmlnfog_lh—fg(r) S (Bh (f)) (’7P0[h]>ph )
7= TryTrois) () on (1)) \rair

Hence the theorem is established. [

In the line of Theorem 3.25, the following theorem can be proved and there-
fore its proof is omitted:

Theorem 3.26. Let f be a meromorphic function with non-zero finite order and
lower order, g be an entire function either of finite order or of non-zero lower

order with © (c0;9) = > 0p(a;9) = 1 or §(o0;9) = > 6(a;9) = land h be
aF#oo a#oo

an entire function of regular growth having non zero finite order and © (co;h) =
S dp(ash) =1 ord(ocojh) = > 0(a;h) =1 such that pn (f) < 00, 0 < Ay <
aF#oo a#oo

pn (g) < oo and @ (g) > 0. Then

i i 198 T Trealr) (D) (20) o
ah (9)

r—o0 T;()l[h]Tpo[g] (r)y = YPolg]

Moreover, the following two theorems can also be deduced in the line of
Theorem 3.17 and Theorem 3.18 respectively and with help of Lemma 2.5 and
therefore their proofs are omitted.
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Theorem 3.27. Let f be a meromorphic function of finite order with © (co; f) =
Sdplasf) =1 ord(oosf) = > d(asf) = 1, g be entire function and h be
aF#oo a#o0o

an entire function of regular growth having non zero finite order and © (co;h) =
> dp(ash) =1 ord(ocosh) = > d(ajh) =1 such that pr(g) < 00, 0 < Ay <
aF#oo a#oo

pn (f) < oo and Gy (f) > 0. Then

_ 1
Jimn inf 28 Zh Tyog(r) _ < Ph (g)> (”YPO[M)””' .
r—oo T an (f) YPo[f]

Pol[h] Tpy[p) (r)

Theorem 3.28. Let f be a meromorphic function with finite order, g be an en-
tire function either of finite order or of non-zero lower order with © (00;g) =
> dplasg) = 1 or 6(c0;9) = >, 0(a;g) = land h be an entire function of
aF#oo aF#oo

regular growth having non-zero finite order and © (co;h) = Y 6, (a;h) = 1 or

a#oo
d(ocojh) = > d(ajh) =1 such that 0 < Ay < pp, (g) < 00 and 7y, (g) > 0. Then
a#oo
—1 %
lim inflo%Th Tog(r) < (ﬁh (9)) (”Ypo[h]> "
=0 Tp i Trola) (7) 7 (9)/) \Polg)

Finally we state the following four theorems without their proofs as those
can be carried out with the help of Lemma 2.9 and in the line of Theorem 3.25,
Theorem 3.26, Theorem 3.27 and Theorem 3.28 using the concept of relative weak
type:

Theorem 3.29. Let f be a meromorphic function either of non zero finite order
or of non-zero lower order such that © (co; f) = > 0p(a; f) =1 or (o0 f) =
aF#oo

Y>>0 (a; f) =1, g be entire function and h be an entire function of regular growth

aF#oo

having non-zero finite order and © (oco;h) = > 0p(a;h) =1 ord (co;h) = > d(ash) =
a#o0o a#oo

1 such that 0 < Ay < Ap (f) < pn (f) < 00 and 7, (f) > 0. Then

- 1
lim inflog T leog(T) < <ph (f)> <7P0[h] > :
r—00 T;’ol[h]TPO[f] (T) — \ T (f) YPo[f]

Theorem 3.30. Let f be a meromorphic function with non zero finite order and

lower order, g be an entire function either of finite order or of non-zero lower

order with © (00;9) = > 0p(a;9) =1 or §(o0;9) = > 6(a;9) = land h be
aF#oo a#o0o

an entire function of regular growth having non-zero finite order and © (oco;h) =

Yo 0p(a;h) =1 ord(co;h) = > d(ash) = 1 such that pp (f) < 00, 0 < Ay <
aF#oo a#o00o
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An (g) < oo and 1, (g) > 0. Then

_ 1
hmianOg_Th Trog(r) < (Ph (f)) <7Po[h]> m
oo Tt Tyl (1) 7 (9) ) \"VPolg]

Theorem 3.31. Let f be a meromorphic function of finite order with © (co; f) =
Sdplasf) =1 ord(oosf) = > d(asf) = 1, g be entire function and h be
aF#oo a#o0o

an entire function of regular growth having non zero finite order and © (co;h) =
> dp(ash) =1 ord(oosh) = > d(ajh) =1 such that pr(g) < 00, 0 < Ay <
aF#oo a#oo

A (f) < oo and 1, (f) > 0. Then

log Ty ' Tyoy(r) _ (Ph (g)> <mm)ﬁ

Tom Tt (1)~ \ 7 ()] \poiy)

lim inf
T—00

Theorem 3.32. Let f be a meromorphic function with finite order, g be an en-
tire function either of finite order or of non-zero lower order with © (o0;g) =
> dplasg) = 1 or 6(o0;9) = >, 0(a;g) = land h be an entire function of
aF#oo a#0oo

regular growth having non-zero finite order and © (co;h) = Y. 6, (a;h) = 1 or
a#o00o
d(oojh) = > d(ash) =1 such that 0 < Ag < A (f) < pr(g) < 0o and 7, (g) > 0.
a#oo

Then

lim inf —= <
r—00 Tpol[h]TPo[g] (T‘)

log Ty ' Tyoq(r) _ (Ph (g)> (m[h])”h

Th (9) YPs (4]
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