FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 31, No 2 (2016), 513-527

A CLASSIFICATION OF CONFORMAL-WEYL MANIFOLDS IN
VIEW OF NON-METRIC CONNECTIONS *
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Abstract. We give a classification of conformal-Weyl manifolds based on the perspec-
tive of semi-symmetric non-metric connections. This research is an extension of a
geometrized theory of gravitation and electromagnetism with conformal-Weyl connec-
tions.
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1. Introduction

It is well known that due to Einstein’s theory of relativity Weyl [22] and Lyra [17]
made an ingenious attempt to unify the gravitational and electromagnetic fields in
geometrical arguments, respectively. They defined and studied the Weyl and Lyra
manifolds in view of non-metric semi-symmetric connections.

The main purpose of this paper is to derive some further contribution for a clas-
sification of conformal-Weyl manifolds from the point of view of Weyl connections,
which are a type of the so-called semi-symmetric essentially metric (non-metric)
connections.

The concept of a semi-symmetric connection in a Riemannian manifold was
firstly introduced by A. Hayden in [12]. K. Yano first in [24] introduced and investi-
gated a semi-symmetric metric connection by using the idea of a metric connection
with torsion. U. C. De et al studied some properties of a semi-symmetric metric con-
nection on different manifolds, see [6, 7, 8]. A physical model of a semi-symmetric
non-metric connection was studied by K. A. Dunn in [9]. P. Zhao et al in[26]studied
a semi-symmetric connection in a sub-Riemannian manifold and arrived at some in-
teresting invariant results. F. Unal and A. Uysal [21] considered Weyl manifold with
a semi-symmetric connection. H. V. Le [16] regarded Amari-Chentsov connection as
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514 A Classification of Conformal-Weyl Manifolds in View of Non-metric Connections

a geometrical structure of a statistical manifold and E. S. Stepanova [18] discovered
a conjugate symmetric condition of the connection of the statistical manifold. S. K.
Chaubeg, R. H. Ojha [2], J. P. Jaiswal, R. H. Ojha [15] investigated the properties
of semi-symmetric non-metric connections. I. Suhendro [19] introduced the concept
of a new semi-symmetric connection and studied its physical model.

A manifold associated with a semi-symmetric connection is exactly a Weyl mani-
fold [20]. Many researchers have recently paid attention to Weyl manifolds and have
produced some remarkable works (one can see [10], [21], [13], [23], [19] for details).

In this paper we will continue to consider Weyl manifolds and propose a classi-
fication of Weyl manifolds from a semi-symmetric projective conformal connection
defined here that is a projective and conformal equivalent connection. We also
study an a-type semi-symmetric projective conformal connection as a special type
of a semi-symmetric projective conformal connection. We further consider an a-
type (p,w) non-metric connection and discovered its geometrical properties and
conjugate symmetric conditions.

The paper is organized as follows. The first two sections briefly introduce some
necessary notations and terminologies. Section 3 proposes a projective conformal
Weyl connection, and considers a geometrical nature of a conformal-Weyl manifold.
The authors get Section 4 is devoted to an a—type (¢, w) semi-symmetric non-metric
Weyl connection. Finally, we also study the mutual connection of an a—type (¢,w)
semi-symmetric non-metric Weyl connection.

2. Preliminaries

A semi-symmetric projective conformal connection V is considered as a con-
nection that is projective and conformal equivalent to a semi-symmetric metric
connection V, namely, by a conformal transformation of the metric

(2.1) 9i5 = Gij = €27 gij,

and by a projective transformation of the connection

(2.2) 0 — Tl = T + b} + 007,

which satisfies

(2.3) Vigii = 2(0k — V)i — Vijn — ViGins Thy = @305 — @i0},

where f‘fj is the connection coefficient of a semi-symmetric metric connection V
that satisfies the following equation

(2.4) Vigij = 0,TF = ¢;6F — ¢i6F,
And the coefficient of this connection is given as

(2.5) IE = {51 + 00 — gije®,
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where g;; is a component of a Riemannian metric g and 1);, ¢; are components of 1-
form v and ¢, {f]} is a Christoffel symbol of the metric g;;, namely, the connection

coefficient of a Levi-Civita connection V° and o = 0ro. Also TZIE and TZ} are

respectively the torsion tensors of connections V and V.

Remark 2.1. A Weyl manifold is characterized by a 1-form ¢ and the Weyl con-
nection is determined by

(ng)(Xa Y) = _¢(Z)9(Xa Y)vT(Xa Y) =0.

thus it is torsion free but not metric preserving [20]. We call a manifold associated
with (2.83) a semi-symmetric Weyl manifold.

Definition 2.1. A connection V is called a semi-symmetric projective conformal
connection if there hold (2.1) and(2.3).

The coefficient Ffj of a semi-symmetric projective conformal connection by (2.3) is
written as

(2.6) Iy = {5} + (Wi — 098] + (W5 + 05 — 0;)0F + gij (0" — "),

where {f;} is the Christoffel symbol for metric g;;. The relation between {EJ} and

k .
ij} 18
(2.7) By =0} + 0i0f + 0,68 — gijot.

If o = 0 in (2.6), then the connection V is a semi-symmetric projective connection
that is projective equivalent to V and if ¢; = 0 in (2.6), then the connection V is
a semi-symmetric conformal connection that is conformal equivalent to V.

If Y = aop,a@ € R in (2.3) and (2.6), then the semi-symmetric projective
conformal connection V is called an a-type semi-symmetric projective conformal
connection. The a-type semi-symmetric projective conformal connection satisfies

(28) Vigij = —2(a — l)O'kgij — ao;gjk — OtO’jgik,Ti];- = (pj(sf — gpidf,
from Equation (2.3), one obtains the coefficients

(2.9) T = {5} + (0 = D)o + [(a — 1)oj + 5108 + gij (" — &),

If & = 0 (namely, ¥, = 0), then an a-type semi-symmetric projective conformal
connection is a semi-symmetric conformal connection. In this case, (2.8) and (2.9)
are respectively given as

(2.10) Vigis = 20k, Ty = 007 = @i6},
L = {5} = (0307 + 0507 = Gi50*) + 9,07 — 915",
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Remark 2.2. A manifold M associated with (2.10) is said to be the first semi-
symmetric Weyl manifold.

In [9], this connection is used as a geometrical model for scalar-tensor theory of
gravitation. If & = 1, then (2.8) and (2.9) are respectively

Gij = Gt — 0:0; kE_ .55 — .5k
(2.11) {vkgij = —0igjk — 05Gik, Tjj = 00; — @idy,

Ll = {5} + 00 +gij (0" — o*),

Remark 2.3. A manifold M associated with (2.11) is said to be the second semi-
symmetric Weyl manifold.

If & = 2, then (2.8) and (2.9) are

(2.12) ViGij :__2Uk§ij —20;gir — QUigjvailj' = @;0F — %5?’
TF = {§;} +0i0) + 007 + gijo® + ;08 — Gij e,

Remark 2.4. A manifold M associated with (2.12) is said to be the third semi-
symmetric Weyl manifold.

These semi-symmetric Weyl manifolds are defined by the special type of the semi-
symmetric projective conformal connections and a 1-form with component o; being
a closed form. Next we will consider for 1-form w and ¢ the a-type (p,w) semi-
symmetric non-metric connection corresponding to the a-type semi-symmetric pro-
jective conformal connection.

Definition 2.2. A connection V is called the a-type (p,w) semi-symmetric non-
metric connection if it satisfies

(2.13) Vigi; = —2(o — Dwrgij — awigjr — ow;gin, Ti; = ;07 — id}.
for 1-form w and .

Remark 2.5. A manifold M associated with (2.13) is said to be an a-type (¢, w)
semi-symmetric Weyl manifold.

When a = 0, then it is the first (p,w) semi-symmetric non-metric connection, if
« = 1, then it is the second semi-symmetric non-metric connection and if o = 2,
then it is the third semi-symmetric non-metric connection. The coefficient of a-type
(¢, w) semi-symmetric non-metric connection is

k k k k k k k
(2.14) Iy = {5+ (@ = Dwidf + (a — Dw;d; + gijw” + 907 — gije",

]

As you see, a-type (¢, w) semi-symmetric non-metric connection is a connection
family according to «. By Definition 2.2, the first (¢, w) semi-symmetric non-metric
connection V satisfies

(2.15) Vigij = 2Wk9ijaT£‘ = 0;0; — 901'5?-
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and its the coefficient is
(2.16) Ty = {5} — (Wid] +w;of — gijw®) + ;0 — gije",

This connection was studied as a semi-symmetric recurrent connection in [28]. The
second (y,w) semi-symmetric non-metric connection satisfies

(2.17) Vigis = —wigik — wigi, Ty = 007 — i}
and its coefficient is
(2.18) Tl = {5} + 050; + gi5 (W* — %),

This connection was studied in [1] under the condition ¢ = w. The third (p,w)
semi-symmetric non-metric connection satisfies

(2.19) Vigis = —2wikgij — 2wigjk — 2w; ik, The = ;67 — pidl,
and its coefficient is
(2.20) IY = {5} + widf +w;of + gijw* + ;68 — gij ",

This connection is a type of the Amari-Chentsov connection in the case ¢ = 0.
By Definition 2.1 and Definition 2.2, the semi-symmetric projective conformal con-
nection and a-type (p,w) semi-symmetric non-metric connection are different, but
they have the same geometrical properties. In this paper this fact is discovered.

3. A Projective Conformal Weyl Connection

We studied the geometrical properties of the semi-symmetric projective confor-
mal connection. By (2.6), the connection coefficient l"*fj of dual connection V* of
a semi-symmetric projective conformal connection V is

(3.1) L =5} = Wi — 08 + (95 = 0,07 = g1 (" + ¢* = a"),
Using (2.6) and (3.1), the curvature tensor Réjk of connection V and curvature
tensor Rf}k of the dual connection V* are respectively
(3.2) R = [:(fjk + @ikl — i 8; + GixBi — GirBy + 6 bij,

Ry, = Ky — Bndl + B0l — giral + giwals — 645,
where V° is Levi-Civita connection for g;; and I_(fjk is a curvature tensor field for
V° and

Qi = ?f(% +or — o) — (Vi + @i — i) (Vi + i — k) + Gir(Vp + ©p — 0p) (P — oP),
Bir = V5 (0k33¥pr) + (vi — 03) (0 — o),
Yik = Vi — V.
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From Equation (3.2), one gets

Rjk = Kjk - ( )agk ﬁ]k + g]kﬁh + "/kaa
(3.4) P = PO + (n 4 1)y,

R=K —(n—1)(a} — 1)
and

Ry = Kji + (n = 1)Bjk + aji — Gy — Yrj)
(3.5) P* P° (n+ 1)y, ijis
R* =K —(n-1)(al -8

The curvature tensors with respect to the semi-symmetric projective conformal
connection V and dual connection V* are related to the following relation: B} =
—P;; and R* = R because of P = 0.

Theorem 3.1. The expression C’”k C’Z*Jlk

transformation of the connection V° — V and V° — V*, where Cjk, Cjk and C'

3

26%11@ 18 an invariant under the

are Weyl conformal curvature tensors with respect to connections V,V* and VO
namely,

Chi, = Ry, — 75 (01 R — 85 Rire + g5 R — gix R}) — ity (059ik — OLgsn)
Ci = Rily — 755 (01Ry), — 05 R + g Ry — gan R3') — 7(,1_1})%("_2) (6%gik — Olg;n),

Coh = Kiji — w01 K — 8 K + gjn K — 9 K}) — ey (059 — 01g5n)-

Proof. Let vy, = air — B,
(3.6) ka + R*lk = 2KU;C + 4t i Yik — Sivik + GirYi — gjk”Y]l‘a
Contracting the indices ¢ and [ of (3.6), then we find
(3.7) Ry + Ry, = 2K, — (n = 2)vk — Ginvh,
Multiplying both sides of (3.7) by g/*,

R+ R* =2K —2(n— 1),

From this expression,
n_ 2K —(R+R")
T T 1)

From expression (3.7) we find

2R, — (Rj + RYy) — =25 (2K — (R+ RY))],

1
Tk = 2(n—1)

1

Substituting this expression into (3.6), by a direct computation and using (3.6),
finishes the proof. O
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Theorem 3.2. A semi-symmetric Weyl manifold with a constant sectional curva-
ture is conformal flat (n > 3).

Pmof._In fact, by Rﬁjk = K(6'gir — 0igjx) and (3.(5), one has ijk = C’Z-*jlk =0,
then ijlk = (0 based on Theorem 3.1. Considering ijlk keeping unchanged under

a conformal transformation, one obtains ijlk = 0, where ijlk is a Weyl conformal
curvature tensor of a Riemannian metric g;;. Hence if n > 3 ;then the Riemannian
metric is conformal flat. O

Theorem 3.3. In the Riemannian manifold (M, g), the tensor

« % 1 * * — * = *
Vik = Ri+ ﬁ@‘ = OBy, + gk R — gaR;')
2

1 * * 1 * *
+ m[5z( o — Riy) — 05 (Ry, — Ry,)
+ gi(R;' = RY) — gje(Ry' — R + ndj (R} — Rj,)).

is an invariant under the connection transformation V. — V*.

Proof. From (3.2), we find
(3.8) Rij). = Rijy, + 6ipjk — 05pik + Ginpy — Ginpi — 26434j,
where p;r. = air + Bir- By using a contraction of the indices ¢ and [ of (3.8), we find
(3.9) R, = Rk + npje — Gjrph — 20k,
Alternating the indices j and k of (3.9), using pjx — px; = @jk, We have
ok — Ry = Rjk — Rij + (n+ )i,

From this relation we have

1
Yik =

= H—H[(R;k — Rj;) — (Rji, — Rij)],

From this equation and (3.9), we obtain

1 * pu 2 * *
Pk = E{Rjk — Rji + gjnph — n—+4[( T — Ri) — (Rjk — Rig)l},

Substituting the above results into (3.8), then we have Vljfc = Viljk, where Vzl],C is
the tensor of V, namely, we get

1 _ _
Vie = R+ ;(%Rik — 81 Rjk + gk Ri — girRY)
2 l 1
+ n(n + 4) (03 (Rjk — Ruj) 6j(Rzk Ryi)

+ gi(RS — RY) — gji(R — RY) + néj(Rij — Rji)].
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From Theorem 3.3 the following theorem is proved.

Theorem 3.4. A semi-symmetric projective conformal connection is conjugate
symmetry, so it is necessary and sufficient that the corresponding Ricci tensors
be equal.

4. An o-type (p,w) non-metric Weyl Connection

From (2.4) we find that the coefficient of dual connection V* of a-type (p,w) semi-
symmetric non-metric V is given by

(4.1) Uif = {5} = (@ = Dwid] — (wj = 95)8F + gijl(a — D + "],

Using (2.4) and (4.1), we find that the curvature tensor of (M, g) with respect to
V and V* is given by

(4.2) ka fjk + 5;/\1-1C st PNk + ngV gzku + 51&%,
and
(4.3) ka fjk — 5é—1/ik + 5fujk — gjk)\ﬁ + gik)\é- — 52601'3‘,

where K ;1 18 & curvature tensor with respect to Levi-Civita connection V° of a
Rlemanman metric g;; and

Aie = Villa—=Dwi + ¢i] — [(a = Dw; + @3] [(a — Dwrk + @]
—gik[(a = Dwp + @p(WP — ),
(44) vk = Vi(wk =)+ (Wi — i)Wk — ¢K),
wir = (a=1)(Viwr — Viw;).

From (4.2) and (4.3), we have the Ricci tensor, the volume curvature tensor and
scalar curvature, respectively

Rji = Kjr — (n — 1)/\jk — Vji + girV) + Wiy,
(45) P;; PO (TL+ )wij,
R=K— (n—l)(AZ—w’Z),

and

Ry = Kji, + (n— 1)ij + Ajk — Gkl — Uiy,
(46) P* Po (TL + )wij,

R* = (n—l)()\Z—Vﬁ),

where R;;, Pij, R R P;; ,R* and K;j, K;;, K are the Ricci tensor, volume curvature

tensor, scalar curvature with respect to V, V* and V°.

Expressions (3.4) and (4.6) are different, but their types are equal. Expressions
(3.3),(3.4),(3.5) and expressions (4.4),(4.5),(4.6) are formally equal. Hence the ge-
ometrical properties of the a-type (¢,w) semi-symmetric non-metric connection
and the semi-symmetric projective conformal connection are equal. From (4.5) and
(4.6), we obtain P; = P;;, R* = R.
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Theorem 4.1. In a Riemannian manifold (M, g), if n > 3, then the expression

Cljk + C,:;lk = 209}]@

1, 1,
is an invariant under the transformation of the connection V° — V and V° — V*,

where ijk,ijlk and ijlk are Weyl conformal curvature tensors with respect to

connections V,V* and V°, namely,

Cliy = Rl — 755 (01 Rk — 85 Rix + gju Rl — gin RY) — _(nfl)]%n72) (59in — 0,95%);
Cily = Rijy, — 5 (OLRy, — 04 R, + gjn Ry — g R3') — Grgym—ay (059ir — 8tgjk),
Coh = Ky — wa 01Kk — 83Kk + g K} — 9inK}) — Gy (0.9 — 01gn)-

Proof. Let pix = Mik — Vik,

(4.7) Rl + Ryl = 2KL 4 8w — 0Lpjn, + ginptl — g,
Contracting the indices ¢ and [ of (4.7), then we find
(4.8) Rj + Ry, = 2Kt — (n = 2)vjx — gihih,

Multiplying both sides of (4.8) by g7*,
R+ R* =2K —2(n— 1)ul,

From this expression,
n 2K —(R+RY)
Hp = 2(TL — 1) )
From expression (4.8) we find
i = —— 2K — Ry + Ry) — =25 @K - (R+ R"))
A / I 2(n —1) ’

Substituting this expression into (4.7), by a direct computation and using (3.6),
finishes the proof. O

Theorem 4.2. An a-type (¢,w) semi-symmetric Weyl manifold with a constant
sectional curvature is conformal flat (n > 3).

Proof. By using the same argument as the proof of Theorem 3.2, one can prove
Theorem 4.2. O

Theorem 4.3. In the Riemannian manifold (M, g), the tensor

* * 1 * * * *
Vz‘jgc = Ri;k + 5(55‘ ik — 6zl'Rjk + g Ry — gikle)
2(a—1)
nna+ 4(a — 1)]

_5é(R;k — Ry;) + gin(Ry' — RY) — gik(R;l - R-*jl) + n52(RE}- - R})].

[65(Rik — Riz)

is an invariant under the connection transformation of the a-type (p,w) semi-
symmetric non-metric V.— V* .
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Proof. From (4.2) and (4.3) we find

(4.9) R = Rl + 6imjn — 05mik + gin™) — gk — 26,wij,
where 7, = v, + \ix. By using a contraction of the indices ¢ and { of (4.9), we find
(4.10) R;k = Rjk + nTj — gjkT;iL - 2w;€j,

Alternating the indices j and k of (4.10), we have

(4.11) ;k — sz = Rjr — Ry; + n(Tjk — Tkj) + 4w,
From this relation we have

o
(4.12) Tik = Thj = Uik = Vig) + Ajie = Akj) = —— Wi,

Using (4.12), we have
a—1
no+4(a —1)

if a =1, then wj; = 0. Using (4.13), from (4.10) we find

2(a—1)
no+4(a —1)

(4.13) Wik = (R}, — Ri;) — (Rjk — Ryj)l,

1, . .
(4.14) 7jk = —{Rj, — Rjn + gikTy — (R}, — Ri;) — (Rjk — Rig)l},

Substituting (4.13) and (4.14) into (4.9), then we have szfc = Viljk, where Vlljk
is the tensor of V, namely
! ! L g ! l !
Vije = R+ ﬁ(ijik = 0; Ry, + gju i — gik IR;)
2(a—1)
n[na + 4(a — 1))
—6(Rj, — Rij) + gjn(R. — RY) — giw(Ry — RY)) + né}(Rij — Rji)).

[0%(Rir, — Ryi)

J

O

Remark 4.1. If a =0, then

Vij%c = Ri;k + E@é ik — 5£Rjk +gR; — gikle) + %[5é( ik — Bi)
—0i(R, — Rij) + g (R = RY) — gin (R} = RY) +ndj(Ry; — R,)),
If a =1, then

* * 1 * * * *
Vik = Ri;k + g(éé' ik 5éRjk + iR} - gikle)a

ijk
If a« =2, then
Vijéc = Ri;k + ﬁ(éé ik T 5£Rjk + gijil - gikle) + m[%( ik Rki)

~6i (R — Rij) + gjn(R;' — RY) — gi (R} — RY)) + ndp(Ry; — Rj;))-
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Using Theorem 4.3 the following theorem is proved without difficulty.

Theorem 4.4. In order that a a-type (p,w) semi-symmetric non-metric connec-
tion is conjugate symmetry, it is necessary and sufficient that corresponding Ricci
tensor is equal.

5. A Mutual Weyl Connection of An a-type (¢,w) non-metric Weyl
Connection

We studied geometrical properties and conjugate symmetry condition of the mu-
tual connection of an a-type (¢, w) semi-symmetric non-metric connection. From
(2.13) and (2.14), the mutual connection V of an a-type semi-symmetric non-metric
connection satisfies the relations

(5.1)

Vigi; = —2[(a = Dwi, + ¢i]gi; — (awi — ¢i)gjx — (aw; — (pj)gikafi];‘ = j f - 901'5?7
The coefficient of the mutual connection is

(5.2) TF = {5} — [ — Dw; + 9i]67 + (o — Dw;oF + gij(wh — "),

The dual connection V* of the mutual connection V satisfies the relations

(5.3 { Vigis = 20— D+ gy + (s = po)gse + (s = 039,
TiF = (wi — 0i)0f — (wj — 95)0F + a(w;df — wid}),

The coefficient of the dual connection of the mutual connection is
(5.4) P = {5} = [(a = Dwi + ¢i]6F — (wj — ¢;)6F = (o = 1)gij”,

Using (5.2) and (5.4), we find the curvature tensor with respect to V and V* is
given respectively by

(5.5) Rﬁjk = Kfjk + 5é'wik — Siwik + girol — gikaz' + 61,845
and

(5.6) Rl = Kl — 0laur + Slajr — gjrw! + g — 61845,
where

wik = (@ = 1) (Viwg — (@ = Dwiws),
(5.7% aix = V5 (wr — r) + (Wi — i) (Wi — or) + (@ — 1) girwp (WP — @P),
Bik = VS [(a — Dwy, + 1] — VZ[(O[ — Dw; + @i,

Theorem 5.1. In a Riemannian manifold (M,g), if n > 3, then the expression

ijk + C;‘jlk = Qijlk is an invariant under the transformation of the connection
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V° — V and V° — V*, where C’fjk and C’;‘jlk are Weyl conformal curvature tensors
with respect to connections VandV*, namely,

{ijk =k, ik — ﬁ(iséRjk - 551?1'1@ + gjkéé - gikRé‘) - WM(%Q% - 5fgjk),

Al (5}82111 1 l D 1 D Dl 5l R* 1 l
Ciie = R, — m(‘SiRjk — 05 Ry + 9 R — gin R ) — (n—1)(n—2) (6j9i’€ = 0igjk);

Proof. Adding (5.5) and (5.6), we have
(5.9) Rij + Ryjy = 2K, + 85k — 6,7k + 9% — 9in5»
where v, = @i — wik, Contracting the indices ¢ and [ of (5.9), then we find
(5.10) Ry + Ry = 2K + (n = 2)v;k + gj171
Multiplying both sides of (5.10) by g%,
R+ R =2K +2(n— 1)y},

From this expression, o
(R+ R*) - 2K

2(n—1)
Substituting this expression into (5.10) we find

=

_ 1 D D ng D %

Substituting this expression into (5.9), by a direct computation and using (5.8),
then this finishes the proof. O

Theorem 5.2. If a Riemannian metric admits the mutual connection of an a-type
(p,w) semi-symmetric non-metric connection with a constant curvature, then the
Riemannian metric is conformal flat (n > 3).

Proof. By using the same method as in the proof of Theorem 3.2, one can prove
Theorem 5.2. O

Theorem 5.3. In the Riemannian manifold (M, g), the tensor

Y 7% % 1 % D% % D%
Vij%c = Ri;k + E@é ik — 5£Rjk + Ry - gikle)
+L(54 Py — 0L P + g P — g P — ndl P
nZ — 4\t ik ik T ikl ikt kg
1 % % % % % %
+m[5f‘( e — Rig) — 55‘( e — ) +9ik(le - R-jl)

*l %l (D %
—gjk(R;'k - RY) - ”%(R?j - Rji)]'
is an invariant under the connection transformation of the mutual connection V —

7 % Dx __ Dx*xk
V*, where P = R



Yanling Han, Tal Yun Ho, and Fengyun Fu 525

Proof. From (5.5) and (5.6) we have
(5.11) Rl = Rl + 617k — 0% + g™y — 9T, — 201,835
where Tir, = i + wi. By using contraction of the indices ¢ and [ of (4.9), we find
(5.12) Rl = Rjx + nTjk — gjnTh — 2B,
Alternating the indices j and k of (5.12), we have
R — iy = Rjk — Rij + 0Ty — Tj) + 4Bjn,
By using contraction of the indices k and [ of (5.11), we obtained
P = Pyj — 2(Tij — 7ji) — 2y,
From the above two expressions, we obtained
n(Tjk — Trj) + 48k = (R}, — Rj;) — (Rjx — Ruy),
2(Tjr — Trj) + 208k = Pjx — P}y,

From these two expressions we find

1 _ _ _ _ _ _
(5.13) Bik = m{Q[(Rjk — Rij) — (R}, — Rj;)] +n(Pjr — Pjy)},
Substituting (5.13) into (5.12),
(5.14)

= 1 % D = 1 D D D* D* D D*
ik = — (1 — Rjk + g7y, + —y g Bk = Riy) = (B, — i)l +n( P = Pir) }),

Substituting (5.13) into (5.14) into (5.11), by a direct computation, we have VljfC =
V%, where the tensor V,

ijk> zljk is
Vi = R+ (0LRu — 0 Ry + g R — g R
ijk ijk nd ik i1k gjikiY; Jik j
T 4(5§ij — 6" Py, + gin P} — gjr P! — nd}.Pyj)
1 LD > L P pl bl
+n(n2 —4) (63 (R — Rj) — 5j(Rik — Ryi) + gik(Rj — R_j)

—gjk(R; — Rl;) = ndj,(Rij — Rji)].
O
Using Theorem 5.3, the following theorem is proved without difficulty.

Theorem 5.4. In order for the mutual connection of an a-type (p,w) semi-symmetric
non-metric connection to be conjugate symmetry, it is necessary and sufficient that
corresponding Ricci tensor and volume curvature tensor be equal.
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