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AW (k)-TYPE CURVES ACCORDING TO PARALLEL TRANSPORT
FRAME IN EUCLIDEAN SPACE E*

ilim Kisi, Sezgin Biiyiikkiitiik, Deepmala’ and Giinay Oztiirk

Abstract. In this paper, we study AW (k)-type (k =1,2,...,7) curves according to the
parallel transport frame in Euclidean space E*. We give the classification of these types
curves with the parallel transport curvatures (Bishop curvatures). Finally, we consider
the curvatures k1, k2, k3 as constants respectively and give the relations between the
parallel transport curvatures of AW (k)-type (k =1,2,...,7) curves.
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1. Introduction

The Frenet frame can be constructed for a 3—time continuously differentiable
curve. But, for some points the second derivative may vanish. Namely, the curvature
may be zero. In this case, we must use a new frame in E3. Because of that, in [6],
Bishop established a new frame named ‘Bishop frame’. This frame is well defined
even though the curve’s second derivative vanishes. In [6, 8], the authors gave the
positive features of the Bishop frame and the comparison of Frenet frame with the
Bishop frame in Euclidean 3—space. In Euclidean 4—space E*, we have the same
problem for a curve like being in Euclidean 3—space. That is, one of the i — th
(1 < i < 4) derivative of the curve may vanish. In this case, we must use a new
frame.

In [7], using the similar idea authors considered such curves and constructed
an alternative frame. They gave parallel transport frame of a curve, and they
introduced the relationship between the Frenet frame and the parallel transport
frame of the curve in E*. They generalized the relation to Euclidean space E.

In [2], Arslan and West defined submanifolds of AW (k)-type. Especially, several
authors have done many works related the curves of AW (k)-type. For instance, in
[3], the authors obtained curvature conditions and characterized these curves in
E™. In [9], AW (k) (k = 1,2 or 3)-type curves and surfaces were discussed. Further,
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associated examples about curves and surfaces which satisfy AW (k)-type conditions
were given.

In [10], the authors considered AW (k)-type curves in accordance with Bishop
Frame in E3. Also, they mentioned the relationship between Bishop curvatures (k1,
ko) for these type curves in E3.

Furthermore, in [1], the authors considered a generalization of AW (k)-type (k =
1,2,...,7) curves in Euclidean n-space E”. They obtained the curvature conditions
for these curves. In [4], the authors characterized curves in Galilean 3-space. In [5],
the authors gave a short and understandable exposition on differential operators
over modules and rings as a path to the generalized differential geometry. Also in
[11], the authors studied projectively flatness of a new class of («, 8)-metrics.

In this paper, we study AW(k)-type (k = 1,2,...,7) curves according to the
parallel transport frame in Euclidean space E*. We give the classification of these
types curves with the parallel transport curvatures (Bishop curvatures). Finally, we
consider the curvatures ki, ko, k3 as constants respectively and give the relations
between the parallel transport curvatures of AW (k)-type (k =1,2,...,7) curves.

2. Basic Concepts

Let v = 7(s) : I — E* be a curve in the Euclidean 4—space E*, where I is interval
in R. « is called unit speed if ||7/(s)|| = 1 (parametrized by arclength functions).
Then the Frenet formulae of v are:

T’ 0 K 0 0 T
N | | - 0 T 0 N
Bl o —r 0 of]|B |
B, 0 0 -0 0| B

where {T, N, B, Bo} is the Frenet frame of v and k, 7, and o are the curvature
functions.

In [7], authors used T'(s) which is tangent to v and the parallel transport vector
fields M;(s), Ma(s), and M3(s) to construct an alternative frame.

Theorem 2.1. [7] Let {T, N, By, B2} be a Frenet frame along a unit speed curve
v =7(s): I = E* and {T, My, My, M3} denotes the parallel transport frame of the
curve . The relationship may be given with

T = T(s)
N = cosf(s)costp(s)My + (— cos ¢(s) sinp(s) + sin ¢(s) sin 6(s) cos 9 (s)) Mo
+(sin ¢(s) sin 9 (s) + cos ¢(s) sin 6(s) cosp(s)) M3
By = cosf(s)sinyp(s) My + (cos ¢(s) cos(s) + sin ¢(s) sin 0(s) sin ) (s)) Ma

+(—sin ¢(s) cos (s) + cos ¢(s) sin O(s) sintp(s)) M3
By = —sinf(s)M; + sin @(s) cos 6(s)Ma + cos ¢(s) cos 0(s)Ms
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where 0, 1 and ¢ are the Euler angles. Then the alternative parallel frame equations
are

T’ 0 ki ky ks T
2.1) M| _| =k 0 0 0 M,
' M} ks 0 0 0 M, |
M;} —ks 0 0 0 Ms

where k1, ko and k3 are principal curvature functions according to parallel transport
frame of the curve v and their expressions are as follows:

k1 = kcosfcosy,
ks = k(—cos¢siny + sin¢sinfcos),
ks = k(sin¢gsiniy + cos@sin b cos, ),
where 0 = ﬁ; Y=—7— U%; ¢ = Zz;:m and the following equali-
ties
k= y/k}+k3+ k3,
T = —' +¢'sinb,
9/
7 = sine’
¢ cosf+60 cotyy = 0

hold.

In [1], the authors obtained the higher order derivatives of v in E* as follows:

= kN,

—k?T 4+ k'N + k7B,

—3kK'T + (K" — K* — kT*)N + (2k'T + k7') By + KkT0 Ba,

= (=3K"% —4kK" + k' + K2DT + (k" — 6k%6" — 3k'7% — 37T )N
+(3k"7 + 3K — K31 — kT3 4+ kT — KT0?) By

+(3k'T0 + 2k7'0 + KTO') Ba.

)
>
<
e
<
~ o~ —~ =
\_/\C’J/\_/\_/
Il

And also they gave the following notation and definition:

Notation:
N1 = HN,
N2 = Ii/N + HTBl,
N3 = /\N—|—/\1B1+)\QBQ,

Ny = puN+ 1By + peBs,
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where
N = k' =K — k1,
M = 2T+ KT
Ao = KTO,
and
p = K" =6k —3K'T? = 3rTT,
i = 3k'T+36'T — K31 — kT + kT — KTO
o = 3x'70+2k7'0 + KT
are differentiable functions.

I. Kisi, S. Biiyiikkiitiik, Deepmala and G. Oztiirk

Definition 2.1. [1] Frenet curves are

where a;,b; (1 <i < 3) are non-zero real valued differentiable functions.

i) of GAW (1) type if they satisfy
N, =0,
11) of GAW (2) type if they satisfy
IN2[* Na = (Na, Nu) Na,
ii1) of GAW(3) type if they satisfy
IN:[1* Na = (N1, Na) Ny,
iv) of GAW (4) type if they satisfy
IV3[* Na = (N3, Nu) Na,
v) of GAW (5) type if they satisfy
Ny = a1 N1+ b1 Ny,
vi) of GAW (6) type if they satisfy
Ny = aa N1 + ba N3,
vii) of GAW (7) type if they satisfy

Ny = azNa + b3 N3,

2

)
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3. AW (k)-Type Curves with Parallel Transport Frame in E*

In this section, we consider GAW (k)-type curves according to the parallel transport
frame in Euclidean space E*.

Let v : I C R — E* be a unit speed curve in E*. By the use of parallel transport
frame formulas (2.1), we obtain the higher order derivatives of v as follows:

T’ (s) = k1 My + koMo + k3 Ms,

{—k} — k3 — K3} T + k{ My + Ky Mo + ki M;,

{—3k1k} — 3kokl, — 3kski} T

+{k — K} — kK3 — kK3 } My

+ {kY — k3 — k¥ko — k3ko } M,

+{ky — k3 — Kk — k3ks} Ms,

{ 3K — 3Ky — 3k} — Ak kY — dkokl] — dkskl } .
+ki + kS + k5 + 2k2k2 4+ 2k2k2 + 2k2k2

+ {—6kik] — Bkikok) — Skikskl + ki — ki k3 — k{k3 } My

+ {—6k3k) — Skikok] — Skskokl + k' — kTkb — k3kb } Mo

+ {—6k3k} — Skiksk] — Skoksk) + k' — kIkb — k3kS } M.

Then we give the following notation:

Notation:
(3.1)
where
(3.2)
and
(3
(3.3) o
s

Ny = kiMy+ ko My + ksMs,
ki My + ki My + ki Ms,
p1 M1 + 2 Mo + ¢3Ms3,
Ny = 1My + Mo + 3 M,

&
T

&1 = K =k} —kik3 — kK3,
2 = kY — k3 —kiky — k3ko,
¢3 = ki —k§ — kiks — k3ks,

—6kik) — Skikokl — Bkikskly + kY — kik3 — K\ k2,
—6k2kh — 5kikok) — Bkokskly + kY — kKb — k3k),
—6k3k, — Bkykaky — Skokakh + kY — kikh — k3k}

are differentiable functions.
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Definition 3.1. Let v be a unit speed curve in E*. According to its parallel
transport frame, v is

i) of PAW (1) type if it satisfies

(3.4) N, =0,
i1) of PAW (2) type if it satisfies

(3.5) Va | i = (N2, Na) N,
iii) of PAW(3) type if it satisfies

(3.6) V]| N2 = (N, Na)
iv) of PAW (4) type if it satisfies

(3.7) sl 3 = (N3, N Vs,
v) of PAW (5) type if it satisfies

(3.8) Ny =ai1Ni + b N,
vi) of PAW (6) type if it satisfies

(3.9) Ny = aaNy + by N3,
vii) of PAW (7) type if it satisfies

(3.10) Ni = azN + b3 N,

where a;,b; (1 <i < 3) are non-zero real valued differentiable functions.

Theorem 3.1. Let~ be a unit speed curve in E*. According to its parallel transport
frame, v is
i) of PAW(1) type if and only if

—6k?k] — Skikokl — Skikskl + ki" — kik3 — kik3 = 0,
(3.11) —6k3ky — Skykok) — bkakokly + kY — k¥kh — k3kh, = 0,

—6k2kY, — Bkyksk!, — Skokskl + kY — K2k, — K2k, =

11) of PAW (2) type if and only if

(ky + k5 )1 = K (kb + Kiebs),
(3.12) (K] + K5 ) = Kh(K o + kyas),

(K + Kk )s = Kh(Kin + k).
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1i1) of PAW (3) type if and only if

(k3 + k3)1 = ki(kowo + ksis),
(3.13) (kT + kb2 = ka(k1thr + ksts),
(ki + k)03 = ka(kir + kato).

iv) of PAW (4) type if and only if

(63 + ¢3)1 = d1(patha + d313),
(3.14) (07 + ¢3)h = ¢a(d1th + d3vi3),
(67 + ¢3)bs = d3(d1h1 + datha).

v) of PAW (5) type if and only if

Y1 = airki + biky,
(315) 1/)2 = alkz + blké,
Y3 = arks+ blké.

vi) of PAW(6) type if and only if

Y = asky + bagn,
(3.16) Yo = agky + bago,
Y3 = agks + bags.

vii) of PAW(7) type if and only if

Y1 = aski + bz,
(3.17) Yo = askh+ bsoa,
VY3 = askh+ bsos.

Proof. i) Let v be of PAW(1)-type. Then from the equations (3.1) and (3.4), we
have Ny = ¥y M1 + Yo Ms + p3M3 = 0. Since My, Ms, M3 are linearly independent,
we obtain 1 = ¥y = 13 = 0, which means

—6k3k| — Bkikokl — Skikskly + kY — K k3 — kik3 = 0,
(3.18) —6k3kh — Bkikok) — Skakokly + ki — kIkh — k3kh = 0,
—6k2kL — 5kyksk) — Bkokskh + kY — k3ky — k3k, = 0.

The sufficiency is trivial.

1) Let v be of PAW (2)-type. If we calculate HEW and (N3, Ny), by the use
of equations (3.1) and (3.5), we get
(3.19)

(Y 4Ky k5 ) (1 My +4ho Ma+aps My) = (Kiapr + Kb+ Kyths) (K My +ky Ma+k4 M),
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which means

(ky +k5 )1 = K (kb + Kebs),
(3.20) (B + K3 )e = Eh(Kin + kits),
(K 4+ ) e = Ky(Kaby + ko).

Conversely, if the equations (3.20) are satisfied, by the equation (3.5), v is of
PAW (2)-type.

iii) Let v be of PAW (3)-type. If we calculate ||F1||2 , (N1, Ny) and substitute
them in the equation (3.6), we get

(kT + k3 + k3) (1 My + 1o My + 5 M) =
(3.21) (k1tp1 + kotbg + kgtbz) (k1 My + koMo + k3 Ms),

which means

(k3 + k31 = ki(kowo + ksis),
(3.22) (kT +k3)02 = kao(kihr + ksis),
(ki + k3)s = ks(k1n + katba).

Conversely, if the equations (3.22) are satisfied, by the equation (3.6), v is of
PAW (3)-type.

iv) Let v be of PAW (4)-type. If we calculate HMH{ (N3, Ny) and substitute
them in (3.7), we get
(61 + @3 + 03) (V1 M + 102 Mo + 103 M) =
(3.23) (D191 + Patb2 + P31p3) (91 My + p2 Mo + d3M3),

which means

(03 +03)1 = ¢1(datha + dsifs),
(3.24) (@7 + 932 = ¢a(drth1 + daifs),
(@7 +03)s = ¢a(drh1 + datha).
Conversely, if the equations (3.24) are satisfied, by the equation (3.7), v is of
PAW (4)-type.
v) Let v be of PAW (5)-type. In view of the equations (3.1) and (3.8), we can
write

(325) 1 My o Mo+ps M3 = al(k1M1+k2MQ+k3M3)+bl(kiMl"’k/zMQ"—kéMg),

which gives us

1 = arky +bikl,
(326) 1/)2 = (1,1](32 + blké,
s = airks+ biks.
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Conversely, if the equations (3.26) are satisfied, by the equation (3.8), 7 is of
PAW (5)-type.

vi) Let v be of PAW (6)-type. In view of the equations (3.1) and (3.9), we can
write
(3.27)
Y1 My + oMo + 3 Mz = ag (ki My + koM + k3 M3) + ba(p1 My + ¢po Mo + ¢3M3),

that means

1 = agki + bagy,
(3.28) Yo = agky + baga,
Y3 = agk3 + bads.

Conversely, if the equations (3.28) are satisfied, by the equation (3.9), v is of
P AW (6)-type.

vii) Let v be of PAW (7)-type. In view of equations (3.1) and (3.10), we can
write

(3.29) 1 My+bo Ma+1ps M3 = ag(ky My+ky Mo+ks Ms)+bs (¢ My +da Ma+d3Ms),

which means

U1 = aski+ bz,
(3.30) o = askh + b3go,
VY3 = askh+ bsos.

Conversely, if the equations (3.30) are satisfied, by the equation (3.10), 7 is of
PAW(7)-type. O

From now on, we consider space curves whose curvatures k; is non-zero constant,
ko and k3 are not constants. We give curvature conditions of such a curve to be of
PAW (k)-type. In this case, we obtain;

N1 = k1M + koM + ks Ms,
E = kl2M2 + kéM?n
(3.31) N3 = ¢11 My + ¢o1 My + ¢31 Ms,
Ny = 1My + o1 Mo + 31 M3,
where
P11 = —ki —kiki — kik3
(3.32) o1 = kY — k3 — kiko — k3ko,

31 = ki — kS — kiks — k3ks,
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and
Y11 = —bkikokh — 5kiksks,

(3.33) o1 = —6kakh — bkokskh + kY — K2k — k3K),
Vg1 = —6k3ky — Skakskh + kY — kikl — k3KS.

Proposition 3.1. Letvy: I C R — E* be a unit speed curve with non-zero constant
k1. Then v is

i) of PAW (1)-type if and only if

(3.34) —k3 =k3 +ec,
and
(3.35) —6k2kl — Skakokl + ki — kikh — kikh, = 0,

—6k2kY — Bhokskl) + kY — K2k} — k2K, =

11) of PAW (2)-type if and only if

(3.36) —k3 =k3 +c,
and
(337) ké'@[@l = ké’lﬁgl.

iii) of PAW (3)-type if and only if

(k3 + k)11 = ky(kothar + katbsy),
(3.38) (B3 + ko1 = ko(kr9pr1 + kstbsy),
(k3 +k3)s1 = ka(kirr + katpor).

w) of PAW (4)-type if and only if

(031 + d31) b1 = d11(da1har + Ps1¢31),
(3.39) (031 + 031)h21 = or(d1111 + Pa1ts1),
(P31 + 931)¥31 = d31(Pp1111 + Pa1thar).

v) of PAW (5)-type if and only if

1/’11 = a1k1,
(3.40) Vo1 = aiky +biky,
Y31 = arks + biks,
and
5
(3.41) a; = ——(k?).
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vi) of PAW(6)-type if and only if

Y1 = agki + badin,
(3.42) o1 = agks + badpor,
P31 = agks + bagsi,
and
5
(3.43) ay — bok? = —5(#;2)'.

vii) of PAW (7)-type if and only if

PYiu = b3,
(3.44) a1 = asky + b3,
31 = askh + bsdsi,
and
(3.45) 2(52)/ = byk?.

Proof. i) Let v be of PAW(1)-type. Using the equations (3.4), (3.31) and (3.33),
we obtain

(3.46) P11 = o1 = P31 = 0,
that means
(3.47) Skikokl — Skiksk, = 0,

—6k3kh — Skakokl + kY — K7kl — K3k} 0,
—6k2k, — Skokskh + ki — k3kh — k2K, =

If we solve the equation (3.47), we get
(3.48) —k3 =k3 +e,

where c is an arbitrary constant. Converse proposition is trivial.

i1) Let v be of PAW (2)-type. Using the equations (3.5), (3.31) and (3.33), we
obtain

(Ky + k5 )b = 0,
(3.49) Kyor = khEhian,
k; 31 = kbkiior.

Since ko and k3 are not constants the solution of the first equation of the system
(3.49) is
11 =0,
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which corresponds to
—k3=Fki+ec

If we simplify the second and the third equations of the system (3.49), we obtain

ka1 = kybsi.

Converse proposition is trivial.

iii) Let v be of PAW (3)-type. Substituting the equations (3.31) and (3.33) in
(3.6), we get the solution. Converse proposition is trivial.

iv) Let v be of PAW (4)-type. Substituting the equations (3.31), (3.32) and
(3.33) in (3.7), we get the solution. Converse proposition is trivial.

v) Let v be of PAW (5)-type. Using the equation (3.8), (3.31) and (3.33), we
get

Y11 = a1k,
(350) 1Z)21 ale + blké,
1/)31 = a1k3 + blké

From the first equation of the system (3.50), we obtain
—5]{31]{32]{3/2 - 5k1k3]€é = alkl,
which corresponds to
a1 = —5]€2kl2 — 5k3ké

Using k? + k2 + k3 = x? and solving the last equation, we obtain

Converse proposition is trivial.
vi) Let v be of PAW(6)-type. Substituting the equations (3.31), (3.32) and

(3.33) in (3.9), we obtain the equations (3.42). Substituting the equations (3.32)
and (3.33) in (3.42), we get

k1(ag) + ki (—bok? — baki — bok3) = ky(—5kokh — 5kaky),

which means
!

5
ay — bor? = —=(K?)'.
2
Converse proposition is trivial.

vii) Let v be of PAW (7)-type. Substituting the equations (3.31), (3.32) and
(3.33) in (3.10), we obtain the equations(3.44). Substituting the equations (3.32)
and (3.33) in (3.44), we get

(—5k1kokl — Skiksks) = b3(—k} — k1ks — k1k3).
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If we divide both side with —k;, we obtain
5(kaky + ksks + kik}) = by (kT + k3 + k3),

which means 5
5(52)/ = byk?.

Converse proposition is trivial. [

Corollary 3.1. Lety:I CR — E* be a unit speed curve with non-zero constant
ky. If v is of PAW (1)-type, then v is of PAW (2)-type.

Now, let’s assume that ko is non-zero constant, k1 and k3 are not constants. In
this case, we obtain;

Ny = kiM;+ koMs + ksMs,
E = kllMl + kéML’n
(3.51) N3 = ¢1oaMy + ¢paa Mo + p32Ms,
Ny = 1My + oo Mo + P32 M3,
where
bra = Ky, — K — kyk2 — ko k2,
(3.52) bor = —k3 — k2ky — K2ky,
b3y = kg — k3 — k2ks — k2ks,
and
1o = —6kTk) — Bkikskh + kY — ki k3 — kK3,
(3.53) Yoy = —DBkikok) — Bkskoks,
Y32 = —6k3ky — Skiksk) + kY — kikl — k3K,

Proposition 3.2. Letvy:I C R — E* be a unit speed curve with non-zero constant
ko. Then ~y is

1) of PAW (1)-type if and only if

—kI=Fk; +e,
and
—6kIky — Skikakh + kY — kik3 — k1k3 = 0,
—6k3kly — Skiksky + kY — kK, — K3k, = 0.

11) of PAW (2)-type if and only if

—k2 = Kk +e,
Kitbsa ksibra.



898 I. Kisi, S. Biiyiikkiitiik, Deepmala and G. Oztiirk
1i1) of PAW (3)-type if and only if

(k3 + k)12 = ki(kathan + kathsa),
(k3 + k3)pas = ko(k1t12 + kathsa),
(kT + k3)1hs2 ks(k1i12 + katbaz).

w) of PAW (4)-type if and only if

(035 + $32)012 =  B12(Pazthas + P32tls2),
(672 + B32) 022 G22(P1212 + P32932),
(éf’%g + ¢§2)1/)32 = ¢P32(12112 + P22122).

v) of PAW (5)-type if and only if

P12 = arks + biky,
1/’22 = a1k2,
32 = arks + biks,
and 5
ap = —5(1432)/.

vi) of PAW(6)-type if and only if

Y12 = agki + baodia,
(3.54) Yoo = agka + bada,
Y32 = agks + bagaa,

and

)
ay — bok? = —5(#;2)'.

vii) of PAW (7)-type if and only if

(3.55) Y2 = asky +bsora,
1/}22 = b3¢227
(3.56) Y3z = asky + b3das,

and 5
3 (k?)" = bzk?.

Proof. i) Let v be of PAW(1)-type. Using the equations (3.4), (3.51) and (3.53),
we obtain

P11 = oz = P32 = 0,
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that means

—6kIky — Skikakh + kY — kik3 — k1k3 = 0,
(3.57) —5kikok) — 5kokskl = 0,
—6k2k, — Skyksky + ki — k3K — k2K, = 0.

If we solve the equation (3.57), we get
—kf = kg + ¢,

where c is an arbitrary constant. Converse proposition is trivial.

i1) Let v be of PAW (2)-type. Using the equations (3.5), (3.51) and (3.53), we
obtain

k§2¢12 = K kisa,
(3.58) (K, + K)o = 0,
K sa = Kk

Since k; and ks are not constant, the solution of the second equation of the system
(3.58) is
a2 =0,
which corresponds to
—k2=k3+c.

If we simplify the first and the third equations of the system (3.58), we obtain

ka2 = k5o,

Converse proposition is trivial.

iii) Let v be of PAW (3)-type. Substituting the equations (3.51) and (3.53) in
(3.6), we get the solution. Converse proposition is trivial.

iv) Let v be of PAW (4)-type. Substituting the equations (3.51), (3.52) and
(3.53) in (3.7), we get the solution. Converse proposition is trivial.

v) Let v be of PAW (5)-type. Using (3.8), equations (3.51) and (3.53), we get

Y2 = aiki + blkiv
(3.59) hog = arks,
32 = arks + biks.

From the second equation of the system (3.59), we obtain
—5]{31]{32]{3/1 - 5k3k2ké = ale,

which corresponds to
a1 = —5]€1ki — 5k3k/3
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Using k7 + k3 + k3 = k% and solving the last equation, we obtain

Converse proposition is trivial.

vi) Let v be of PAW(6)-type. Substituting the equations (3.51), (3.52) and
(3.53) in (3.9), we obtain the equations (3.54). Substituting the equations (3.52)
and (3.53) in (3.54), we get

ka (a2) + ko (—bak3 — boki — bok3) = ko (—5k1k} — 5ksk})

which means

b)
ay — bok? = —5(#;2)’.

Converse proposition is trivial.

vii) Let v be of PAW (7)-type. Substituting the equations (3.51), (3.52) and
(3.53) in (3.10), we obtain the equations

(3.60) P22 = bzpaa,

(3.55) and (3.56). Substituting the equations (3.52) and (3.53) in the last equation,
we get
~Skykak! — Bkskokl = —bska(k2 + k2 + Kk2).

If we divide both side with ks, we obtain
5(1€1]€1 —|— kgké —|— kgké) = bg,li2

which means 5
5(,%2)' = b3k>.

Converse proposition is trivial. [

Corollary 3.2. Let~y:I CR — E* be a unit speed curve with non-zero constant
ko. If v is of PAW(1)-type, then 7 is of PAW (2)-type.

Now, let’s assume that k3 is non-zero constant, k1 and ks are not constants. In
this case, we obtain;

Ny = kM + koMs + ksMs,
Ny = KM+ k\Ms,
(3.61) Ns = ¢13My + ¢asMy + ¢33 Ms,
Ny = th13My + o3 Mo + 133 M3,
where
$13 = ki — kK —kik3 — k1k2,
(3.62) a3 = ki — k;’ — k%kg — kgkg,

¢33 = —ki—kiks — k3ks,
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and
P13 = —6kTk] — Bkikokh + k)" — ki k2 — kK32,
(3.63) o3 = —6kskh — Skikokl + kY — kikh — k3k),
Y33 = —bkiksk] — Bkokskb.

Proposition 3.3. Letvy:1 C R — E* be a unit speed curve with non-zero constant
ks. Then ~y is

i) of PAW (1)-type if and only if
—k? =k2 +c,
and

—6k2K} — Skykokh + kY — kjk3 — k[k2 = 0,
—6k3kh — Skikoky + ki — k3kh — K3kl =

1) of PAW (2)-type if and only if

kbpis = ki,
-k = K+ec

1i1) of PAW (3)-type if and only if

(k3 + k)13 = ki(katas + katbss),
(k3 4+ k3)paz = ko(k1t13 + katbss),
(kT + k3 )1bss ks(k1t1s + katbas).

vi) of PAW (4)-type if and only if

(¢35 + d33)013 =  ¢13(Pasthes + d3zibss),
(015 + d33)023 =  ¢a3(P13t13 + B33iss),

(075 + d33)thss =  P33(P13¢13 + Pasthas).
v) of PAW (5)-type if and only if
iy = arky + bkl
o = arka + biks,
Y33 = aiks,
and .
ag = ——(Ii2)l
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vi) of PAW(6)-type if and only if

Y1z = agki + baois,
(3.64) o3 = agka + badas,
Y33 = asks + baghas,

and

a9 — bok? = —g(mz)’.

vii) of PAW (7)-type if and only if

Y13 = ask] + b3z,
(3.65) Yoz = azkh + bagos,
P33 = bzdss,
and
5

5(/12)’ = byr?.

Proof. i) Let v be of PAW(1)-type. Using the equations (3.4), (3.61) and (3.63),
we obtain

P13 = 1oz = P33 = 0,

that means

—6kiky — Skikokh + kY — kik3 — k1k3 = 0,
(3.66) —6k3kh — Skikok) + ki — kikh — kikh, = 0,
—5k1ksk] — Skoksky, = 0.

If we solve the equation (3.66), we get
—k? =k2 4,

where c is an arbitrary constant. Converse proposition is trivial.

i1) Let v be of PAW (2)-type. Using the equations (3.5), (3.61) and (3.63), we
obtain

? o 70
ko iz = kykoos,
’? 70
(3'67) 1 %23 = kikayys,
/2 ?
(Ky +ky)s3 = 0.

Since k; and ko are not constant, the solution of the third equation of the system
(3.67) is
33 =0,
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which corresponds to
—k? =k +c.

If we simplify the first and the second equations of the system (3.67), we obtain
kyth1z = kqtbas.

Converse proposition is trivial.

iii) Let v be of PAW (3)-type. Substituting the equations (3.61) and (3.63) in
(3.6), we get the solution. Converse proposition is trivial.

iv) Let v be of PAW (4)-type. Substituting the equations (3.61), (3.62) and
(3.63) in (3.7), we get the solution. Converse proposition is trivial.

v) Let v be of PAW (5)-type. Using the equations (3.8), (3.61) and (3.63), we
get

P13 = arky + biki,
(3.68) Va3 = arky + biks,
P33 = aiks.

From the third equation of the system (3.68), we obtain
—5]{31]{33]{3; - 5k2k3]€é = alkg,

which corresponds to
a1 = —5I€1ki - 5]432]{3/2

Using k7 + k3 + k3 = k% and solving the last equation, we obtain

Converse proposition is trivial.

vi) Let v be of PAW (6)-type. Substituting the equations (3.61), (3.62) and
(3.63) in (3.9), we obtain the equations (3.64). Substituting the equations (3.62)
and (3.63) in (3.64), we get

ks (a2) + ks (—bok3 — boki — bok3) = ks (—5kik} — 5kakb)

which means

b)
ay — bok? = —5(#;2)'.

Converse proposition is trivial.

vii) Let v be of PAW (7)-type. Since ks is non-zero constant, substituting the
equations (3.61), (3.62) and (3.63) in (3.10), we obtain the equations

P33 = b3haa,
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and (3.65). Substituting the equations (3.62) and (3.63) in the last equation, we
get
—5kykok) — Bkoksklh, = —bsks(k3 + k? + k2).

If we divide both side with k3, we obtain
5(k1ky + ksky + kokb) = b3k?,

which means 5
5(52)/ = byk2.

Converse proposition is trivial. [

Corollary 3.3. Lety:I CR — E* be a unit speed curve with non-zero constant
ks. If v is of PAW(1)-type, then 7 is of PAW (2)-type.
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